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Preface

This book is an introductory textbook in probability and statistical inference.
No prior knowledge of either probability or statistics is required, although
prior exposure to an elementary precalculus course would prove beneficial in
the sense that the student would not see the basic concepts discussed here for
the first time.

The mathematical prerequisite is a year of calculus and familiarity with
the basic concepts and some results of linear algebra. Elementary differential
and integral calculus will suffice for the majority of the book. In some parts,
such as Chapters 4, 5, and 6, the concept of a multiple integral is used. Also,
in Chapter 6, the student is expected to be at least vaguely familiar with the
basic techniques of changing variables in a single or a multiple integral.

Chapter Descriptions

The material discussed in this book is enough for a one-year course in introduc-
tory probability and statistical inference. It consists of a total of 15 chapters.
Chapters 1 through 7 are devoted to probability, distributional theory, and
related topics. Chapters 9 through 14 discuss the standard topics of para-
metric statistical inference, namely point estimation, interval estimation, and
testing hypotheses. This is done first in a general setting and then in the special
models of linear regression and analysis of variance. Chapter 15 is devoted to
discussing selected topics from nonparametric inference.

This book has a number of features that differentiate it from existing books.
First, the material is arranged in such a manner that Chapters 1 through 8 can
be used independently for an introductory course in probability. The desirable
duration for such a course would be a semester, although a quarter would

X1



xii

Preface

also be long enough if some of the proofs were omitted. Chapters 1 though 7
would suffice for this purpose. The centrally placed Chapter 8 plays a twofold
role. First, it serves as a window into what statistical inference is all about
for those taking only the probability part of the course. Second, it paints a
fairly broad picture of the material discussed in considerable detail in the
subsequent chapters. Accordingly and purposely, no specific results are stated,
no examples are discussed, no exercises are included. All these things are done
in the chapters following it. As already mentioned, the sole objective here is
to take the reader through a brief orientation trip to statistical inference; to
indicate why statistical inference is needed in the first place, how the relevant
main problems are formulated, and how we go about resolving them.

The second differentiating feature of the book is the relatively large
number of examples discussed in detail. There are more than 220 such exam-
ples, not including scores of numerical examples and applications. The first
chapter alone is replete with 44 examples selected from a variety of applica-
tions. Their purpose is to impress upon the student the breadth of applications
of probability and statistics, to draw attention to the wide range of applica-
tions where probabilistic and statistical questions are pertinent. At this stage,
one could not possibly provide answers to the questions posed without the
methodology developed in the subsequent chapters. Answers to these ques-
tions are given in the form of examples and exercises throughout the remaining
chapters.

The book contains more than 560 exercises placed strategically at the ends
of sections. The exercises are closely related to the material discussed in the
respective sections, and they vary in the degree of difficulty. Detailed solutions
to all of them are available in the form of a Solutions Manual for the instructors
of the course, when this textbook is used. Brief answers to even-numbered
exercises are provided at the end of the book. Also included in the textbook
are approximately 60 figures that help illustrate some concepts and operations.

Still another desirable feature of this textbook is the effort made to mini-
mize the so-called arm waving. This is done by providing a substantial number
of proofs, without ever exceeding the mathematical prerequisites set. This
also helps ameliorate the not so unusual phenomenon of insulting students’
intelligence by holding them incapable of following basic reasoning.

Regardless of the effort made by the author of an introductory book in
probability and statistics to cover the largest possible number of areas where
probability and statistics apply, such a goal is unlikely to be attained. Conse-
quently, no such textbook will ever satisfy students who focus exclusively on
their own area of interest. It is also expected that this book will come as a
disappointment to students who are oriented more toward vocational training
rather than college or university education. This book is not meant to codify
answers to questions in the form of framed formulas and prescription recipes.
Rather, its purpose is to introduce the student to a thinking process and guide
her or him toward the answer sought to a posed question. To paraphrase a
Chinese saying, if you are taught how to fish, you eat all the time, whereas if
you are given a fish, you eat only once.
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On several occasions the reader is referred for proofs and more comprehen-
sive treatment of some topics to the book A Course in Mathematical Statis-
tics, 2" edition (1997), Academic Press, by G.G. Roussas. This reference book
was originally written for the same audience as that of the present book. How-
ever, circumstances dictated the adjustment of the level of the reference book
to match the mathematical preparation of the anticipated audience.

On the practical side, a number of points of information are given here.
Thus, logx (logarithm of x), whenever it occurs, is always the natural logarithm
of x (the logarithm of x with base e), whether it is explicitly stated or not.

The rule followed in the use of decimal numbers is that we retain three
decimal digits, the last of which is rounded up to the next higher number, if
the fourth omitted decimal is greater or equal 5. An exemption to this rule is
made when the division is exact, and also when the numbers are read out of
tables. The book is supplied with an appendix consisting of excerpts of tables:
Binomial tables, Poisson tables, Normal tables, t-tables, Chi-Square tables,
and F-tables. The last table, Table 7, consists of a list of certain often-occurring
distributions along with some of their characteristics. The appendix is followed
by a list of some notation and abbreviations extensively used throughout the
book, and the body of the book is concluded with brief answers to the even-
numbered exercises.

In closing, a concerted effort has been made to minimize the number of
inevitable misprints and oversights in the book. We have no illusion, however,
that the book is free of them. This author would greatly appreciate being
informed of any errors; such errors will be corrected in a subsequent printing
of the book.
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Chapter 1

Some Motivating
Examples and Some
Fundamental
Concepts

This chapter consists of three sections. The first section is devoted to present-
ing a number of examples (25 to be precise), drawn from a broad spectrum
of human activities. Their purpose is to demonstrate the wide applicability of
probability and statistics. In the formulation of these examples, certain terms,
such as at random, average, data fit by a line, event, probability (estimated
probability, probability model), rate of success, sample, and sampling (sample
size), are used. These terms are presently to be understood in their everyday
sense, and will be defined precisely later on.

In the second section, some basic terminology and fundamental quantities
are introduced and are illustrated by means of examples. In the closing section,
the concept of a random variable is defined and is clarified through a number
of examples.

1.1 Some Motivating Examples

In a certain state of the Union, n landfills are classified according to their
concentration of three hazardous chemicals: arsenic, barium, and mercury.
Suppose that the concentration of each one of the three chemicals is charac-
terized as either high or low. Then some of the questions which can be posed
are as follows: (i) If a landfill is chosen at random from among the 7, what
is the probability it is of a specific configuration? In particular, what is the
probability that it has: (a) High concentration of barium? (b) High concentra-
tion of mercury and low concentration of both arsenic and barium? (c) High

1



Chapter I Some Motivating Examples and Some Fundamental Concepts

concentration of any two of the chemicals and low concentration of the third?
(d) High concentration of any one of the chemicals and low concentration of
the other two? (ii) How can one check whether the proportions of the landfills
falling into each one of the eight possible configurations (regarding the levels
of concentration) agree with a priori stipulated numbers?

Suppose a disease is present in 100p;% (0 < p; < 1) of a population. A diag-
nostic test is available but is yet to be perfected. The test shows 100p>% false
positives (0 < p2 < 1) and 100p3% false negatives (0 < p3 < 1). That is, for a
patient not having the disease, the test shows positive (4) with probability p2
and negative (—) with probability 1 — ps2. For a patient having the disease, the
test shows “—” with probability ps and “+” with probability 1 — ps. A person is
chosen at random from the target population, and let D be the event that the
person is diseased and N be the event that the person is not diseased. Then, it
is clear that some important questions are as follows: In terms of p;, p2, and
ps: (i) Determine the probabilities of the following configurations: D and +,
D and —, N and +, N and —. (ii) Also, determine the probability that a person
will test + or the probability the person will test —. (iii) If the person chosen
tests +, what is the probability that he/she is diseased? What is the probability
that he/she is diseased, if the person tests —?

In the circuit drawn below, suppose that switch¢ = 1, .. ., 5 turns on with prob-
ability p; and independently of the remaining switches. What is the probability
of having current transferred from point A to point B?

S
. e .
e

b O
[solreY

A travel insurance policy pays $1,000 to a customer in case of a loss due to
theft or damage on a 5-day trip. If the risk of such a loss is assessed to be 1 in
200, what is a fair premium for this policy?

Jones claims to have extrasensory perception (ESP). In order to test the claim,
apsychologist shows Jones five cards that carry different pictures. Then Jones
is blindfolded and the psychologist selects one card and asks Jones to identify
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l EXAMPLE 8

the picture. This process is repeated 7 times. Suppose, in reality, that Jones
has no ESP but responds by sheer guesses.

(i) Decide on a suitable probability model describing the number of correct
responses. (ii) What is the probability that at most /5 responses are correct?
(iii) What is the probability that at least n/2 responses are correct?

A government agency wishes to assess the prevailing rate of unemployment
in a particular county. It is felt that this assessment can be done quickly and
effectively by sampling a small fraction n, say, of the labor force in the county.
The obvious questions to be considered here are: (i) What is a suitable prob-
ability model describing the number of unemployed? (ii) What is an estimate
of the rate of unemployment?

Suppose that, for a particular cancer, chemotherapy provides a 5-year survival
rate of 80% if the disease could be detected at an early stage. Suppose further
that n patients, diagnosed to have this form of cancer at an early stage, are just
starting the chemotherapy. Finally, let X be the number of patients among the
n who survive 5 years.

Then the following are some of the relevant questions which can be asked:
(i) What are the possible values of X, and what are the probabilities that each
one of these values is taken on? (ii) What is the probability that X takes values
between two specified numbers a and b, say? (iii) What is the average number
of patients to survive 5 years, and what is the variation around this average?

An advertisement manager for a radio station claims that over 100p% (0 < p <
1) of all young adults in the city listen to a weekend music program. To establish
this conjecture, a random sample of size n is taken from among the target
population and those who listen to the weekend music program are counted.

(i) Decide on a suitable probability model describing the number of young
adults who listen to the weekend music program. (ii) On the basis of the
collected data, check whether the claim made is supported or not. (iii) How
large a sample size n should be taken to ensure that the estimated average and
the true proportion do not differ in absolute value by more than a specified
number with prescribed (high) probability?

When the output of a production process is stable at an acceptable standard,
it is said to be “in control.” Suppose that a production process has been in
control for some time and that the proportion of defectives has been p. As
a means of monitoring the process, the production staff will sample » items.
Occurrence of k or more defectives will be considered strong evidence for “out
of control.”

(i) Decide on a suitable probability model describing the number X of defec-
tives; what are the possible values of X, and what is the probability that each of
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these values is taken on? (ii) On the basis of the data collected, check whether
or not the process is out of control. (iii) How large a sample size n should be
taken to ensure that the estimated proportion of defectives will not differ in
absolute value from the true proportion of defectives by more than a specified
quantity with prescribed (high) probability?

An electronic scanner is believed to be more efficient in determining flaws in
amaterial than a mechanical testing method which detects 100p% (0 < p < 1)
of the flawed specimens. To determine its success rate, n specimens with
flaws are tested by the electronic scanner.

(i) Decide on a suitable probability model describing the number X of the
flawed specimens correctly detected by the electronic scanner; what are the
possible values of X, and what is the probability that each one of these values
is taken on? (ii) Suppose that the electronic scanner detects correctly k out of
nflawed specimens. Check whether or not the rate of success of the electronic
scanner is higher than that of the mechanical device.

At a given road intersection, suppose that X is the number of cars passing by
until an observer spots a particular make of a car (e.g., a Mercedes).

Then some of the questions one may ask are as follows: (i) What are the
possible values of X? (ii) What is the probability that each one of these values
is taken on? (iii) How many cars would the observer expect to observe until
the first Mercedes appears?

A city health department wishes to determine whether the mean bacteria count
per unit volume of water at a lake beach is within the safety level of 200. A
researcher collected n water samples of unit volume and recorded the bacteria
counts.

Relevant questions here are: (i) What is the appropriate probability model
describing the number X of bacteria in a unit volume of water; what are the
possible values of X, and what is the probability that each one of these values is
taken on? (ii) Do the data collected indicate that there is no cause for concern?

Consider an aptitude test administered to aircraft pilot trainees, which requires
a series of operations to be performed in quick succession.

Relevant questions here are: (i) What is the appropriate probability model for
the time required to complete the test? (ii) What is the probability that the test
is completed in no less than #; minutes, say? (iii) What is the percentage of
candidates passing the test, if the test is to be completed within ¢2 minutes, say?

Measurements of the acidity (pH) of rain samples were recorded at 7 sites in
an industrial region.
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l EXAMPLE 18

(i) Decide on a suitable probability model describing the number X of the
acidity of rain measured. (ii) On the basis of the measurements taken, provide
an estimate of the average acidity of rain in that region.

To study the growth of pine trees at an early state, a nursery worker records n
measurements of the heights of 1-year-old red pine seedlings.

(i) Decide on a suitable probability model describing the heights X of the pine
seedlings. (ii) On the basis of the n measurements taken, determine average
height of the pine seedlings. (iii) Also, check whether these measurements
support the stipulation that the average height is a specified number.

Itis claimed that anew treatment is more effective than the standard treatment
for prolonging the lives of terminal cancer patients. The standard treatment
has been in use for a long time, and from records in medical journals the mean
survival period is known to have a certain numerical value (in years). The
new treatment is administered to n patients, and their duration of survival is
recorded.

(i) Decide on suitable probability models describing the survival times X and
Y under the old and the new treatments, respectively. (ii) On the basis of the
existing journal information and the data gathered, check whether or not the
claim made is supported.

A medical researcher wishes to determine whether a pill has the undesirable
side effect of reducing the blood pressure of the user. The study requires
recording the initial blood pressures of n college-age women. After the use of
the pill regularly for 6 months, their blood pressures are again recorded.

(i) Decide on suitable probability models describing the blood pressures, ini-
tially and after the 6-month period. (ii) Do the observed data support the claim
that the use of the pill reduces blood pressure?

It is known that human blood is classified in four types denoted by A, B, AB,
and O. Suppose that the blood of n persons who have volunteered to donate
blood at a plasma center has been classified in these four categories. Then a
number of questions can be posed; some of them are:

(i) What is the appropriate probability model to describe the distribution of
the blood types of the n persons into the four types? (ii) What is the esti-
mated probability that a person, chosen at random from among the 7, has
a specified blood type (e.g., O)? (iii) What are the proportions of the n per-
sons falling into each one of the four categories? (iv) How can one check
whether the observed proportions are in agreement with a priori stipulated
numbers?
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The following record shows a classification of 41,208 births in Wisconsin
(courtesy of Professor Jerome Klotz). Set up a suitable probability model and
check whether or not the births are uniformly distributed over all 12 months
of the year.

Jan. 3,478 July 3,476
Feb. 3,333 Aug. 3,495
March 3,771 Sept. 3,490
April 3,642 Oct. 3,331
May 3,479 Now. 3,188
June 3,304 Dec. 3,321

Total 41,208

To compare the effectiveness of two diets A and B, 150 infants were included
in a study. Diet A was given to 80 randomly selected infants and diet B was
given to the other 70 infants. At a later time, the health of each infant was
observed and classified into one of the three categories: “excellent,” “average,”
and “poor.” The frequency counts are tabulated as follows:

HEALTH UNDER TWO DIFFERENT DIETS
Excellent Average Poor Sample Size

Diet A 37 24 19 80
Diet B 17 33 20 70
Total 54 57 39 150

Set up a suitable probability model for this situation, and, on the basis of the
observed data, compare the effectiveness of the two diets.

Osteoporosis (loss of bone minerals) is a common cause of broken bones in
the elderly. A researcher on aging conjectures that bone mineral loss can be
reduced by regular physical therapy or by certain kinds of physical activity. A
study is conducted on n elderly subjects of approximately the same age divided
into control, physical therapy, and physical activity groups. After a suitable
period of time, the nature of change in bone mineral content is observed.

Set up a suitable probability model for the situation under consideration, and
check whether or not the observed data indicate that the change in bone
mineral varies for different groups.

CHANGE IN BONE MINERAL
Appreciable Little Appreciable

Loss Change Increase Total
Control 38 15 7 60
Therapy 22 32 16 70
Activity 15 30 25 70

Total 75 7 48 200



1.1 Some Motivating Examples 7

L__ EXAMPLE22 |

In the following table, the data x = undergraduate GPA and y = score in the
Graduate Management Aptitude Test (GMAT) are recorded.

DATA OF UNDERGRADUATE GPA (x)
AND GMAT SCORE (y)

X y X y X y
3.63 447 2.36 399 2.80 444
3.69 588 2.36 482 3.13 416
3.30 563 2.66 420 3.01 471
340 553 2.68 414 2.79 490
360 572 248 533 2.89 431
3.78 591 2.46 509 291 446
344 692 2.63 504 2.75 546
348 528 244 336 2.73 467
347 552 2.13 408 3.12 463
3.35 520 241 469 3.08 440
3.39 543 2.65 538 3.03 419

3.00 509

(i) Draw a scatter plot of the pairs («, y). (ii) On the basis of part (i), set up
a reasonable model for the representation of the pairs («, y). (iii) Indicate
roughly how this model can be used to predict a GMAT score on the basis of
the corresponding GPA score.

In an experiment designed to determine the relationship between the doses
of a compost fertilizer x and the yield y of a crop, n values of ¥ and y are
observed. On the basis of prior experience, it is reasonable to assume that the
pairs (x, y) are fitted by a straight line, which can be determined by certain
summary values of the data. Later on, it will be seen how this is specifically
done and also how this model can be used for various purposes, including that
of predicting a value of y on the basis of a given value of x.

In an effort to improve the quality of recording tapes, the effects of four kinds
of coatings A, B, C, and D on the reproducing quality of sound are compared.
Twenty two measurements of sound distortions are given in the following table.

SOUND DISTORTIONS OBTAINED
WITH FOUR TYPES OF COATINGS

Coating Observations
A 10, 15, 8, 12, 15
B 14, 18,21, 15
C 17, 16, 14, 15,17, 15, 18
D 12, 15, 17, 15, 16, 15

In connection with these data, several questions may be posed (and will be
posed later on). The most immediate of them all is the question of whether
or not the data support the existence of any significant difference among the
average distortions obtained using the four coatings.
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Im Charles Darwin performed an experiment to determine whether self-fertilized
and cross-fertilized plants have different growth rates. Pairs of Zea mays

plants, one self- and the other cross-fertilized, were planted in pots, and their
heights were measured after a specified period of time. The data Darwin ob-
tained were:

PLANT HEIGHT (IN 1/8 INCHES)

Pair Cross- Self- Pair Cross- Self-

1 188 139 9 146 132
2 96 163 10 173 144
3 168 160 11 186 130
4 176 160 12 168 144
5 153 147 13 177 102
6 172 149 14 184 124
7 177 149 15 96 144
8 163 122

Source: Darwin, C., “The Effects of Cross- and Self-Fertilization
in the Vegetable Kingdom,” D. Appleton and Co., New York, 1902.

These data lead to many questions, the most immediate being whether cross-
fertilized plants have a higher growth rate than self-fertilized plants. This ex-
ample will be revisited later on.

1.2 Some Fundamental Concepts

One of the most basic concepts in probability and statistics is that of a random
experiment. Although a more precise definition is possible, we will restrict
ourselves here to understanding a random experiment as a procedure which
is carried out under a certain set of conditions; it can be repeated any number
of times under the same set of conditions, and upon the completion of the
procedure certain results are observed. The results obtained are denoted by s
and are called sample points. The set of all possible sample points is denoted
by S and is called a sample space. Subsets of S are called events and are
denoted by capital letters A, B, C, etc. An event consisting of one sample point
only, {s}, is called a simple event and composite otherwise. An event A occurs
(or happens) if the outcome of the random experiment (that is, the sample
point s) belongs in A, s € A; A does not occur (or does not happen) if s ¢ A.
The event S always occurs and is called the sure or certain event. On the
other hand, the event @ never happens and is called the impossible event. Of
course, the relation A C B between two events A and B means that the event
B occurs whenever A does, but not necessarily the opposite. (See Figure 1.1
for the Venn diagram depicting the relation A C B.) The events A and B are
equal if both A C Band B C A.

Some random experiments are given in the following along with corre-
sponding sample spaces and some events.
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l EXAMPLE 28

Figure 1.1

A C B;in Fact,
A C B, Because
Sy € B,Buts; ¢ A

Tossing three distinct coins once.

Then, with H and T standing for “heads” and “tails,” respectively, a sample
space is:

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}.
The event A = “no more than 1 H occurs” is given by:
A=A{TTT,HTT, THT, TTH}).
Rolling once two distinct dice.
Then a sample space is:
S={1,1),(,2),...,(1,6),...,(6,1),(6,2),...,(,6)}
and the event B = “the sum of numbers on the upper faces is < 5” is:
B={1,1),(1,2),(1,3),01,4,2, 1,2 2),(23), 3, 1), 32), 4 1.

Drawing a card from a well-shuffled standard deck of 52 cards. Denoting by
C, D, H, and S clubs, diamonds, hearts, and spades, respectively, by J, @, K
Jack, Queen, and King, and using 1 for aces, the sample space is given by:

S={l¢,...,1s,...,10¢,...,10g, ..., K¢, ..., Kg}.

An event A may be described by: A = “red and face card,” so that
A= {JD7 JH) QD7 QH, KD7 KH}

Drawing (without replacement) two balls from an urn containing m numbered
black balls and » numbered red balls.
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Then, in obvious notation, a sample space here is:

S = {(bibs, ..., bibmy - -, byub1, - - -, bubm1,

b11"1, ey bﬂ"n, ey bmﬁ, ey men,
lel, ey lem, ey Tnbl, ey Tnbm,
SV T T AR % U (W /Wl

An event A may be the following: A = “the sum of the numbers on the balls
does not exceed 4.” Then

A = {b1b2, b1bs, b2b1, b3by, b1, bi7z, b173,
bary, bors, by, 11b1, 11be, 1103, 1201,

19b2, 1301, 1179, T1V3, 1211, Y371} (assuming that m, n > 3).

Im Recording the gender of children of two-children families.

With b and g standing for boy and girl, and with the first letter on the left
denoting the older child, a sample space is: S = {bb, bg, gb, gg}. An event B
may be: B = “children of both genders.” Then B = {bg, gb}.

m Ranking five horses in a horse race.

Then the suitable sample space S consists of 120 sample points, corresponding
to the 120 permutations of the numbers 1, 2, 3, 4, 5. (We exclude ties.) The event
A = “horse #3 comes second” consists of the 24 sample points, where 3 always
occurs in the second place.

Im Tossing a coin repeatedly until H appears for the first time.

The suitable sample space here is:

S$={H,TH,TTH,...,TT...TH, .. .}.
Then the event A = “the 1st H does not occur before the 10th tossing” is given
by:

A=|{T...TH T...TH, ..}
~—— ——
9 10

m Recording the number of telephone calls served by a certain telephone ex-

change center within a specified period of time.

Clearly, the sample space here is: S = {0, 1, ..., C}, where C is a suitably
large number associated with the capacity of the center. For mathematical
convenience, we often take S to consist of all nonnegative integers; that is,
S={0,1,...}.
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l EXAMPLE 38

[ EXAMPLE3) |

[ BXANPLE 40

Recording the number of traffic accidents which occurred in a specified loca-
tion within a certain period of time.

As in the previous example, S = {0, 1, ..., M} for a suitable number M. If M
is sufficiently large, then S is taken to be: S = {0, 1, ...}.

Recording the number of particles emitted by a certain radioactive source
within a specified period of time.

As in the previous two examples, S istakentobe: S = {0, 1, ..., M}, where M
is often a large number, and then as before S is modified to be: S = {0, 1, ...}.

Recording the lifetime of an electronic device, or of an electrical appliance,
etc.

Here S is the interval (0, T") for some reasonable value of T'; thatis, S = (0, T").
Sometimes, for justifiable reasons, we take, S = (0, 00).

Recording the distance from the bull’s eye of the point where a dart, aiming at
the bull’s eye, actually hits the plane. Here it is clear that S = (0, c0).

Measuring the dosage of a certain medication, administered to a patient, until
a positive reaction is observed.

Here S = (0, D) for some suitable D (not rendering the medication lethal!).
Recording the yearly income of a target population.

If the incomes are measured in $ and cents, the outcomes are fractional num-
bers in an interval [0, M] for some reasonable M. Again, for reasons similar to
those cited in Example 36, S is often taken to be S = [0, 00).

Waiting until the time the Dow—Jones Industrial Average index reaches or
surpasses a specified level.

Here, with reasonable qualifications, we may chose to take S = (0, c0).

Examples 1-25, suitably interpreted, may also serve as further illustrations of
random experiments. All examples described previously will be revisited on
various occasions.

For instance, in Example 1 and in self-explanatory notation, a suitable sample
space is:

S ={ABiMy, AnBaM;, AyBiMy, A¢B\My, AyB/My,
ABMy, AB/My, A¢B/M,}.
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Then the events A = “no chemical occurs at high level” and B = “at least two
chemicals occur at high levels” are given by:

A={ABM,}, B = {AwB\M;, AwBMy, A¢BaMy, AnByMy}.

In Example 2, a patient is classified according to the result of the test, giving
rise to the following sample space:

S:{D+7 D_’N+) N_}7

where D and N stand for the events “patient has the disease” and “patient
does not have the disease,” respectively. Then the event A = “false diagnosis
of test” is given by: A = {D—, N+}.

In Example 5, the suitable probability model is the so-called binomial model.
The sample space S is the set of 2" points, each point consisting of a sequence
of nS’s and F's, S standing for success (on behalf of Jones) and F' standing for
failure. Then the questions posed can be answered easily.

Examples 6 through 10 can be discussed in the same framework as that of
Example 5 with obvious modifications in notation.

In Example 11, a suitable sample space is:
S={M,M°M, M°M°M, ..., M°---M°M, ...},

where M stands for the passing by of a Mercedes car. Then the events A and
B, where A = “Mercedes was the 5th car passed by” and B = “Mercedes was
spotted after the first 3 cars passed by” are given by:

A= (MM°MM°M} and B = {(M‘M°M‘M, MCM°M‘M°M, ...).

In Example 12, a suitable sample space is: S = {0, 1, ..., M} for an appropri-
ately large (integer) M; for mathematical convenience, S is often taken to be:
S=1{0,1,2 ...}

In Example 13, a suitable sample space is: S = (0, T') for some reasonable
value of T'. In such cases, if T is very large, mathematical convenience dictates
replacement of the previous sample space by: S = (0, c0).

Examples 14 and 15 can be treated in the same framework as Example 13 with
obvious modifications in notation.

In Example 18, a suitable sample space S is the set of 4" points, each point
consisting of a sequence of n symbols A, B, AB, and O. The underlying prob-
ability model is the so-called multinomial model, and the questions posed can
be discussed by available methodology. Actually, there is no need even to refer
to the sample space S. All one has to do is to consider the outcomes in the n
trials and then classify the n outcomes into four categories A, B, AB, and O.
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Example 19 fits into the same framework as that of Example 18. Here the
suitable S consists of 124129 points, each point being a sequence of symbols
representing the 12 months. As in the previous example, there is no need,
however, even to referto this sample space. Example 20 is also of the same type.

In many cases, questions posed can be discussed without reference to any
explicit sample space. This is the case, for instance, in Examples 16-17 and
21-25.

In the examples discussed previously, we have seen sample spaces consisting
of finitely many sample points (Examples 26-31), sample spaces consisting of
countably infinite many points (for example, as many as the positive integers)
(Example 32 and also Examples 33-35 if we replace C and M by oo for mathe-
matical convenience), and sample spaces consisting of as many sample points
as there are in a nondegenerate finite or infinite interval in the real line, which
interval may also be the entire real line (Examples 36-40). Sample spaces with
countably many points (i.e., either finitely many or countably infinite many)
are referred to as discrete sample spaces. Sample spaces with sample points
as many as the numbers in a nondegenerate finite or infinite interval in the real
line M = (—o0, 00) are referred to as continuous sample spaces.

Returning now to events, when one is dealing with them, one may perform
the same operations as those with sets. Thus, the complement of the event A,
denoted by A, is the event defined by: A° = {s € S;s ¢ A}. The event A° is
presented by the Venn diagram in Figure 1.2. So A° occurs whenever A does
not, and vice versa.

Figure 1.2

A° Is the Shaded
Region

AC

The union of the events Ay, ..., A,, denotedby A;U...UA, or U;.Lzl Aj,isthe
event defined by U;-Lzl A; ={s e S;s e Ay, forat least one j = 1,...,n}. So
the event U?‘:l Aj occurs whenever atleastoneof A;, j =1, ..., noccurs. For
n =2, A; U As is presented in Figure 1.3. The definition extends to an infinite
number of events. Thus, for countably infinite many events 4;, j = 1,2, ...,
one has U;il Aj={seS;seAj foratleastone j=1,2, ...}

The intersection of the events A;, j = 1,...,n is the event denoted by
AN ---NA, or (), A; and is defined by (;_, 4; = {s € S;s € A, for
all 5 = 1,...,n}. Thus, ﬂ?zl A; occurs whenever all A;,J = 1,...,n
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Figure 1.3

A; U Ay Is the
Shaded Region

Figure 1.4

A; N Ay Is the
Shaded Region

occur simultaneously. For n = 2, A} N A is presented in Figure 1.4. This
definition extends to an infinite number of events. Thus, for countably infi-
nite many events A;, j = 1,2, ..., one has ﬂ;‘;l A;j={seS;se Ay foral
j=L12 ...}

If Ay N Ay = @, the events A; and Ay are called disjoint (see Figure 1.5).
The events A;, j = 1,2, ..., are said to be mutually or pairwise disjoint, if
A; N A; = @ whenever i # j.

Figure 1.5
A1 and Az Are

Disjoint; That Is
AiNA;= 1]

Ay Ay

The differences A; — A and As — A; are the events defined by A; — Ay =
{se8S;seA,s¢ A}, Ao — A ={s e S;s € Ay, s ¢ A} (see Figure 1.6).

From the definition of the preceding operations, the following properties fol-
low immediately, and they are listed here for reference.

1. 8°=0,0° =S, (A = A.
2. SUA=S,0UA=A AUA° =S, AUA= A.
3.SNA=APNA=0,ANA =0, ANA=A.



1.2 Some Fundamental Concepts 15

Figure 1.6

Al — Az Is ///A
Az — A Is\\

The previous statements are all obvious, as is the following: @ C A for every
event Ain S. Also,

4. AjU(A2U A3) = (A1 U Ay) U A
A1N(A2NA3) =(AiNA)N A3

5. AJjUAy = Ay U Ay .
AN Ay = Ay A (commutative laws)

6. AN(U;4,)=U;(ANAj)
AU(NjA) =N;(AUA))

} (associative laws)

(distributive laws)

In the last relations, as well as elsewhere, when the range of the index j is
not indicated explicitly, it is assumed to be a finite set, such as {1, ..., n}, ora
countably infinite set, such as {1, 2, .. .}.

For the purpose of demonstrating some of the set-theoretic operations just
defined, let us consider some further concrete examples.

m Consider the sample space S = {sy, S, S3, S4, S5, S6, S7, Sg} and define the events

Ay, As, and As as follows: A; = {si, o, S3}, As = {89, S3, S4, S5}, Az = {S3, S4,
S5, Sg}. Then observe that:

AT = {s4, S5, S6, S7, S8}, A3 = {81, S6, 57, 88}, Aj = {s1, 82, S5, S7};

A1 U Ag = {s1, 82, 83, 84, S5}, A1 U Az = {81, Sy, S3, 84, S5, Sg},

A U Az = {89, 83, 84, S5, Sg}, A1 U A2 U Az = {81, Sy, S3, S4, S5, Ss};

AN Ay ={sp,83}, A1NA3={s3}, A1NANA;={s3};

A — As ={s1}, As— A; ={s4,85}, A1— A3={s1, %}

Az — Ay = {84, S5, 88}, A2 — A3 = {82}, A3 — Az ={sg};

(A9 = {s1, 82, s3}(=A1), (439)° = (2, 83, 51, $5}(=A2),

(A5)° = {83, 51, S5, S} (=A3).

An identity and DeMorgan’s laws stated subsequently are of significant impor-
tance. Their justifications are left as exercises (see Exercises 2.14 and 2.15).

An identity U; A; = AU (A{NAy) U (A{NASNA3)U...

m From Example 41, we have:

A = {s1, 8, s3}, A N Ay = {s4, 85}, AT N A3 N Ag = {sg},
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Note that A;, A{ N A, A{ N A§N A3 are pairwise disjoint. Now A; U (A{ N Az) U
(A] N A5 N As) = {s1, S, S3, S4, S5, S8}, Which is equal to A; U Ay U Ag; that is,

AU Ay U Az = A U (AN Ag) U (A] N AS N As)

as the preceding identity states.

The significance of the identity is that the events on the right-hand side are
pairwise disjoint, whereas the original events A;, j > 1, need not be so.

DeMorgan’s laws (U;4;)° = N;Aj, (N;A))" = U, A

m Again from Example 41, one has:

(A1 U Ag)° = {ss, 57,88}, A]N A = {ss, s7, Sg};
(Al U As U Ag)c = {s¢, 7}, Ai N Ag N Ag = {sq, S7};
(A1 N A2)" = {s1, 51, S5, S5, S75 S8}, AT U AS = {s1, 84, S5, S5, 57, S8;
(A1 N A2 N A3) = {s1, Sz, S4, S5, S6, S7, Ss},
AT U A5 U AS = {s1, S2, S4, S5, S6, S7, S8},
so that
(AU A)" = A{NAS, (A1UAUA3) = AN AN AS,  as DeMorgan’s
(AlN A =AU A, (A1NA;NAz)" =ATUAJU AL laws state.

As a further demonstration of how complements, unions, and intersections of
sets are used for the expression of new sets, consider the following example.

In tferms of the events Al, Az, anfi Az (in some sample space S) apd, perhaps,
their complements, unions, and intersections, express the following events:
D; = “A; does not occur,” i = 1, 2, 3, so that D, = A{, Dy = A5, D3 = AS;
E = “all A, As, Az occur,” sothat E = A; N As N As;
F = “none of A;, Az, As occurs,” so that F' = A{ N A N AS;
G = “at least one of A, Ay, A3 occurs,” so that G = A; U Ay U Ag;
H = “exactly two of Aj, Az, As occur,” so that H = (A; N Ay N A§) U
(A1 N A5 N A3) U (AT N Az N As);
I = “exactly one of A;, Ay, Az occurs,” so that I = (A; N AN AS) U
(A] N Az N AS) U (AT N AS N A3).
It also follows that:
G = “exactly one of A;, Ay, A3 occurs” U “exactly two of A, Az, A3 occur” U
“all Ay, As, A3 occur”
=IUHUE.

This section is concluded with the concept of a monotone sequence of events.
Namely, the sequence of events {A,}, n > 1, is said to be monotone, if either
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A; C Ay C ... (increasing) or A; DO As D ... (decreasing). In case of an
increasing sequence, the union U;’;l Aj is called the lim1it of the sequence, and
in case of a decreasing sequence, the intersection ﬂ;’il Aj is called its limit.

The concept of the limit is also defined, under certain conditions, for non-
monotone sequences of events, but we are not going to enter into it here. The
interested reader is referred to Definition 1, page 5, of the book A Course in
Mathematical Statistics, 2nd edition (1997), Academic Press, by G. G. Roussas.

2.1 An airport limousine departs from a certain airport with three passengers
to be delivered in any one of three hotels denoted by H, Hs, H;. Let
(21, 22, x3) denote the number of passengers left at hotels H;, He, and
H;3, respectively.

(i) Write out the sample space S of all possible deliveries.
(ii) Consider the events A, B, C, and D, defined as follows, and express
them in terms of sample points.
A = “one passenger in each hotel,”
B = “all passengers in H;,”
C = “all passengers in one hotel,”
D = “at least two passengers in H;,”
E = “fewer passengers in H; than in any one of H; or Hs.”

2.2 Amachine dispenses balls which are either red or black or green. Suppose
we operate the machine three successive times and record the color of
the balls dispensed, to be denoted by r, b, and g for the respective colors.
(i) Write out an appropriate sample space S for this experiment.

(ii) Consider the events A, B, and C, defined as follows, and express
them by means of sample points.
A = “all three colors appear,”
B = “only two colors appear,”
C = “at least two colors appear.”

2.3 A university library has five copies of a textbook to be used in a certain
class. Of these copies, numbers 1 through 3 are of the 1st edition, and
numbers 4 and 5 are of the 2nd edition. Two of these copies are chosen
at random to be placed on a 2-hour reserve.

(i) Write out an appropriate sample space S.
(ii) Consider the events A, B, C, and D, defined as follows, and express
them in terms of sample points.
A = “both books are of the 1st edition,”
B = “both books are of the 2nd edition,”
C = “one book of each edition,”
D = “no book is of the 2nd edition.”
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2.4 A large automobile dealership sells three brands of American cars, de-
noted by ay, as, ag; two brands of Asian cars, denoted by b4, bs; and one
brand of a European car, denoted by ¢. We observe the cars sold in two
consecutive sales. Then:

(i) Write out an appropriate sample space for this experiment.
(ii) Express the events defined as follows in terms of sample points:

A = “American brands in both sales,”

B = “American brand in the first sale and Asian brand in the second
sale,”

C = “American brand in one sale and Asian brand in the other sale,”
D = “European brand in one sale and Asian brand in the other sale.”

2.5 Of two gas stations I and I located at a certain intersection, I has five gas
pumps and II has six gas pumps. On a given time of a day, observe the
numbers x and y of pumps in use in stations I and II, respectively.

(i) Write out the sample space S for this experiment.
(ii) Consider the events A, B, C, and D, defined as follows, and express
them in terms of sample points.

A = “three pumps are in use in station I,”
B = “the number of pumps in use in both stations is the same,”

C = “the number of pumps in use in station II is larger than that in
station I,”

D = “the total number of pumps in use in both stations is not greater
than 4.”

2.6 At a certain busy airport, denote by A, B, C, and D the events defined as
follows:
A = “at least 5 planes are waiting to land,”
B = “at most 3 planes are waiting to land,”
C = “at most 2 planes are waiting to land,”
D = “exactly 2 planes are waiting to land.”
In terms of the events A, B, C, and D and, perhaps, their complements,
express the following events:
E = “at most 4 planes are waiting to land,”
F = “at most 1 plane is waiting to land,”
G = “exactly 3 planes are waiting to land,”
H = “exactly 4 planes are waiting to land,”
I = “at least 4 planes are waiting to land.”

2.7LetS = {(x,y) € R} —3 <a <3,0 <y < 4, xand y integers}, and
define the events A, B, C, and D as follows:

A={myeSx=y}, B={(xyeSv=—y}
C={wyeSa*=y"), D=(wyeSa*+y <5

List the members of the events just defined.
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2.8 In terms of the events A, A, As in a sample space S and, perhaps, their
complements, express the following events:
(i) By = {s € S; s belongs to none of A;, Ay, As},

(ii) B; = {s € S; s belongs to exactly one of A;, A, As},

(iii) B> = {s € S; s belongs to exactly two of A, Az, A3},

(iv) Bs = {s € S; s belongs to all of A;, Ag, A3},

(v) C = {s € S; s belongs to at most two of A, Ay, A3},

(vi) D = {s € S; s belongs to at least one of Ay, As, As}.

2.9 If for three events A, B, and C it happens that either AUBUC = A or
AN BNC = A, what conclusions can you draw?

2.10 Show that A is the impossible event (that is, A = @), if and only if
(AN B U (A°N B) = Bfor every event B.

2.11 Let A, B, and C be arbitrary events in S. Determine whether each of the
following statements is correct or incorrect.
i (A-B)UB=(ANB)UB=B,
(i) (AUB)— A=(AUB)N A° = B,
(i) ANB)N(A-—B)=(ANB)N(AN B =0,
iv) AUBINBUC)N(CUA =ANBUMBNC)U[CNA).

2.12 For any three events A, B, and C in a sample space S show that the
transitive property, A C B and B C C, implies that A C C holds.

2.13 Establish the distributive laws, namely A N (U;A;) = U;(AN Aj) and
AU (NGA)) =N;(AU AY.

2.14 Establish the identity:
UjA; = AU (AT N Ag) U (A] N AN Ag)U- -
2.15 Establish DeMorgan’s laws, namely
(UjA;)" =N;AS and (N;A;)" = U A%
2.16 Let S =N and, forn =1, 2, ..., define the events A,, and B, by:

1 1 3
Anz{xe‘ﬁ;—5~|——<x<20——}, Bn{xe%;0<x<7+—}.
n n n

(i) Show that the sequence {A4,} is increasing and the sequence {B,} is
decreasing.
(ii) Identify the limits, lim A, = |J,-, A, and lim B, = (), B
n— 00 n—00

1.3 Random Variables

For every random experiment, there is at least one sample space appropri-
ate for the random experiment under consideration. In many cases, however,
much of the work can be done without reference to an explicit sample space. In-
stead, what are used extensively are random variables and their distributions.
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Those quantities will be studied extensively in subsequent chapters. What is
done in this section is the introduction of the concept of a random variable.

Formally, a random variable, to be shortened to r.v., is simply a function
defined on a sample space S and taking values in the real line it = (—o0, 00).
Random variables are denoted by capital letters, such as X, Y, Z, with or with-
out subscripts. Thus, the value of the r.v. X at the sample point s is X(s), and
the set of all values of X, that is, the range of X, is usually denoted by X(S).
The only difference between a r.v. and a function in the usual calculus sense
is that the domain of a r.v. is a sample space S, which may be an abstract set,
unlike the usual concept of a function, whose domain is a subset of )i or of a
Euclidean space of higher dimension. The usage of the term “random variable”
employed here rather than that of a function may be explained by the fact that
ar.v. is associated with the outcomes of a random experiment. Thus, one may
argue that X(s) is not known until the random experiment is actually carried
out and s becomes available. Of course, on the same sample space, one may
define many distinct r.v.’s.

In reference to Example 26, instead of the sample space S exhibited there,
one may be interested in the number of heads appearing each time the exper-
iment is carried out. This leads to the definition of the r.v. X by: X(s) = # of
H’sins. Thus, X(HHH) = 3, X(HHT) = X(HTH) = X(THH) = 2, X(HTT) =
X(THT) = X(TTH) = 1, and X(TTT) = 0,sothat X(S) = {0, 1, 2, 3}. The nota-
tion (X < 1) stands for the event {s € S; X(s) < 1} = {TTT, HTT, THT, TTH}.
In the general case and for B C i, the notation (X € B) stands for the event
A in the sample space S defined by: A = {s € S; X(s) € B}. It is also denoted
by X~ 1(B).

In reference to Example 27, a r.v. X of interest may be defined by X(s) =
sum of the numbers in the pair s. Thus, X((1, 1)) = 2, X((1, 2)) = X((2, 1)) =
3,...,X((6,6) = 12, and X(S) = {2,3,...,12}. Also, X '({7})) = {s € S;
X(s) =7 = {(1,6), (2,5),(3,4), (4, 3), (5, 2), (6, 1)}. Similarly for Examples
28-31.

In reference to Example 32, a natural r.v. X is defined to denote the num-
ber of tosses needed until the first head occurs. Thus, X(H) = 1, X(TH) =
2,...,X(T...TH) = n,..., so that X(S§) = {1,2,...}. Also, (X > 5) =

(X=>6)= {nTlTTTTH, TTTTTTH, ...}

In reference to Example 33, an obvious r.v. X is: X(s) =s,s =0,1,...,
and similarly for Examples 34-35.

In reference to Example 36, a r.v. X of interest is X(s) = s, s € S, and
similarly for Examples 37-40.

Also, in reference to Example 5, an obvious r.v. X may be defined as fol-
lows: X(s) = # of S’s in s. Then, clearly, X(S) = {0, 1, ..., n}. Similarly for
Examples 6-10.

Inreference to Example 11, ar.v. X may be defined thus: X(s) =the position
of M in s. Then, clearly, X(S) = {1, 2, ...}.

In reference to Example 18, the r.v.’s of obvious interests are: X, = # of
those persons, out of n, having blood type A, and similarly for Xp, X5, Xo.
Similarly for Examples 19 and 20.
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From the preceding examples, two kinds of r.v.’s emerge: random vari-
ables which take on countably many values, such as those defined in conjunc-
tion with Examples 26-31 and 32-35, and r.v.’s which take on all values in a
nondegenerate (finite or not) interval in ). Such are r.v.’s defined in conjunc-
tion with Examples 36-40. Random variables of the former kind are called
discrete r.v.’s (or r.v.’s of the discrete type), and r.v.’s of the latter type are
called continuous r.v.’s (or r.v.’s of the continuous type).

More generally, ar.v. X is called discrete (or of the discrete type), if X takes
on countably many values; i.e., either finitely many values such as ay, ..., 2,
or countably infinite many values such as a4y, #1, ... or &1, 22, . ... On the other
hand, X is called continuous (or of the continuous type) if X takes all values
in a proper interval I C Ni. Although there are other kinds of r.v.’s, in this book
we will restrict ourselves to discrete and continuous r.v.’s as just defined.

The study of r.v.’s is one of the main objectives of this book.

3.1 In reference to Exercise 2.1, define the r.v.’s X;,7 = 1, 2, 3 as follows:
X; = # of passengers delivered to hotel H;.
Determine the values of each X;, 7 = 1, 2, 3, and specify the values of the
sum X; + X3 + Xs.

3.2 In reference to Exercise 2.2, define the r.v.’s X and Y as follows: X = # of
red balls dispensed, Y = # of balls other than red dispensed.
Determine the values of X and Y, and specify the values of the sum X + Y.

3.3 In reference to Exercise 2.5, define the r.v.’'s X and Y as follows: X = # of
pumps in use in station I, Y = # of pumps in use in station II.
Determine the values of X and Y, and also of the sum X + Y.

3.4 In reference to Exercise 2.7, define the r.v. X by: X((%, v)) = x + v.
Determine the values of X, as well as the following events: (X < 2),
B <X <bh), (X >06).

3.5 Consider a year with 365 days, which are numbered serially from 1 to 365.
Ten of those numbers are chosen at random and without replacement,
and let X be the r.v. denoting the largest number drawn.

Determine the values of X.

3.6 A four-sided die has the numbers 1 through 4 written on its sides, one on
each side. If the die is rolled twice:
(i) Write out a suitable sample space S.
(ii) If X is the r.v. denoting the sum of numbers appearing, determine the
values of X.
(iii) Determine the events: (X < 3), 2 < X < 5), (X > 8).

3.7 From a certain target population, n individuals are chosen at random
and their blood types are determined. Let X1, X5, X3, and X, be the r.v.’s
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denoting the number of individuals having blood types A, B, AB, and O,
respectively.

Determine the values of each one of these r.v.’s, as well as the values of
the sum X; + Xo + X5 + X4.

3.8 A bus is expected to arrive at a specified bus stop any time between 8:00
and 8:15 a.m., and let X be the r.v. denoting the actual time of arrival of
the bus.

(i) Determine the suitable sample space S for the experiment of observ-
ing the arrival of the bus.
(ii) What are the values of the r.v. X?
(iii) Determine the event: “The bus arrives within 5 minutes before the
expiration of the expected time of arrival.”



Chapter 2

The Concept
of Probability
and Basic Results

This chapter consists of five sections. The first section is devoted to the def-
inition of the concept of probability. We start with the simplest case, where
complete symmetry occurs, proceed with the definition by means of relative
frequency, and conclude with the axiomatic definition of probability. The defin-
ing properties of probability are illustrated by way of examples. Also, a number
of basic properties, resulting from the definition, are stated and justified. Some
of them are illustrated by means of examples. The section is concluded with
two theorems, which are stated but not proved.

In the second section, the distribution of a r.v. is introduced. Also, the
distribution function and the probability density function of a r.v. are defined,
and we explain how they determine the distribution of the r.v.

The concept of the conditional probability of an event, given another event,
is taken up in the following section. Its definition is given, and its significance
is demonstrated through a number of examples. This section is concluded
with three theorems, formulated in terms of conditional probabilities. Through
these theorems, conditional probabilities greatly simplify calculation of other-
wise complicated probabilities.

In the fourth section, the independence of two events is defined, and we
also indicate how it carries over to any finite number of events. A result
(Theorem 6) is stated which is often used by many authors without its use
even being acknowledged. The section is concluded with an indication of how
independence extends to random experiments. The definition of independence
of r.v.’s is deferred to another chapter (Chapter 5).

In the final section of the chapter, the so-called fundamental principle
of counting is discussed; combinations and permutations are then obtained
as applications of this principle. Several illustrative examples are also
provided.

23
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2.1 Definition of Probability and Some Basic Results

When a random experiment is entertained, one of the first questions which
arise is, what is the probability that a certain event occurs? For instance, in
reference to Example 26 in Chapter 1, one may ask: What is the probability that
exactly one head occurs; in other words, what is the probability of the event
B={HTT, THT, TTH}? The answer to this question is almost automatic and
is 3/8. The relevant reasoning goes like this: Assuming that the three coins are
balanced, the probability of each one of the 8 outcomes, considered as simple
events, must be 1/8. Since the event B consists of 3 sample points, it can occur
in 3 different ways, and hence its probability must be 3/8.

This is exactly the intuitive reasoning employed in defining the concept
of probability when two requirements are met: First, the sample space S has
finitely many outcomes, S = {sy, ..., s}, say, and second, each one of these
outcomes is “equally likely” to occur, has the same chance of appearing, when-
ever the relevant random experiment is carried out. This reasoning is based
on the underlying symmetry. Thus, one is led to stipulating that each one of
the (simple) events {s;}, 7 = 1, ..., n has probability 1/n. Then the next step,
that of defining the probability of a composite event A, is simple; if A consists

of m sample points, A = {s;, ..., s;,}, say (1 < m < n) (or none at all, in
which case m = 0), then the probability of A must be m/n. The notation used
is: P({s1}) = --- = P({sy}) = }1 and P(A) = 7. Actually, this is the so-called

classical definition of probability. That is,

CLASSICAL DEFINITION OF PROBABILITY Let S be a sample space, associ-
ated with a certain random experiment and consisting of finitely many sample
points n, say, each of which is equally likely to occur whenever the random
experiment is carried out. Then the probability of any event A, consisting of
msample points (0 < m < n), is given by P(A) = 7.

In reference to Example 26 in Chapter 1, P(A) = % = % = 0.5. In Example
27 (when the two dice are unbiased), P(X = 7) = & = 1 ~ 0.167, where
the r.v. X and the event (X = 7) are defined in Section 1.3. In Example 29,
when the balls in the urn are thoroughly mixed, we may assume that all of the
(m+n)(m+n— 1) pairs are equally likely to be selected. Then, since the event
A occurs in 20 different ways, P(A) = 20 Form = 3 and n = 5,

(m+m)m+n—1)"
this probability is P(4) = £ = 2 ~ 0.357.

From the preceding (classical) definition of probability, the following
simple properties are immediate: For any event A, P(A) > 0; P(S) = 1;if two
events A; and A; are disjoint (A; N As = @), then P(A;U As) = P(A;))+ P(As).
This is so because, if A; = {s;,, ..., s;}, A2 = {s;,, ..., s;}, wherealls;, ..., s;
are distinct from all s;, ..., s;, then Ay U Ay = {s;,...,s;S;,...,S;} and
P(A U Ap) =L =% 4 L= P(A) + P(Ap).

In many cases, the stipulations made in defining the probability as above
are not met, either because S has not finitely many points (as is the case in

Examples 32, 33-35 (by replacing C and M by oco), and 36—40 in Chapter 1), or
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because the (finitely many outcomes) are not equally likely. This happens, for
instance, in Example 26 when the coins are not balanced and in Example 27
when the dice are biased. Strictly speaking, it also happens in Example 30. In
situations like this, the way out is provided by the so-called relative frequency
definition of probability. Specifically, suppose a random experiment is carried
out a large number of times N, and let N(A) be the frequency of an event A,
the number of times A occurs (out of N). Then the relative frequency of A
is %. Next, suppose that, as N — oo, the relative frequencies % oscillate
around some number (necessarily between 0 and 1). More precisely, suppose
that MNA—) converges, as N — oo, to some number. Then this number is called
the probability of A and is denoted by P(A). That is, P(A) = limy_. %.
(It will be seen later in this book that the assumption of convergence of the
relative frequencies N(A)/N is justified subject to some qualifications.) To

summarize,

RELATIVE FREQUENCY DEFINITION OF PROBABILITY Let N(A) be the num-
ber of times an event A occurs in N repetitions of a random experiment, and
assume that the relative frequency of A, %, converges to a limit as N — oo.
This limit is denoted by P(A) and is called the probability of A.

At this point, it is to be observed that empirical data show that the relative
frequency definition of probability and the classical definition of probability
agree in the framework in which the classical definition applies.

From the relative frequency definition of probability and the usual proper-
ties of limits, it is immediate that: P(A) > 0 for every event A; P(S) = 1; and
for Ay, Ay with A; N Ay = &,

N(A; U A N(A N(A
P(Alqu)zA}im Mz}}im ( SV1)+ sz))
o NCA) . N(Az) _
= Jim 20 Jim S = POAD + PO

that is, P(A; U As) = P(A;) + P(Ay), provided A; N A; = @. These three
properties were also seen to be true in the classical definition of probabil-
ity. Furthermore, it is immediate that under either definition of probability,
P(A1U...UAy) = P(A) + -+ + P(Ax), provided the events are pairwise
disjoint; A; N A; = @, 1 # J.

The above two definitions of probability certainly give substance to the
concept of probability in a way consonant with our intuition about what prob-
ability should be. However, for the purpose of cultivating the concept and
deriving deep probabilistic results, one must define the concept of probability
in terms of some basic properties, which would not contradict what we have
seen so far. This line of thought leads to the so-called axiomatic definition of
probability due to Kolmogorov.

AXIOMATIC DEFINITION OF PROBABILITY Probability is a function, denoted
by P, defined for each event of a sample space S, taking on values in the real
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line N, and satisfying the following three properties:

(P1) P(A) > 0 for every event A (nonnegativity of P).

(P2) P(S) = 1 (P is normed).

(P3) For countably infinite many pairwise disjoint events A;,1=1,2, ..., A; N
Aj = @,1 # j,itholds

P(A UAU..)=P(A) + P(A) +---; or P(UAi> = P(4A)
=1 =1

(sigma-additivity (o-additivity) of P).

COMMENTS ON THE AXIOMATIC DEFINITION

1) Properties (P1) and (P2) are the same as the ones we have seen earlier,
whereas property (P3) is new. What we have seen above was its so-called
Jinitely-additive version; that is, P((;_; A;) = > ;_; P(A4;), provided 4; N
A; = g,1 # j. It will be seen below that finite-additivity is implied by
o-additivity but not the other way around. Thus, if we are to talk about the
probability of the union of countably infinite many pairwise disjoint events,
property (P3) must be stipulated. Furthermore, the need for such a union
of events is illustrated as follows: In reference to Example 32, calculate the
probability that the first head does not occur before the nth tossing. By
setting A; = {T...T H},i =n,n+ 1, ..., what we are actually after here

is P(A, U Ayq u'. JWith A;NA; =0,1+# j,iand j > n

2) Property (P3) is superfluous (reduced to finite-additivity) when the sample
space S is finite, which implies that the total number of events is finite.

3) Finite-additivity is implied by additivity for two events, P(A; U Ay) =
P(A)) + P(A2), A1 N A2 = @, by way of induction.

Here are two examples in calculating probabilities.

In reference to Example 1 in Chapter 1, take n = 58, and suppose we have the
following configuration:

BARIUM
HIGH LOW
Mercury Mercury
Arsenic High Low High Low
High 1 3 5 9
Low 4 8 10 18

Calculate the probabilities mentioned in (i) (a)—(d).

DISCUSSION For simplicity, denote by By, the event that the site selected
has a high barium concentration, and likewise for other events figuring below.
Then:
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(@) By = (AnNByNMp)UANBy,NM)UA,NByNMy)U(A,NByNM,)
and the events on the right-hand side are pairwise disjoint. Therefore
(by the following basic property 2 in Subsection 2.1.1):
P(Bh)=:owm(Wlﬁﬂjﬂlh)+%P(Ahr\Bhrﬁﬂb)

+P(A; N By N My)+ P(A, N By N M)

1 3 4 8 16 8
58 758 T58 T58 58 29

()(b) Here P(My N A, NBy) = P(A,NBNMy) =2 =2 ~0.172.
(i)(c) Here the required probability is as in (a):

12 6
P(A,NByNM,) + P(AnNB,NMy) + P(A,NByNMy) = %8 = 39 =~ (.207.
(i)(d) As above,

27
P(Ay 0 B, 0 M)+ P(Ac 0 By 0 M) + P(Ac0 B 0 M) = 2o = 0.466.

In ranking five horses in a horse race (Example 31 in Chapter 1), calculate the
probability that horse #3 terminates at least second.

DISCUSSION Let A; be the event that horse #3 terminates in the 7th posi-

tion,7 = 1, ..., 5. Then the required event is A; U Ay, where A, A; are disjoint.
Thus,
24 24 2
P(A1UAy) =P(A PA)= —+-—=-=04.
(A1 U Ap) (A + P(A2) 20 T 120" 5 0

In tossing a coin repeatedly until H appears for the first time (Example 32 in
Chapter 1), suppose that P{T'...T H} = P(4;) = ¢ 'pforsome 0 < p < 1

i-1
and ¢ = 1 — p (in anticipation of Definition 3 in Section 2.4). Then

o0 o0 00 ' 0 '
P<UAi> =) P@A)=) d"'p=p) a"'=p
i=n i=n i—n =

For instance, for p = 1/2 and n = 3, this probability is i = 0.25. That is, when
tossing a fair coin, the probability that the first head does not appear either
the first or the second time (and therefore it appears either the third time
or the fourth time etc.) is 0.25. For n = 10, this probability is approximately
0.00195 >~ 0.002.

qn—l qn—l
=p

1—¢q =4

Next, we present some basic results following immediately from the defining
properties of the probability. First, we proceed with their listing and then with
their justification.
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-I 2.1.1 Some Basic Properties of a Probability Function

1.

S U o

-I 2.1.2 Justification
1.

P(@)=0.

For any pairwise disjoint events 4y, ..., A,, P(U;_; 4) = Y1 P(A).
For any event A, P(A°) =1 — P(A).

A C Ay implies P(A)) < P(Ay) and P(As — A)) = P(Ay) — P(A)).

0 < P(A) <1 for every event A.

(i) For any two events A; and As:

P(A; U Ay) = P(A1) + P(A43) — P(A1 N Ay).
(ii) For any three events A;, Ay, and As:
P(A1 U A3 U A3) = P(A1) + P(A2) + P(43) — [P(A1 N Az)
+ P(A; N A3) + P(As N A3)] + P(A; N Ay N Ap).

For any events Aj, A, ..., P(Uije; Ai) < Y ooy P(A)) (o-sub-additivity),
and P(U;_; A) < > i, P(A;) (finite-sub-additivity).

From the obvious fact that S = SU @ U @ U ... and property (P3),
PS)=PSUgUgU..)=PSS)+P@)+P@)+---

or P(@) + P(@)+ --- = 0. By (P1), this can only happen when P(2) = 0.
Of course, that the impossible event has probability 0 does not come as a
surprise. Any reasonable definition of probability should imply it.

. Take A; = @ for ¢ > n+ 1, consider the following obvious relation, and use

(P3) and #1 to obtain:

P(L:JlAi) - P(EJIA/L) = ;P(Ai) = ZIP(AZ-).

. From (P2) and #2, P(AU A°) = P(S) = 1 or P(A) + P(A®) = 1, so that

P(A) =1 — P(A).

. The relation A; C Ay, clearly, implies Ay = A; U (A2 — Aj), so that, by #2,

P(A2) = P(A;) + P(A2 — A)). Solving for P(As — A;p), we obtain P(Ay —
A;) = P(A2) — P(A)), so that, by (P1), P(A;) < P(A2).

At this point it must be pointed out that P(A2 — A;) need not be P(As) —
P(A)), if A; is not contained in As.

. Clearly, o € A C S for any event A. Then (P1), #1 and #4 give: 0 = P(9) <

P(A) < P(S) = 1.

. () It is clear (by means of a Venn diagram, for example) that

A; U As =A1U(A20Ai) =A1U(Ay — A1 N Ay).
Then, by means of #2 and #4:
P(A1 U Ay) = P(A) + P(As — A1 N Ag) = P(A)) + P(A2) — P(A1 N Ap).
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[ EXAMPLE4 |

(i) Apply part (i) to obtain:
P(A; U Ay U Ag) = P[(A1 U Ag) U Ag] = P(A; U Ay) + P(A3)

— P[(A1 U A2) N A3]

= P(A1) + P(A2) — P(A1 N Az) + P(A3)
— P[(A1 N A3) U (A2 N Ag)]

= P(A1) + P(Az) + P(A3) — P(A1 N A)
—[P(A1 N A3) + P(A2 N A3) — P(A;1 N A2 N A3)]

= P(A1) + P(A2) + P(A3) — P(A1 N Az) — P(A1 N Az)
— P(A2 N A3) + P(A; N Az N A).

7. By the identity in Section 2 of Chapter 1 and (P3):

oo
P(UAZ) = P[A1U(A{NA)U...U(A{N...NAS_ NA,)U...]
i=1
= P(A)+P(A{NAg) + -+ PA{N...NA,_ NA)+ -

< P(A1)) + P(A2) +---+ P(Ap) + - - - (by #4).

For the finite case:
P(LWJAl) = P[A1U(A{NA)U...U(A{N...NAS_ | NA,)]
- = P(A)+P(A{NA)+-+P(A]N...NA,_ | NA,)
= P(AD)+ P(Ax) + -+ P(A).

Next, some examples are presented to illustrate some of the properties
#1-#7.

(i) Fortwo events A and B, suppose that P(A) = 0.3, P(B) = 0.5, and P(AU
B) = 0.6. Calculate P(AN B).

(i) f P(A) =0.6, P(B) =0.3, P(AN B% = 0.4, and B C C, calculate P(AU
BcUCY.

DISCUSSION

(i) From P(AUB) = P(A)+ P(B)— P(AN B),we get P(AN B) = P(A) +
P(B)— P(AUB)=034+05-0.6=0.2.

(i) The relation B C C implies C¢ C B¢ and hence AU B U C° = AU B°.
Then P(AU B°U C% = P(AU B = P(A)+ P(B°) — P(AN BY =
0.64+(1—-03)—04=0.9.

Let A and B be the respective events that two contracts I and II, say, are
completed by certain deadlines, and suppose that: P(at least one contract
is completed by its deadline) = 0.9 and P(both contracts are completed by
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[ EXAMPLE 8

their deadlines) = 0.5. Calculate the probability: P(exactly one contract is
completed by its deadline).

DISCUSSION Theassumptions made are translated as follows: P(AU B) =
0.9 and P(AN B) = 0.5. What we wish to calculate is: P((ANB“)U(A°N B)) =
P(AN B+ P(A°N B).Clearly, A= (ANB)U(ANBYand B=(ANB)U
(A° N B), so that P(A) = P(AN B)+ P(An B and P(B) = P(ANB) +
P(A°N B). Hence, P(AN BY) = P(A) — P(AN B)and P(A°N B) = P(B) —
P(A N B). Then P(AN B°) + P(ANB) = P(A) + P(B) —2(ANDB) =
[P(A)+P(B)—P(ANB)]—P(ANB) = P(AUB)—P(ANB)=0.9-0.5=04.

(i) For three events A, B, and C, suppose that P(AN B) = P(AN C) and
P(BNC) = 0. Then show that P(AU BUC) = P(A) + P(B) + P(C) —
2P(AN B).

(ii) For any two events A and B, show that P(A°N B°) =1— P(A) — P(B) +
P(AN B).

DISCUSSION

(i) We have PLAUBUC) = P(A)+ P(B)+ P(C)— P(ANB)— P(ANC) —
P(BNC)+ P(ANBNC).But ANBNC c BNC,sothat PLANBNC) <
P(BN C) = 0, and therefore P(AU BUC) = P(A)+ P(B) + P(C) —
2P(AN B).

(i) Indeed, P(A°N B°) = P((AUB)Y)=1—P(AUB)=1—-P(A)— P(B)+
P(AN B).

In ranking five horses in a horse race (Example 31 in Chapter 1), what is the
probability that horse #3 will terminate either first or second or third?

DISCUSSION Denote by B the required event and let A; = “horse #3
terminates in the ith place,” 7 = 1, 2, 3. Then the events A, Az, A3 are pairwise
disjoint, and therefore

P(B) = P(A; U Ay U A3) = P(A)) + P(Ag) + P(43).
But P(A)) = P(Ay) = P(A3) = 25 = 0.2, so that P(B) = 0.6.

Consider a well-shuffled deck of 52 cards (Example 28 in Chapter 1), and
suppose we draw at random three cards. What is the probability that at least
one is an ace?

DISCUSSION Let A be the required event, and let A; be defined by: A; =
“exactly 7 cards are aces,” i = 0, 1, 2, 3. Then, clearly, P(A) = P(A; U Ay U
As). Instead, we may choose to calculate P(A) through P(A%) = 1 — P(Ay),
where

48
48 x 47 x 46 4,324
Plan = 12) = =

(53_2)_ 52 x 51 x 50 5,525’

1,201

~ 0.217.
5,525

so that P(A) =
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THEOREM 1

THEOREM 2

Refer to Example 3 in Chapter 1 and let Cy, Cq, C3 be defined by: C; = “both
S; and Sy work,” Cy = “S5 works,” C3 = “both S3 and S; work,” and let
C = “current is transferred from point A to point B.” Then P(C) = P(C; U
Cs U C3). At this point (in anticipation of Definition 3 in Section 2.4; see also
Exercise 4.14 in this chapter), suppose that:

P(Cy) = p1p2, P(C2)=ps5, P(C3)= p3ps,

P(C1NC2) = pipeps, P(C1NC3) = pi1p2psps,

P(C2NC3) = pspaps, P(C1NC2NC3) = p1p2pspaps.
Then:

P(C) = p1p2+ p5+ D3Ps — D1P2D5 — P1P2P3Ps — P3PaD5 + D1P2P3D4Ps5.

For example, for p; = ps = p3 = 0.9, we obtain
P(C) = 0.9+ 2(0.9)% — 2(0.9)> — (0.9)* + (0.9)° ~ 0.996.

This section is concluded with two very useful results stated as theorems.
The first is a generalization of property #6 to more than three events, and the
second is akin to the concept of continuity of a function as it applies to a
probability function.

The probability of the union of any n events, Ay, ..., 4,, is given by:
n n
P (U Aj) =Y "P(4)— Y. P(4;NA4y)
J=1 Jj=1 1<ji<j2=<n

+ Z P(A;NAj,NA;)—---

1<ji<j2<js<n

+(-D)™"PA N...NA).

Although its proof (which is by induction) will not be presented, the pattern
of the right-hand side above follows that of property #6(i) and it is clear. First,
sum up the probabilities of the individual events, then subtract the probabilities
of the intersections of the events, taken two at a time (in the ascending order
of indices), then add the probabilities of the intersections of the events, taken
three at a time as before, and continue like this until you add or subtract
(depending on n) the probability of the intersection of all n events.

Recall that, if Ay C Ay C ..., thenlim, . A, = UZ’;I Ay, andif Ay D Ay O
o, thenlimy, o Ay = (2 Ap.

For any monotone sequence of events {A,}, n > 1, it holds P(lim,, .
Ay) = lim,,_, o, P(A,).
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This theorem will be employed in many instances, and its use will be then
pointed out.

1.1 If P(A) = 0.4, P(B) = 0.6, and P(A U B) = 0.7, calculate P(AN B).

1.2 If for two events A and B, it so happens that P(A) = 2 and P(B) = 2,
show that:

3 1 3
P(AUB)>- and - <P(ANB)=<-.
4 8 8
1.3 Ifforthe events A, B, and C, it so happensthat P(A) = P(B) = P(C) =1,
then show that:
P(ANB)=P(ANC)=PBNC)=P(ANBNC)=1.

1.4 If the events A, B, and C are related as follows: A C B C C and P(A) =
i, P(B) = %, and P(C) = %, compute the probabilities of the following
events:

A°N B, AN, B°NC, ANB°NCE, A°NB°NCe.
1.5 Let S be the set of all outcomes when flipping a fair coin four times, so
that all 16 outcomes are equally likely. Define the events A and B by:
A = {s € §; s contains more T's than Hs},
B = {s € S;any T in s precedes every H in s}.
Compute the probabilities P(A), P(B).

1.6 Let S = {x integer; 1 < x < 200}, and define the events A, B, and C as
follows:

A = {x € S; xis divisible by 7},
B = {x € §; x = 3n+ 10, for some positive integer n},
C={xeS;x*+1<375).

Calculate the probabilities P(A), P(B), and P(C).

1.7 If two fair dice are rolled once, what is the probability that the total
number of spots shown is:
(i) Equal to 5?
(ii) Divisible by 3?

1.8 Students in a certain college subscribe to three news magazines A, B,
and C according to the following proportions:
A 20%, B : 15%, C : 10%,

both A and B: 5%, both A and C': 4%, both B and C': 3%, all three A, B,
and C': 2%.
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If a student is chosen at random, what is the probability he/she subscribes
to none of the news magazines?

1.9 A high school senior applies for admissions to two colleges A and B,
and suppose that: P(admitted at A) = p;, P(rejected by B) = p2, and
P(rejected by at least one, A or B) = ps.

(i) Calculate the probability that the student is admitted by at least one
college.

(ii) Findthenumerical value of the probability in part (i), if p; = 0.6, ps =
0.2, and p3 = 0.3.

1.10 An airport limousine service has two vans, the smaller of which can carry
6 passengers and the larger 9 passengers. Let x and y be the respective
numbers of passengers carried by the smaller and the larger van in a given
trip, so that a suitable sample space S is given by:

S={xv;x=0,...,6 and y=0,1,...,9}.

Also, suppose that, for all values of x and y, the probabilities P({(x, ¥)})
are equal. Finally, define the events A, B, and C as follows:

A = “the two vans together carry either 4 or 6 or 10 passengers,”

B = “the larger van carries twice as many passengers as the smaller
van,”

C = “the two vans carry different numbers of passengers.”

Calculate the probabilities: P(A), P(B), and P(C).

1.11 In the sample space S = (0, 00), consider the events A4, = (0,1 — 7%),
n=12 ..., A= (0, 1), and suppose that P(A,) = 2’;—;1.
(i) Show that the sequence {A4,} is increasing and that lim,,_, ., A, =
U2 An= A
(ii) Usepart (i) and the appropriate theorem (cite it!) in order to calculate
the probability P(A).

2.2 Distribution of a Random Variable

For a r.v. X, define the set function Px(B) = P(X € B). Then Py is a prob-
ability function because: Px(B) > 0 for all B, Px()t) = P(X € %) = 1, and, if
Bj, j = 1,2, ... are pairwise disjoint then, clearly, (X € B;), j > 1, are also
pairwise disjoint and X e (32, B)) = UjZ,(X € B)). Therefore

Qn)=rlxe(Qn) |- Gerens

=Y P(XeBj)=)_ Px(B).
J=1

Jj=1
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Figure 2.1

Examples of Graphs of
d.f’s

The probability function Py is called the probability distribution of the r.v.
X. Its significance is extremely important because it tells us the probability that
X takes values in any given set B. Indeed, much of probability and statistics
revolves around the distribution of r.v.’s in which we have an interest.

By selecting B to be (—oo, x], x € i, we have Px(B) = P(X € (—o0, x]) =
P(X < x). In effect, we define a point function which we denote by F; that is,
Fx(x) = P(X < x), x € N. The function F¥ is called the distribution function
(d.f.) of X. Clearly, if we know Py, then we certainly know Fy. Somewhat un-
expectedly, the converse is also true. Namely, if we know the (relatively “few”)
probabilities Fx(x), x € 9%, then we can determine precisely all probabilities
Px(B) for B subset of %i. This converse is a deep theorem in probability that
we cannot deal with here. It is, nevertheless, the reason for which it is the d.f.
Fyx we deal with, a familiar point function for which so many calculus results
hold, rather than the unfamiliar set function Py.

Clearly, the expressions Fx(400) and Fx(—o0) have no meaning because
+00 and —oo are not real numbers. They are defined as follows:

Fx(+00) = lim Fy(xy), 2y t 00 and  Fx(—00) = Hm Fy(yn), Yn | —00.
These limits exist because x < y implies (—o0o, ] C (—o0, y] and hence
Px((—o00, 2]) = Fx(x) = Fx(y) = Px((—00, yD.
The d.f. of ar.v. X has the following basic properties:

1. 0 < Fx(x) <1forallx € N;
2. Fx is anondecreasing function;
3. FYy is continuous from the right;
4. Fx(+00) =1, Fx(—o00) =0.

The first and the second properties are immediate from the definition of the
d.f.; the third follows by Theorem 2, by taking x,, | x; so does the fourth, by
taking x,, 1 400, which implies (—oo, x,,] 1 %, and y,, | —oo, which implies
(—o00, ¥n] | @. Figures 2.1 and 2.2 show the graphs of the d.f.’s of some typical
cases.

Now, suppose that the r.v. X is discrete and takes on the values x;, j =
1,2,...,n Take b = {x;} and on the set {x, 23, ..., x,} define the function fx
as follows: fx(x;) = Px({x;}). Next, extend fx over the entire )i by setting

F(x) F()

LOOF - 55— 1.00 f---------—=-z=
0.80 — 0.80 ’_‘!_A_b_o_
0.60F 4 0.60 .
040 | 0.40 F —3

020§ 0.20

(a) Binomial forn = 6, p = %1 . (b) Poisson for A = 2.
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Figure 2.2

Examples of Graphs of
d.f’s

Figure 2.3

F(x)
T
0 ! *
o B
(©) U(e, B). -
’ ree (d) N(O, 1).
Here F(x) = %:Z oa<x<f
1 x>p

Jx(@) = 0forx # x;,7 = 1,2,...,n Then fx(x) = 0 for all x, and it is
clear that P(X € B) = ijeB Jx(x;) for B € R. In particular, Z?:l Sx(x) =
D aen Jx(@) = P(X € 9) = 1. The function fx just defined is called the
probability density function (p.d.f.) of the r.v. X. By selecting B = (—o0, %]
for some x € N, we have Fx(x) = ijsx Jx(x;). Furthermore, if we assume at
this point that x; < xs < - -+ < x,, it is clear that

Jx(x) = Fx(xj) — Fx(xj-1), j=2,3,...,n and fx(x) = Fx(x);

we may also allow j to take the value 1 above by setting Fix(xy) = 0. Likewise
if X takes the values x;, j = 1,2, ... These two relations state that, in the
case that X is a discrete r.v. as above, either one of the Fy of fx specifies
uniquely the other. Setting Fx(x;—) for the limit from the left (left-limit) of
Fx at xj, Fx(xj—) = lim Fx(x) as x 1 x;, we see that Fx(x;) — Fx(xj-1) =
Fx(x;) — Fx(x;—), so that fx(x;) = Fx(x;) — Fx(x;—). In other words, the
value of fx at x; is the size of the jump of Fx at the point «x;. These points
are illustrated quite clearly in Figure 2.3. For a numerical example (associated
with Figure 2.3), let the r.v. X take on the values: —14, —6, 5, 9, and 24 with
respective probabilities: 0.17, 0.28, 0.22, 0.22, and 0.11.

Fx)
1T . (IS8 E ha—
0.221
—-o0
0.22 4
——0

8
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Several specific cases of discrete r.v.’s are discussed in Section 3 of the
following chapter. Also, Examples 4-12, 18-20, 26, 27, and 32-35 in Chapter 1
lead to discrete r.v.’s.

Now, suppose that X is a continuous r.v., one which takes on all values in
a proper interval I (finite or not) in the real line 9, so that I = (a, b) with
—00 < a < b < o0o. Suppose further that there exists a function f : I — [0, c0)
having the following property: Fx(x) = f ; S(@)dt, x € I. In particular,

b
/ F(Ddt = Fy(d) = P(X < b) = P(a < X < b).

If I is not all of N, extend f off I by setting f(x) = 0 for x ¢ I. Thus, for
all x : f(x) > 0 and Fx(x) = ffoo Sf(t)dt. As has already been pointed out
elsewhere, Fx uniquely determines Px. The implication of it is that P(X €
B) = Px(B) = fB S()dt, B C M, and, in particular,

Fdt = /OO fOdt =P(X eR) = 1.
N —00

The function f with the properties: f(x) > 0 allx and P(X € B) = |, g S dt,
B C N, is the p.d.f. of the r.v. X. In order to emphasize its association with the
r.v. X, we often write fy.

Most of the continuous r.v.’s we are dealing with in this book do have p.d.f.’s.
In Section 3 of the following chapter, a number of such r.v.’s will be presented
explicitly.

Also, Examples 13-17, 21-25, and 36-40 in Chapter 1, under reasonable
assumptions, lead to continuous r.v.’s, as will be seen on various occasions
later. Continuous r.v.’s having p.d.f.’s, actually, form a subclass of all continuous
r.v.’s and are referred to as absolutely continuous r.v.’s. In this book, the term
continuous r.v. will be used in the sense of an absolutely continuous r.v.

It is to be observed that for a continuous r.v. X, P(X = x) = 0 for all
x € N. That is, the probability that X takes on any specific value x is 0; X
takes on values with positive probabilities in a nondegenerate interval around
x. That P(X = x) = 0 follows, of course, from the definition of the p.d.f. of a
continuous r.v., as

P(X:x):/{}f(t)dt:O.

For a case of a genuine (absolutely) continuous r.v., refer to Example 37
in Chapter 1 and let X and Y be r.v.’s denoting the cartesian coordinates of
the point P of impact. Then the distance of P from the origin is the r.v.
R = /X2 + Y2, which truly takes every value in [0, c0). As will be seen, it
is reasonable to assume that X and Y are independently normally distributed
with mean 0 and variance o2. This leads to the fact that R? is a multiple of a
chi-square distributed r.v., so that the p.d.f. of R is precisely determined. (See
Exercise 2.14 in Chapter 5.)

If X is a continuous r.v. with p.d.f. fx, then its d.f. Fi is given by Fx(x) =
ffoo fx(@)dt, x € N, so that fy uniquely determines FYy. It is also true that

% = fx(x) (for continuity points x of fx). Thus, Fx also determines f.
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In summary then, with a r.v. X, we have associated three quantities:

(i) The probability distribution of X, denoted by Py, which is a set function
and gives the probabilities P(X € B), B C .

(i) The d.f. of X, denoted by Fy, which is a point function and gives the
probabilities P(X € (—o0, 2]) = P(X < x) = Fx(x),x € N.

(iii) The p.d.f. fx which is a nonnegative (point) function and gives all prob-
abilities we may be interested in, either through a summation (for the
discrete case) or through an integration (for the continuous case). Thus,
for every x € Ni:

> fx(x;)  forthe discrete case
Fx() = P(X <x) = {“="
[*. fx(®)dt for the continuous case,

or, more generally:

> fx(x;) for the discrete case
Px(B)= P(X € B) = { »i€B
f 5 Jx(@)dt for the continuous case.

In the discrete case, fx(x;) = P(X = x;) = Px({x;}), whereas in the
continuous case, fy(x) = 0 for every x. The p.d.f. fx, clearly, determines the
d.f. Fx, and the converse is also true. Of course, the p.d.f. fx also determines
the probability distribution Py, but what is also true, although not obvious, is
that the d.f. Fy determines the probability distribution Py.

Givenar.v. X, we are primarily if not exclusively interested in its probability
distribution Px. Because of the above, it suffices to restrict ourselves either to
the d.f. Fx, or even better, to the p.d.f. fx, which is easier to work with.

The notation X ~ Fx or X ~ fx stands for the statement that the r.v. X has
the d.f. Fx or p.d.f. fx, respectively.

This section is concluded with the following observation and some follow-
up discussion. If @ is any probability distribution in 9, then there is a r.v. X
such that Px = Q. To see this, let Y be ar.v. with p.d.f. fy(y) = 1in [0, 1] (and
0 outside this interval). Then its d.f. Fy is given by:

Fy(yp) =0, y<Q0 FFy=y, 0<y=<] Fryp=1 y>1L1

Next, let F be the d.f. determined by @, and suppose it is strictly increasing,
so that the inverse F~! exists. Set X = F~!(Y). Then we assert that Fy = F.
Indeed,

Fx(x) = P(X <) = P[F"'(Y) < a] = P{F[F'(Y)] < F(%)})
= P[Y = F(v)] = F(x),

because 0 < F(x) < 1. That is, Fx(x) = F(x), x € i. The same result follows
even if F is not strictly increasing by a modified definition of the inverse F~!.

Along the same line, it makes sense to ask whether a given function f is the
p.d.f. or ar.v. X. The required conditions for this to be the case are: f(x) > 0
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for all x, and either
S(@)=>0, 7=1,2,..., with)_ f(x;) =1, and f(x) =0 forall x # x;, j>1,
J

/:: f@)dx=1.

This is so because in either case f defines a d.f. F' and hence ar.v. X (discrete
in the former case, and continuous in the latter case) with d.f. F.
Let us conclude this section with the following concrete examples.

The number of light switch turn-ons at which the first failure occursis ar.v. X
whose p.d.f. is given by: f(x) = c(%)“‘l, x=1,2 ... (and 0 otherwise).
(i) Determine the constant c.
(i) Calculate the probability that the first failure will not occur until after the
10th turn-on.
(iii) Determine the corresponding d.f. F.

Hint: At this point, recall how we sum geometric series; namely, > 7, "
Lt <Lk=0,1,....

DISCUSSION
(i) The constant ¢ is determined through the relationship: Z;":l flx) =
1ory >, c(%)x—l = 1. However YR (B = e X2 (2 =

o[l+(H)+ (5P + —+ = 10c, so that ¢ =

(ii) Here P(X > 10) = P(X > 11) =cYy 2 ()t = c[(lo)10 + (HH
)= c(lw)g = ¢-10(2)1 = L. 10(3)" = (0.9)"° ~ 0.349.

(iii) First, for x < 1, F(x) = 0. Next, for x > 1, F(x) = Zt L O)t L —

L= Yo (7 = 1o D)™ = 1 gy Gy = 1- (g

10

Thus, F(x) =0forx < 1, andF(x)—l—( )”forx>l

SIH

+

The recorded temperature in an engine is a r.v. X whose p.d.f. is given by:
f@) =nl —2)"1,0 < x < 1 (and 0 otherwise), where n > 1 is a known
integer.

(i) Show that f is, indeed, a p.d.f.
(ii) Determine the corresponding d.f. F.

DISCUSSION

(i) Because f (x) > 0 for all x, we simply have to check that fo Sf(x)dx =1.To
this end, [} f@)dx = f; n(1 — )" do = =)0 = —(1 — @)} = 1.
(ii) First, F(x) = Oforx < 0, whereasfor( < x < 1, F(x) = foxn(l—t)"‘ldt =
—(1—=8)"|§ (from part (i)), and thisis equal to: —(1 —2)"+1=1-(1—-2)".
Thus,
0, x <0
Fx)y=31-1—-2)", 0<zx=<l1
1, x> 0.
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2.1 A sample space describing a three-children family is as follows: S =
{bbb, bbg, bgb, gbb, bgg, gbg, ggb, ggg}, and assume that all eight out-
comes are equally likely to occur. Next, let X be the r.v. denoting the
number of girls in such a family. Then:

(i) Determine the set of all possible values of X.
(ii) Determine the p.d.f. of X.
(iii) Calculate the probabilities: P(X > 2), P(X < 2).

2.2 Ar.v. X has d.f. F given by:

0, x<0
F(x) = {2c(x? — 12%), 0<x<2
1, x> 2.

(i) Determine the corresponding p.d.f. f.
(ii)) Determine the constant c.

2.3 The r.v. X has d.f. F' given by:

0, x<0
Fx)y={a2®>—-24+2, 0<x<l1
1, x> 1.

(i) Determine the corresponding p.d.f. f.
(ii) Calculate the probability P(X > 1).

2.4 The r.v. X has d.f. F' given by:

0, x <4
0.1, 4<x<5
Fl) = 04, 5<x<6
0.7, 6<x<8
09, 8<x<9
1, x>9.

(i) Draw the graph of F.
(ii) Calculate the probabilities

P(X <65), P(X>81), PG<x<?8).

2.5 Let X be ar.v. with p.d.f. f(x) = cx~“*D, for x > 1, where c is a positive
constant.
(i) Determine the constant ¢, so that f is, indeed, a p.d.f.
(i) Determine the corresponding d.f. F.

2.6 Let X be ar.v. with p.d.f. f(x) =cx+ d, for 0 < x < 1, and suppose that
P(X > {)= 1. Then:
(i) Determine the constants ¢ and d.
(ii) Find the d.f. F' of X.
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2.7 Show that the function f(x) = (%)x, x=12 ...isap.df

2.8 For what value of ¢ is the function f(x) = ca”,x = 0,1,... a p.df.?
The quantity « is a number such that 0 < a < 1.

2.9 For what value of the positive constant c is the function f(x) = ¢*, x =
1,2,...ap.df?

2.10 Thep.df.ofarv. Xis f(x) = c(%)x, forx =0, 1, ..., where cis a positive
constant.
(i) Determine the value of c.
(ii) Calculate the probability P(X > 3).

2.11 The r.v. X has p.d.f. f given by: f(x) =c(1 —2?), -1 <x < 1.
(i) Determine the constant c.
(ii) Calculate the probability P(—0.9 < X < 0.9).

2.12 Let X be ar.v. denoting the lifetime of an electrical equipment, and sup-
pose that the p.d.f. of X is: f(x) = ce™, for x > 0 (for some constant
c>0).

(i) Determine the constant c.
(ii) Calculate the probability that X is at least equal to 10 (time units).
(iii) If the probability in part (ii) is 0.5, what is the value of ¢?

2.13 The r.v. X has the so-called Pareto p.d.f. given by: f(x) = ;2%‘;‘, forx > 1,
where « is a positive constant.
(i) Verify that f is, indeed, a p.d.f.
(ii) Calculate the probability P(X > c¢), for some ¢ > 1.

2.14 Suppose that the r.v. X takes on the values 0, 1, ... with the respective
probabilities P(X = j) = f(J) = 57,7 =0, 1,.... Then:
(i) Determine the constant c.
Compute the probabilities:
(i) P(X = 3).
(i) PX=2k+1, k=0,1,...).
(iv) PX=3k+1, k=0,1,...).

2.15 Let X be ar.v. with p.d.f. f whose graph is given below.
Without calculating f and by using geometric arguments, compute the
following probabilities:

P(X<3), P1l<X<2), PX>2, PX>5).

S@)
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2.16 Let X be the r.v. denoting the number of a certain item sold by a merchant
in a given day, and suppose that its p.d.f. is given by:

1 x+1
f@0==<§> . x=0,1,...

Calculate the following probabilities:
(i) No items are sold.

(ii) More than three items are sold.

(iii) An odd number of items is sold.

2.17 Suppose a r.v. X has p.d.f. given by: f(x) = re™*, x > 0, (A > 0), and
you are invited to bet whether the observed value x of X would be >c
or <c for some positive constant c.
(i) For what ¢ would you bet in favor of x > ¢?
(ii) What is the answer in part (i) if » = 4log2? (log is the natural
logarithm.)

2.18 The lifetime in hours of electric tubes is ar.v. X with p.d.f. f(x) = c?xe %,

for x > 0, where c is a positive constant.

(i) Determine the constant ¢ for which f is, indeed, a p.d.f.

(ii) Calculate the probability that the lifetime will be at least ¢ hours.
(iii) Find the numerical value in part (ii) for ¢ = 0.2 and ¢ = 10.

2.19 Let X be the r.v. denoting the number of forms required to be filled out
by a contractor for participation in contract bids, where the values of
X are 1, 2, 3, 4, and 5, and suppose that the respective probabilities are
proportional to x; thatis, P(X =x) = f(¥) =cx,x =1, ..., 5.
(i) Determine the constant c.
(ii) Calculate the probabilities:

P(X<3), PR2<X<4.

2.20 The recorded temperature in an engine is a r.v. X whose p.d.f. is given
by: f(x) = n(l —2)" 1,0 < x < 1 (n > 1, known integer). The engine
is equipped with a thermostat which is activated when the temperature
exceeds a specified level xy. If the probability of the thermostat being
activated is 1/10?", determine x.

2.3 Conditional Probability and Related Results

Conditional probability is a probability in its own right, as will be seen, and it
is an extremely useful tool in calculating probabilities. Essentially, it amounts
to suitably modifying a sample space S, associated with a random experiment,
on the evidence that a certain event has occurred. Consider the following
examples, by way of motivation, before a formal definition is given.
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In tossing three distinct coins once (Example 26 in Chapter 1), consider the
events B = “exactly 2 heads occur” = {HHT, HTH, THH}, A = “2 specified
coins (e.g., coins #1 and #2) show heads” = {HHH, HHT}. Then P(B) = %
and P(A) = % = i. Now, suppose we are told that event B has occurred and
we are asked to evaluate the probability of A on the basis of this evidence.
Clearly, what really matters here is the event B, and, given that B has occurred,
the event A occurs only if the sample point H HT appeared; that is, the event
{HHT} = AN B occurred. The required probability is then % = ;)L/g =L gfzg),
and the notation employed is P(A| B) (probability of A, given that B has
occurred or, just, given B). Thus, P(A| B) = PUNS)  Opserve that P(A|B) =

1 L P(B)

Inrolling two distinct dice once (Example 27 in Chapter 1), consider the event
B defined by: B = “the sum of numbers on the upper face is 5”7, so that B =
{1, D,1,2),714,3), 1,4, 2 1), 2 2),23),3,1),3,2), (4 1)}, and let A =
“the sum of numbers on the upper facesis > 4.” Then A’ = “the sum of numbers
on the upper faces is <3” = {(1, 1), (1, 2), (2, 1)}, so that P(B) = % = % and
P(A) =1-PA) =1-2 =2 = U Next, if we are told that B has
occurred, then the only way that A occurs is if A N B occurs, where AN B =
“the sum of numbers on the upper faces is both >4 and <5 (i.e., either 4
or5)” = {(1,3),(1,4), 2,2), 2,3), (3, 1), 3,2), (4, 1)}. Thus, P(A|B) = {; =

7/36 _ P(ANB) _ 7 _ 1 _
1036 = PB) , and observe that P(A|B) = ;; < 3 = P(4).

In recording the gender of children in a two-children family (Example 30 in
Chapter 1), let B = {bg, gb} and let A = “older child is a boy” = {bb, bg}, so
that AN B = {bg}. Then P(B) = 1 = P(A), P(A|B) = ;.

These examples motivate the following definition of conditional prob-
ability.

DEFINITION 1

The conditional probability of an event A, given the event B with
P(B) > 0,isdenoted by P(A| B) and is defined by: P(A| B) = P(ANB)/
P(B).

Replacing B by the entire sample space S, we are led back to the (uncondi-
tional) probability of A, as L 1(0?239 ) — @ = P(A). Thus, the conditional prob-
ability is a generalization of the concept of probability where S is restricted to
an event B.

That the conditional probability is, indeed, a probability is seen formally

as follows: P(A| B) > 0 for every A by definition;

P(SNB) _ P(B)
P(B)  PMB)

P(S|B) =
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and if Ay, Ao, ... are pairwise disjoint, then

o 11a 5\ = PUUE 4) nB] _ PIUFA, 0 B)]
Jarie) = P(B) - P(B)

_ XL PANB Z P(A; N B)

P(A;|B).
75 55 ; (4;1B)

It is to be noticed, furthermore, that the P(A | B) can be smaller or larger
than the P(A), or equal to the P(A). The casethat P(A| B) = P(A)is of special
interest and will be discussed more extensively in the next section. This point
is made by Examples 12, 13, and 14.

Here are another three examples pertaining to conditional probabilities.

When we are recording the number of particles emitted by a certain radioactive
source within aspecified period of time (Example 35in Chapter 1), we are going
to see that, if X is the number of particles emitted, then X is a r.v. taking on
the values 0,1,. . . and that a suitable p.d.f. for it is fx(x) = e™* ;, ,x=0,1,.

for some constant A > 0. Next, let B and A be the events defined by: B =
(X>10),A=X <1l),sothat ANB=(10<X <11)=(X=100orX = 11).
Then

P(B) = Ze*A —e i’\—f

=10 =10
11 4 x
—x — o A
P(A) = Ze =" 2o and
P(A|B)= (e -
(418) (e 0" 11'>/ a;%

Once again, P(A|B) = £ (szf) For a numerical example, take . = 10. Then
we have (by means of Poisson tables):

P(B)~ 05421, P(A)~0.6968, and P(A|B)~ 0.441.

When recording the lifetime of an electronic device, or of an electrical appli-
ance etc. (Example 36 in Chapter 1), if X is the lifetime under consideration,
then X is a r.v. taking values in [0, c0), and a suitable p.d.f. for it is seen to be
the function fy(x) = re ¥, x > 0, for some constant » > 0. Let B and A be
the events: B = “at the end of 5 time units, the equipment was still operat-
ing” = (X > 5), A = “the equipment lasts for no more than 2 additional time
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[ EXAMPLE 18

units” = (X < 7). ThenANB=(b <X <7),and:
00 7
P(B) = / re dx=e", P(A) = / re Mdr=1—e,
5 0

7
P(ANB) = / re M dx =e % —e ™ sothat
5

P(ANB) _ e —e T P,
P(B) e~5 ’

P(A|B) =

Take, for instance, A = %. Then, given that e~! ~ 0.36788, the preceding
probabilities are:

P(B)~0.607, P(A)~0.503 and P(A|B)~0.18l.

If for the events A and B, P(A)P(B) > 0, then show that: P(A|B) > P(A)
if and only if P(B|A) > P(B). Likewise, P(A|B) < P(A) if and only if
P(B|A) < P(B).

DISCUSSION Indeed, P(A|B) > P(A) is equivalent to % > P(A) or

Pﬁféﬂlf) > P(B) or P(B| A) > P(B). Likewise, P(A| B) < P(A) is equivalent

to %Q”Tfl < P(A) or ﬂ,;“(”Tf) < P(B)or P(B| A) < P(B).
This section is concluded with three simple but very useful results. They
are the so-called multiplicative theorem, the total probability theorem, and the

Bayes formula.

(Multiplicative Theorem) Foranynevents Ay, . .., A, with P(ﬂ’};i Aj) >
0, it holds:

n
P(ﬂAj = P(Ay | A1 N ... 0 Ay DP(Ane1 | AN ... 0 Aus)
j=1
...P(Ay | ADP(A)).

Its justification is simple, is done by induction, and is left as an exercise
(see Exercise 3.8). Its significance is that we can calculate the probability of
the intersection of n events, step by step, by means of conditional probabilities.
The calculation of these conditional probabilities is far easier. Here is a simple
example which amply illustrates the point.

An urn contains 10 identical balls of which 5 are black, 3 are red, and 2 are
white. Four balls are drawn one at a time and without replacement. Find the
probability that the first ball is black, the second red, the third white, and the
fourth black.
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THEOREM 4

DISCUSSION Denoting by B; the event that the first ball is black, and
likewise for Ry, W3, and By, the required probability is:

P(BiNRyNWsNBy) = P(By| BiNRyNW3)P(Ws | By N R2)P(Rz | Bi)P(By).

Assuming equally likely outcomes at each step, we have:

5 3 2
P(BI)ZE; P(R2|Bl):§7 P(W3|BlﬂR2)=§,

4
P(By| BN Ry NW3) = ?

Therefore,

4 2 3 b 1
P(BiNRyNW3N By) = 7 X 3 X 9 X 0 ~ 0.024.
For the formulation of the next result, the concept of a partition of S is
required. The events {A;, As, ..., A,} form a partition of S, if these events are
pairwise disjoint, A; N A; = &, 7 # j, and their union is S, U;.Lzl A; =S.Then
it is obvious that any event B in S may be expressed as follows, in terms of a
partition of S; namely, B = U?: 1(4; N B). Furthermore,

n n
P(B) = Z P(A;NB) = Z P(B|Aj)P(4;), provided P(4;) > 0forall j.
j=1 j=1

The concept of partition is defined similarly for countably infinite many events,
and the probability P(B) is expressed likewise. In the sequel, by writing 7 =
1,2,...and ) ; we mean to include both cases, finitely many indices and
countably infinite many indices.

Thus, we have the following result.

(Total Probability Theorem) Let {A;, As, ...} be a partition of S, and let
P(A;) > 0for all j. Then, for any event B,

P(B)=Y_P(B|A)P(A)).
J

The significance of this result is that, if it happens that we know the prob-
abilities of the partitioning events P(A;), as well as the conditional prob-
abilities of B, given A;, then these quantities may be combined, according
to the preceding formula, to produce the probability P(B). The probabilities
P(A;), 7 =1,2,... are referred to as a priori or prior probabilities. The fol-
lowing examples illustrate the theorem and also demonstrate its usefulness.

In reference to Example 2 in Chapter 1, calculate the probability P(+).

DISCUSSION Without having to refer specifically to a sample space, it is
clear that the events D and N form a partition. Then,

P(+) = P(+ and D) + P(+ and N) = P(+ | D)P(D) + P(+ | N)P(N).
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Here the a priori probabilities are P(D) = p;, P(N) =1 — p;, and
PH+I1D)=1-P(—|D)=1-p3, PH|N)=ps.

Therefore, P(+) = (1 — p3)p1 + p2(1 — p1). For a numerical application, take
p1 = 0.02 and ps = p3 = 0.01. Then P(+) = 0.0296. So, on the basis of this
testing procedure, about 2.96% of the population would test positive.

The proportion of motorists in a given gas station using regular unleaded gaso-
line, extra unleaded, and premium unleaded over a specified period of time
are 40%, 35%, and 25%, respectively. The respective proportions of filling their
tanks are 30%, 50%, and 60%. What is the probability that a motorist selected
at random from among the patrons of the gas station under consideration and
for the specified period of time will fill his/her tank?

DISCUSSION Denote by R, E, and P the events of a motorist using un-
leaded gasoline which is regular, extra unleaded, and premium, respectively,
and by F' the event of having the tank filled. Then the translation into terms of
probabilities of the proportions given above is:

P(R) = 0.40, P(E) =0.35, P(P)=0.25,
P(F|R)=0.30, P(F|E)=0.50, P(F|P)=0.60.
Then the required probability is:
P(F)=P(FNR)U(FNE)YUF NP))
=PFNR)Y+ P(FNE)+ P(FNP)
= P(F|R)P(R)+ P(F|E)P(E)+ P(F|P)P(P)
=0.30 x 0.40 + 0.50 x 0.35 + 0.60 x 0.25
= 0.445.

In reference to Theorem 4, stipulating the prior probabilities P(B|A;), j =
1,2, ..., is often a precarious thing and guesswork. This being the case, the
question then arises of whether experimentation may lead to reevaluation of
the prior probabilities on the basis of new evidence. To put it more formally,
is it possible to use P(A;) and P(B|Aj), j = 1,2, ... in order to calculate
P(A;| B)? The answer to this question is in the affirmative, is quite simple,
and is the content of the next result.

(Bayes’ Formula) Let { A, Ao, ...} and B be as in the previous theorem.
Then, forany j = 1,2, ...:

P(B|Aj)P(Aj)
> P(BA)P(Ay)

P(A;1B) =
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PROOF Indeed, P(A;|B) = P(A; N B)/P(B) = P(B| A;)P(A;)/P(B), and
then the previous theorem completes the proof. A

The probabilities P(A; | B), j =1, 2, ..., arereferred to as posterior prob-
abilities in that they are reevaluations of the respective prior P(A;) after the
event B has occurred.

Referring to Example 19, a question of much importance is this: Given that the
test shows positive, what is the probability that the patient actually has the
disease? In terms of the notation adopted, this question becomes: P(D | +) =?
Bayes’ formula gives:

P(+|D)P(D) _ pid — p3)
P(+|D)P(D) + P(+|N)P(N)  pi(1 — p3) + p2(1 — p1)’

For the numerical values used above, we get:

0.02x 099 0.0198 198
0.0296  0.0296 296

So P(D | +) >~ 66.9%. This result is both reassuring and surprising. Reassuring,
in that only 66.9% of those testing positive actually have the disease. Surprising,
in that this proportion looks rather low, given that the test is quite good: it
identifies correctly 99% of those having the disease. A reconciliation between
these two seemingly contradictory aspects is as follows: The fact that P(D) =
0.02 means that, on the average, 2 out of 100 persons have the disease. So, in
100 persons, 2 will have the disease and 98 will not. When 100 such persons are
tested, 2 x 0.99 = 1.98 will be correctly confirmed as positive (because 0.99 is
the probability of a correct positive), and 98 x 0.01 = 0.98 will be incorrectly
diagnosed as positive (because 0.01 is the probability of an incorrect positive).
Thus, the proportion of correct positives is equal to:

P(D|+)=

=~ 0.669.

PD|+)=

(correct positives)/(correct positives + incorrect positives)

— 1.98/(1.98 + 0.98) = 1.98/2.96 = 198/296 ~ 0.669.

REMARK 1 The fact that the probability P(D |+) is less than 1 simply
reflects the fact that the test, no matter how good, is imperfect. Should the test
be perfect (P(+ | D) = P(—| D% = 1), then P(D | +) = 1, as follows from the
preceding calculations, no matter what P(D) is. The same, of course, is true
for P(D°| —).

Refer to Example 20 and calculate the probabilities: P(R| F), P(E | F), and
P(P|F).
DISCUSSION By Bayes’ formula and Example 20,

P(RNF) P(F|RP(R) 0.30 x 0.40
P(F) P(F) 0445

P(R|F) = ~ 0.270,
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and likewise,

0.50 x 0.35 0.60 x 0.25
hakibdiathdsctp Oy ) P(P|F)= -7 ~ 0337,
VE 0.393, (P|F) 0.337

0.445

3.11If P(A|B) > P(A), then show that P(B|A) > P(B), by assuming that
both P(A) and P(B) are positive.

32If AN B =@ and P(AU B) > 0, express the probabilities P(A| AU B)
and P(B| AU B) in terms of P(A) and P(B).

P(E|F) =

3.3 A girls’ club has in its membership rolls the names of 50 girls with the
following descriptions:
20 blondes, 15 with blue eyes and 5 with brown eyes;
25 brunettes, 5 with blue eyes and 20 with brown eyes;
5 redheads, 1 with blue eyes and 4 with green eyes.
If one arranges a blind date with a club member, what is the probability
that:
(i) The girl is blonde?
(ii) The girl is blonde, if it was revealed only that she has blue eyes?

3.4 Suppose that the probability that both of a pair of twins are boys is 0.30
and that the probability that they are both girls is 0.26. Given that the
probability of the first child being a boy is 0.52, what is the probability
that:

(i) The second twin is a boy, given that the first is a boy?
(ii) The second twin is a girl, given that the first is a girl?
(iii) The second twin is a boy?
(iv) The first is a boy and the second is a girl?

3.5 A shipment of 20 TV tubes contains 16 good tubes and 4 defective tubes.
Three tubes are chosen successively and at random each time and are
also tested successively. What is the probability that:

(i) The third tube is good if the first two were found to be good?
(ii) The third tube is defective if the first was found to be good and the
second defective?
(iii) The third tube is defective if the first was found to be defective and
the second was found to be good?
(iv) The third tube is defective if one of the other two was found to be
good and the other was found to be defective?

3.6 For any three events A, B, and C with P(A)P(B)P(C) > 0, show that:
(i) P(A°|B)=1—-P(A|B).
(i) P(AUB|C)=PA|C)+ P(B|C)—P(ANB|C).
Also, by means of counterexamples, show that the following equa-
tions need not be true:
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(iii) P(A|B®)=1— P(A|B).
(iv) P(C|AUB) = P(C|A) + P(C|B), where ANB = @.

3.71If A, B, and C are any events in the sample space S, show that {A,
A°NB, AN B°NC, (AU BUC)“} is apartition of S.

3.8 Use induction to prove Theorem 3.

3.9 Let {4;, j = 1, ..., b} be a partition of the sample space S and suppose
that:

5—J

15

Compute the probabilities P(A; | A), j=1,...,5.

P(Aﬁ:% and P(A|A)) = j=1...,5.

3.10 A box contains 15 identical balls except that 10 are red and 5 are black.
Four balls are drawn successively and without replacement.
Calculate the probability that the first and the fourth balls are red.

3.11 A box contains m + n identical balls except that m of them are red and
n are black. A ball is drawn at random, its color is noticed, and then the
ball is returned to the box along with 7 balls of the same color. Finally, a
ball is drawn also at random.
(i) What is the probability that the first ball is red?
(ii) What is the probability that the second ball is red?
(iii) Compare the probabilities in parts (i) and (ii) and comment on them.
(iv) What is the probability that the first ball is black if the second is red?
(v) Find the numerical values in parts (i), (ii), and (iv) if m = 9, n = 6,
andr = 5.

3.12 A test correctly identifies a disease D with probability 0.95 and wrongly
diagnoses D with probability 0.01. From past experience, it is known
that disease D occurs in a targeted population with frequency 0.2%. An
individual is chosen at random from said population and is given the test.
Calculate the probability that:

(1) The testis +, P(+).
(i) The individual actually suffers from disease D if the test turns out to
be positive, P(D | +).

3.13 Suppose that the probability of correct diagnosis (either positive or neg-
ative) of cervical cancer in the Pap test is 0.95 and that the proportion
of women in a given population suffering from this disease is 0.01%. A
woman is chosen at random from the target population and the test is
administered.
What is the probability that:
(i) The test is positive?
(i) The subject actually has the disease, given that the diagnosis is

positive?

3.14 A signal S is sent from point A to point B and is received at B if both
switches I and II are closed. It is assumed that the probabilities of I and
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II being closed are 0.8 and 0.6, respectively, and that P(II is closed/I is
closed) = P(Il is closed).

Calculate the following probabilities:
(i) The signal is received at B.
(ii) The (conditional) probability that switch I was open, given that the
signal was not received at B.
(iii) The (conditional) probability that switch II was open, given that the
signal was not received at B.

3.15 The student body in a certain college consists of 556% women and 45%
men. Women and men smoke cigarettes in the proportions of 20% and
25%, respectively. If a student is chosen at random, calculate the proba-
bility that:
(i) The student is a smoker.
(ii) The student is a man, given that he/she is a smoker.

3.16 From a population consisting of 52% females and 48% males, an individ-
ual, drawn at random, is found to be color blind. If we assume that the
proportions of color-blind females and males are 25% and 5%, respec-
tively, what is the probability that the individual drawn is a male?

3.17 Drawers I and II contain black and red pencils as follows:
Drawer I: b; black pencils and 7 red pencils,
Drawer II: b, black pencils and 7 red pencils.
A drawer is chosen at random and then a pencil is also chosen at random
from that drawer.
(i) What is the probability that the pencil is black?
(ii) If it is announced that the pencil is black, what is the probability it
was chosen from drawer I?
(iii) Give numerical values in parts (i) and (ii) for b; = 36,1, = 12, by =
60, Yo = 24.

3.18 Three machines I, I, and III manufacture 30%, 30%, and 40%, respectively,
of the total output of certain items. Of them, 4%, 3%, and 2%, respectively,
are defective. One item is drawn at random from the total output and is
tested.

(i) What is the probability that the item is defective?
(ii) If it is found to be defective, what is the probability the item was
produced by machine I?
(iii) Same question as in part (ii) for each one of the machines II and III.
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3.19 Suppose that a multiple choice test lists n alternative answers of which
only one is correct. If a student has done the homework, he/she is certain
to identify the correct answer; otherwise the student chooses an answer
at random. Denote by A the event that the student does the homework,
set p = P(A), and let B be the event that he/she answers the question
correctly.

(i) Express the probability P(A | B) in terms of p and 7.
(ii) If 0 < p < 1 and fixed, show that the probability P(A | B), as a func-
tion of 7, is increasing.
(iii) Does the result in part (ii) seem reasonable?

3.20 If the p.d.f. of the r.v. X is: f(x) = Ae™**, for x > 0 (A > 0), calculate:
(i) P(X>1t) (forsomet > 0).
(i) PX>s+t| X >s) (forsomes,t > 0).
(iii) Compare the probabilities in parts (i) and (ii), and draw your
conclusion.

2.4 Independent Events and Related Results

In Example 14, it was seen that P(A | B) = P(A). Thus, the fact that the event
B occurred provides no information in reevaluating the probability of A. Under
such a circumstance, it is only fitting to say that A is independent of B. For
any two events A and B with P(B) > 0, we say that A is independent of B, if
P(A| B) = P(A). If, in addition, P(A) > 0, then B is also independent of A
because

P(BNA) _P(ANB) _P(A|BP(B) _P(A)P(B)

PBIA) = P(A) P4 P@A)  P@A

— P(B).

Because of this symmetry, we then say that A and B are independent. From
the definition of either P(A| B) or P(B| A), it follows then that P(AN B) =
P(A)P(B). We further observe that this relation is true even if one or both
of P(A), P(B) are equal to 0. We take this relation as the defining relation of
independence.

DEFINITION 2

Two events A; and As are said to be independent (statistically or stochas-
tically or in the probability sense), if P(A; N As) = P(A;)P(As). When
P(A; N A) # P(A;)P(A) they are said to be dependent.

REMARK 2 At this point, it should be emphasized that disjointness and
independence of two events are two distinct concepts; the former does not
even require the concept of probability. Nevertheless, they are related in that,
if Ay N Ay = @, then they are independent if and only if at least one of
P(A)), P(Ay) is equal to 0. Thus (subject to A; N Ay = @), P(A})P(As) > 0
implies that A; and Ag are definitely dependent.
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The definition of independence extends to three events A;, Ay, Az, as well
as to any number n of events Ay, ..., A,. Thus, three events A;, A, As for
which P(A; N As N A3) > 0 are said to be independent, if all conditional
probabilities coincide with the respective (unconditional) probabilities:

P(A; | Ag) = P(A1| A3) = P(A1| A2 N Ag) = P(A1)
P(Az| A1) = P(A2| A3) = P(A2| A1 N A3) = P(A2)
P(A3| A1) = P(A3| Az) = P(As| A1 N Az) = P(A3) (D

P(A1 N Az | A3) = P(A1 N Az), P(A1 N A3 | Ag)

= P(A1 N A3), P(A2 N A3 | A1) = P(A2 N Ay).
From the definition of conditional probability, relations (1) are equivalent to:

P(A; N Ay) = P(A)P(Az), P(A; N Ag) = P(ADP(A3),
P(A; N A3) = P(A2)P(A3), P(A; N Ay N Ag) = P(A)P(A2)P(As).

Furthermore, it is to be observed that relations (2) hold even if any of P(A;),
P(Az), P(A3) are equal to 0. These relations are taken as defining relations of
independence of three events A;, Ay, As.

As one would expect, all four relations (2) are needed for independence
(that is, in order for them to imply relations (1)). That this is, indeed, the case
is illustrated by the following examples.

Let S = {1, 2, 3,4} and let P({1}) = P({2}) = P({3}) = P({4}) = 1/4. Define
the events Aj, Ay, A3 by: A; = {1, 2}, A» = {1, 3}, A3 = {1, 4}. Then it is easily
verified that: P(A; N As2) = P(A1)P(Ay), P(A; N A3) = P(A))P(A3), P(A2 N
Asz) = P(A2)P(A3). However, P(A; N Ay N Ag) # P(A;)P(A2)P(A3).

Let S = (1,2, 3,4,5} and let P({1}) = %, P({2}) = P({3}) = P({4}) = %,
P{5}) = %.Deﬁne theevents Ay, As, Agby: A1 = {1, 2, 3}, As = {1, 2,4}, A3 =
{1, 3, 4}. Then it is easily verified that: P(A; N Ay N A3) = P(A;)P(A2)P(As)
but none of the other three relations in (2) is satisfied.

Relations (2) provide the pattern of the definition of independence of n
events. Thus:

DEFINITION 3

Theevents A4y, ..., A,aresaid tobe independent (statistically or stochas-
tically or in the probability sense) if, for all possible choices of k out of
n events (2 < k < m), the probability of their intersection equals the
product of their probabilities. More formally, for any k with2 < k < n
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THEOREM 6

and any integers ji, ..., jr With1 < j; < --- < ji <n, we have:

P(QAJ-) = lle(Aji). 3)

If at least one of the relations in (3) is violated, the events are said to be
dependent. The number of relations of the form (3) required to express
independence of n events is:

(0 () =+ ()-) -+

For example, for n = 2, 3, these relations are: 2> — 2 — 1 = 1 and 2% —
3 — 1 = 4, respectively.

Typical cases where independent events occur are whenever we are sam-
pling with replacement from finite populations, such as selecting successively
and with replacement balls from an urn containing balls of several colors,
pulling successively and with replacement playing cards out of a standard
deck of such cards, and the like.

The following property of independence of events is often used without
even being acknowledged, it is stated here as a theorem.

(i) If the events A;, As are independent, then so are all three sets of
events: Ay, Aj; Af, Ay; Af, AS.

(ii) More generally, if the events Ay, ..., A, are independent, then so are
the events Aj, ..., A), where A] stands either for A; or AS,i=1,...,n.
For illustrative purposes, we present the proof of part (i) only.

PROOF OF PART (i) Clearly, Ay N A5 = A; — A; N As. Thus,
P(A; N AY) = P(A; — A1 N Ag) = P(A)) — P(A; N A) (since A; N Ay € Ay)
= P(A;) — P(A))P(A2) (byindependence of A;, As)
= P(AD[1 — P(42)] = P(A)P(43).
The proof of P(A{ N Ay) = P(A{)P(A2) is entirely symmetric. Finally,
P(A]N AS) = P((A1 U A2)")  (by DeMorgan’s laws)
=1—-P(A1 U Ap)
= 1— P(A) — P(A2) + P(4, N A2)
=1—P(A))— P(A)+ P(A))P(As) (byindependence of Aj, As)
= [1 = P(A)] — P(A)[1 — P(A))]
= P(A)P(4S). A
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[ EXAMPLE 28

The following examples will help illustrate concepts and results discussed
in this section.

Suppose that P(B)P(B¢) > 0. Then the events A and B are independent if and
only if P(A| B) = P(A| B9).

DISCUSSION First, if A and B are independent, then A and B¢ are also
independent, by Theorem 6. Thus, P(A| B¢) = ng?f = PABED — pa).
Since also P(A|B) = P(A), the equality P(A|B) = P(A| B°) holds. Next,
P(A|B) = P(A| BY) is equivalent to P;‘éj;f) = szg?p or P(AN B)P(B®) =
P(ANB)P(B) or P(ANB)[1— P(B)] = P(ANB)P(B) or P(ANB)— P(AN
B)P(B) = P(AN B)P(B)or P(ANB) = [P(ANB)+ P(AN BY)|P(B) =

P(A)P(B), since (AN B)U (AN BY = A. Thus, A and B are independent.

REMARK 3 It is to be pointed out that the condition P(A | B) = P(A| B°)
for independence of the events A and B is quite natural, intuitively. It says that
the (conditional) probability of A remains the same no matter which one of B
or B¢ is given.

Let P(C)P(C°) > 0. Then the inequalities P(A|C) > P(B|C)and P(A|C°) >
P(B|C° imply P(A) > P(B).

DISCUSSION The inequalities P(A|C) > P(B|C) and P(A|C° >
P(B|C°) are equivalent to P(ANC) > P(BNC)and P(ANC®) > P(BNC®).
Adding up these inequalities, we obtain P(ANC)+ P(ANC% > P(BNC) +
P(BNC%or P(A) > P(B),since A=(ANC)U(ANnC% and B=(BNC)U
(BN CY).

REMARK 4 Once again, that the inequalities of the two conditional proba-
bilities should imply the same inequality for the unconditional probabilities is
quite obvious on intuitive grounds. The justification given above simply makes
it rigorous.

If the events A, B, and C are independent, then P(AUBUC) =1 —[1 —
P(A][1 - P(B)][1 - P(C)].
DISCUSSION Clearly,

P(AUBUC) = P[(A°NB°NC (by DeMorgan’s laws)
=1-PA°NB°NCY (by basic property (3))
=1-P(A)P(B)P(C (by Theorem 6(ii)

applied with n = 3)
=1—-[1-PCAI1l - P(B)][1 - P)].

A mouse caught in a maze has to maneuver through three successive escape
hatches in order to escape. If the hatches operate independently and the
probabilities for the mouse to maneuver successfully through them are 0.6,
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0.4, and 0.2, respectively, calculate the probabilities that the mouse: (i) will be
able to escape, (ii) will not be able to escape.

DISCUSSION Denote by Hi, Hy, and Hs the events that the mouse suc-
cessfully maneuvers through the three hatches, and by E the event that the
mouse is able to escape. We have that H,, H>, and H; are independent, P(H;) =
0.6, P(Hy) = 0.4, and P(H;) = 0.2, and £ = H; N H, N H;. Then: (i) P(E) =
P(H, N Hy N Hy) = P(H))P(H)P(H;) = 0.6 x 0.4 x 0.2 = 0.048, and (ii)
P(E)=1—P(E)=1-0.048 = 0.952.

The concept of independence carries over to random experiments. Al-
though a technical definition of independence of random experiments is avail-
able, we are not going to indulge in it. The concept of independence of random
experiments will be taken in its intuitive sense, and somewhat more techni-
cally, in the sense that random experiments are independent if they give rise
to independent events associated with them.

Finally, independence is also defined for r.v.’s. This topic will be taken up
in Chapter 5 (see Definition 1 there). Actually, independence of r.v.’s is one of
the founding blocks of most discussions taking place in this book.

4.1 If P(A) = 0.4, P(B) = 0.2, and P(C) = 0.3, calculate the probability
P(AU BU (), if the events A, B, and C are:
(i) Pairwise disjoint.
(ii) Independent.

4.2 Show that the event A is independent of itself if and only if P(A) = 0 or
P(A) =1

4.3 (i) For anytwo events A and B, show that P(ANB) > P(A)+ P(B)—1.
(ii) If A and B are disjoint, then show that they are independent if and
only if at least one of P(A) and P(B) is zero.
(iii) Ifthe events A, B, and C are pairwise disjoint, under what conditions
are they independent?

4.4 Supposethatthe events Ay, Ay, and By areindependent, the events A;, Ay,
and B; are independent, and that B; N Bs = @. Then show that the events
Aj, As, By U By are independent.

4.5 (i) If for the events A, B, and C, it so happens that P(A) = P(B) =
P(C) =%, P(ANB) = P(ANC) = P(BNC) = },and P(ANBNC) =
é, determine whether or not these events are independent. Justify
your answer.
(ii) For the values given in part (i), calculate the probabilities: P(A®),
P(AUB), P(A°N B°%, P(AUBUC),and P(A°N B°NCY.
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4.6 For the events A, B, C and their complements, suppose that:

1 5 3
P(ANBNC) =, PANB'NC)= 1, PANBNC) =,

2 2 1
P(ANB°NC)=—, PMA°NBNC)=—, PMA°NBNC)=—
( =15 B =15 P )= 16

1 1
P(A°NB°NC) = 6 and P(A°NB°NCY = T

(i) Calculate the probabilities: P(A), P(B), P(C).

(i) Determine whether or not the events A, B, and C are independent.
(iii) Calculate the (conditional) probability P(A | B).
(iv) Determine whether or not the events A and B are independent.

4.7 If the events Ay, ..., A, are independent, show that

P(JQA]-) =1_]1f[:p(Ag.).

4.8 (i) Three coins, with probability of falling heads being p, are tossed once
and you win, if all three coins show the same face (either all H or all

T). What is the probability of winning?
(ii) What are the numerical answers in part (i) for p = 0.5 and p = 0.4?

4.9 Suppose that men and women are distributed in the freshman and sopho-
more classes of a college according to the proportions listed in the fol-
lowing table.

Class\Gender M w Totals

F 4 6 10
S 6 x 6+
Totals 10 64+x 16+«

A student is chosen at random and let M, W, F', and S be the events,
respectively, that the student is a man, a woman, a freshman, or a sopho-
more. Then, being a man or a woman and being a freshman or sophomore
are independent, if:

P(MNF)=P(MP(F), P(WnNF)=PW)P(F),
P(MNS)=PM)P(S), PWNS)=PW)P(S).

Determine the number x, so that the preceding independence relations
hold.
4.10 The r.v. X has p.d.f. given by:
cx, O<x<b
f()=3c10—x), b5<x<10
0, elsewhere.
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(i) Determine the constant c.
(ii) Draw the graph of f.

J@)

0.2

=]
[S} 1 S —

10

Define the events Aand Bby: A= (X >5),B=(5 < X <7.5).
(iii) Calculate the probabilities P(A) and P(B).
(iv) Calculate the conditional probability P(B| A).
(v) Are the events A and B independent or not? Justify your answer.

4.11 Three players [, I1, II] throw simultaneously three coins with respective
probabilities of falling heads (H) p;, p2, and ps. A sample space describ-
ing this experiment is:

S={HHH,HHT,HTH, THH, HTT, THT, TTH, TTT}.
Define the events A;,7 = 1, 2, 3 and B by:
A ={HTT,THH} A, ={THT,HTH}, As={TTH,HHT}

(i.e., the outcome for the ith player, ¢ = 1, 2, 3, is different from those for
the other two players),

B={(HHH, TTT).

If any one of the events A;,7 = 1, 2, 3 occurs, the ith player wins and
the game ends. If event B occurs, the game is repeated independently as
many times as needed until one of the events A;, Ay, A3 occurs.

(i) Calculate the probabilities: P(A;), 7 =1, 2, 3.

(ii) What do these probabilities become for p; = ps = ps = p?
(iii) What is the numerical value in part (ii) if p = 0.5?

Hint: By symmetry, it suffices to calculate P(A;). Let A;; = “event A;
occurs the jth time,” B; = “event B occurs the jth time.” Then (with
slight abuse of notation)

A= A UBLNAR)UBLNBy N AU ...
At this point, also recall that: Y >0 (4" = 1 |2 < 1.

1-a

4.12 Jim takes the written and road driver’s license tests repeatedly until he
passes them. It is given that the probability that he passes the written test
is 0.9, that he passes the road test is 0.6, and that the tests are independent
of each other. Furthermore, it is assumed that the road test cannot be
taken unless he passes the written test, and that once he passes the
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written test, he does not have to take it again ever, no matter whether he

passes or fails his road tests. Also, it is assumed that the written and the

road test are distinct attempts.

(i) What is the probability that he will pass the road test on his nth
attempt?

(ii) What is the numerical value in part (i) for n = 5?

Hint: Denote by W; and R; the events that Jim passes the written test
and the road test the 7th and jth time, respectively. Then the required
event is expressed as follows:

(WinR{N...NR, ,NR, 1)U (WfNWaNR{N...NR._ 3N R, )
U...Uu(Win...nW.,Nn W1 NRy).

4.13 The probability that a missile fired against a target is not intercepted
by an antimissile missile is % If the missile is not intercepted, then the
probability of a successful hit is :9;.

If four missiles are fired independently, what is the probability that:
(i) All four will successfully hit the target?
(ii) At least one will do so?
(iii) What is the minimum number of missiles to be fired so that at least
one is not intercepted with probability at least 0.95?
(iv) What is the minimum number of missiles to be fired so that at least
one hits the target with probability at least 0.99?

4.14 Electric current is transmitted from point A to point B, provided at least
one of the circuits #1 through #n here is closed. It is assumed that the »n
circuits close independently of each other and with respective probabil-
ities p1, ..., Pn.

% O
o

6
%/4
;f

Determine the following probabilities:
(i) No circuit is closed.
(ii) At least one circuit is closed.
(iii) Exactly one circuit is closed.
(iv) How do the expressions in parts (i)-(iii) simplify if p; = --- =
Dn = D?
(v) What are the numerical values in part (iv) for n = 5 and p = 0.6?
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4.15 Consider two urns U; and U; such that urn U; contains m; white balls
and 7 black balls, and urn Us contains ms white balls and 79 black balls.
All balls are identical except for color. One ball is drawn at random from
each of the urns U; and U, and is placed into a third urn. Then a ball is
drawn at random from the third urn. Compute the probability that the
ball is:

(i) Black; (ii) White.
(iii) Give numerical answers to parts (i) and (ii) for: m; = 10, n; = 15;
mo = 35, N9 = 25.

2.5 Basic Concepts and Results in Counting

In this brief section, some basic concepts and results are discussed regarding
the way of counting the total number of outcomes of an experiment or the total
number of different ways we can carry out a task. Although many readers will,
undoubtedly, be familiar with parts of or the entire material in this section, it
would be advisable, nevertheless, to invest some time here in introducing and
adopting some notation, establishing some basic results, and then using them
in computing probabilities in the classical probability framework.

Problems of counting arise in a great number of different situations. Here
are some of them. In each one of these situations, we are asked to compute
the number of different ways that something or other can be done. Here are a
few illustrative cases.

m (1) Attire yourself by selecting a T-shirt, a pair of trousers, a pair of shoes,

and a cap out of n; T-shirts, ns pairs of trousers, ng pairs of shoes, and
ny caps (e.g.,n; =4, ns = 3, ng = ny = 2).
(ii) Form all k-digit numbers by selecting the k digits out of n available num-
bers (e.g., k =2,n=4suchas {1, 3,5, 7}).
(iii) Form all California automobile license plates by using one number, three
letters and then three numbers in the prescribed order.
(iv) Form all possible codes by using a given set of symbols (e.g., form all
“words” of length 10 by using the digits 0 and 1).
(v) Place k books on the shelf of a bookcase in all possible ways.
(vi) Place the birthdays of k individuals in the 365 days of a year in all pos-
sible ways.
(vii) Place k letters into k addressed envelopes (one letter to each envelope).
(viii) Count all possible outcomes when tossing k distinct dice.
(ix) Select k cards out of a standard deck of playing cards (e.g., for k = 5,
each selection is a poker hand).
(x) Form all possible k-member committees out of n available individuals.

The calculation of the numbers asked for in situations (i) through (x) just
outlined is in actuality a simple application of the so-called fundamental prin-
ciple of counting, stated next in the form of a theorem.
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THEOREM 7

(Pundamental Principle of Counting) Suppose a task is completed in k&
stages by carrying out a number of subtasks in each one of the k stages. If
the numbers of these subtasks are ny, . . ., 1 for the k stages, respectively,
then the total number of different ways the overall task is completed is:
Ny X e X Ny

Thus, in (i) above the number of different attires is: 4 x 3 x 2 x 2 = 48.

In (ii), the number of all 2-digit numbers formed by using 1, 3, 5, 7 is:
4 x4=16(11, 13, 15, 17; 31, 33, 35, 37; 51, 53, 55, 57; 71,73, 75, 77).

In (iii), the number of all possible license plates (by using indiscriminately
all 10 digits from 0 through 9 and all 26 letters of the English alphabet, although
this is not the case in practice) is: 10 x (26 x 26 x 26) x (10 x 10 x 10) =
175,760,000.

In (iv), the number of all possible “words” is found by taking ¥ = 10 and
n = --- =1y = 2 to obtain: 210 = 1,024.

In (v), all possible arrangements are obtained by taking 7, = k, ny = k —
,....my=k—(k—-1)=1toget:k(k—1)...1=1...(k — Dk. For example,
for k = 10, the number of arrangements is: 3,628,800.

In (vi), the required number is obtained by taking n; = --- = m, = 365 to
get: 365°. For example, for k = 3, we have 365° = 48,627,125.

In (vii), the required number is: k(k — 1)...1 = 1...(k — k)k obtained by
takingn, =k,m=k—-1,...,m=k— (k-1 =1.

In (viii), the required number is: 6* obtained by taking n, = --- = n, = 6.
For example, for k = 3, we have 6> = 216, and for k = 10, we have 610 =
60,466,176.

In (ix), the number of poker hands is: 252304948 — 2 598 960. The
numerator is obtained by taking n; = 52, no = 51, ng = 50, ngy = 49, n5 = 48.
The division by 120 accounts for elimination of hands consisting of the same
cards but drawn in different order.

Finally, in (x), the required number is: W

For example, for n = 10 and k = 3, we have: 110;2955 = 120.

In all of the situations (i) through (x), the required numbers were calculated
by the appropriate application of Theorem 7. Furthermore, in many cases, as
clearly exemplified by cases (ii), (iii), (v), (vii), (ix), and (x), the task performed
consisted of selecting and arranging a number of objects out of a set of available
objects. In so doing, the order in which the objects appear in the arrangement
may be of significance, as is, indeed, the case in situations (ii), (iii), (iv), (v),
(vi), and (vii), or it may be just irrelevant, as happens, for example, in cases
(ix) and (x). This observation leads us to the concepts of permutations and

combinations. More precisely, we have

, by arguing as in (ix).

DEFINITION 4
An ordered arrangement of k objects taken from a set of n objects (1 <
k < m) is a permutation of the n objects taken k at time. An unordered
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arrangement of k objects taken from a set of n objects is a combination
of the n objects taken k at a time.

The question then arises of how many permutations and how many com-
binations can be formed. The answer to this question is given next.

COROLLARY (to Theorem 7)

(i) The number of ordered arrangements of a set of n objects taken k at a time
I<k<n)is 1* when repetitions are allowed. When no repetitions are
allowed, this number becomes the permutations of n objects taken k at a
time, is denoted by P, ;, and is given by:

Pyr=nn—-1)...n—k+1). @
In particular, for k = n,
Po=nn-1)...1=1...(n—Dn=mn,

where the notation 7! is read “n factorial.”

(ii) The number of combinations (i.e., the number of unordered and without
repetition arrangements) of n objects taken k at a time (1 < k < n) is
denoted by (}) and is given by:

ny P, B n!
<k> Tk Rm—k) ®)

REMARK 5 Whether permutations or combinations are appropriate in a
given problem follows from the nature of the problem. For instance, in (ii),
permutations rather than combinations are appropriate as, e.g., 13 and 31 are
distinct entities. The same is true of cases (iii)—(viii), whereas combinations
are appropriate for cases (ix) and (x).

As an example, in part (ii), P42 = 4 x 3 = 12 (leave out the numbers with
identical digits 11, 22, 33, and 44), and in part (ix), (}) = 22 = 2,598,960,
after cancellations and by carrying out the arithmetic.

REMARK 6 In (5), set k = n. Then the left-hand side is, clearly, 1, and the
right-hand side is n?—('), = %. In order for this to be 1, we define 0! = 1. From

formula (5), it also follows that (}) = 1.

This section is concluded with the justification of Theorem 7 and its corol-
lary and some applications of these results in calculating certain probabilities.

PROOF OF THEOREM 7 1t is done by induction. For £ = 2, all one has to do
is to pair out each one of the n; ways of carrying out the subtask at stage 1
with each one of the ny ways of carrying out the subtask at stage 2 in order
to obtain n; x 1 for the number of ways of completing the task. Next, make
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the induction hypothesis that the conclusion is true for k¥ = m and establish it
for k = m+ 1. So, in the first m stages, the total number of ways of doing the
jobis:m x --- X 1y, and there is still the final (m + 1)st stage for completing
the task. Clearly, all we have to do here is to combine each one of the n; x

- X Ny, Ways of doing the job in the first m stages with each one of the 7,1
ways of carrying out the subtask in the (m + 1)st stage to obtain the number
Ny X -+ X Ny X N1 Of completing the task. A

PROOF OF THE COROLLARY

(i) Here, we are forming an ordered arrangement of objects in k stages by
selecting one object at each stage from among the n available objects
(because repetitions are allowed). Thus, the theorem applies with n; =

- = n;, = n and gives the result 7*. When repetitions are not allowed,
the only thing which changes from the case just considered is that: n; =
nny=n—1,...,n; =n—(k—1)=n—k+ 1, and formula (4) follows.

(ii) Let ( ) be the number of combinations (unordered without repetition ar-
rangements) of the n objects taken k at a time. From each one of these un-
ordered arrangements, we obtain k! ordered arrangements by permutation
of the k objects. Then k! x (Z) is the total number of ordered arrangements
of the n objects taken k at a time, which is P, ;, by part (i). Solving for
(Z), we obtain the first expression in (5). The second expression follows
immediately by multiplying by (n — k)...1 and dividing by 1...(n— k) =
m—k) A

There are many interesting variations and deeper results based on
Theorem 7 and its corollary. Some of them may be found in Sections 2.4 and
2.6 of Chapter 2 of the book A Course in Mathematical Statistics, 2nd edition
(1997), Academic Press, by G.G. Roussas.

It happens that 4 hotels in a certain large city have the same name, e.g., Grand
Hotel. Four persons make an appointment to meet at the Grand Hotel. If each
one of the 4 persons chooses the hotel at random, calculate the following
probabilities:

(i) All 4 choose the same hotel.

(ii) All 4 choose different hotels.

DISCUSSION

(i) If A = “all 4 choose the same hotel,” then P(A) = gggg where n(A) is
the number of sample points in A. Here, n(S) = 4 x 4 x 4 x 4 = 44
by Theorem 7 applied with k = 4 and n; = ne = ng = ngy = 4, and
n(A) = 4, by Theorem 7 again applied with k¥ = 1 (the 4 people looked
upon as a single unity) and n; = 4 (the 4 hotels they can choose). Thus,
P(A) = § = 5 = 4 = 0.015625 ~ 0.016.

(ii) B = “all 4 choose dlfferent hotels,” then, by the first part of the corollary
to Theorem 7, n(B) = Py4 = 4!, so that P(B) = § = 123 = 3 =
0.09375 >~ 0.094.
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Out of a set of 3 keys, only 1 opens a certain door. Someone tries the keys
successively and let A; be the event that the right key appears the kth time.
Calculate the probability P(Ay):

(i) If the keys tried are not replaced, k = 1, 2, 3.
(i) If the keys tried are replaced, k = 1,2, ....

DISCUSSION
() P(A) = 3; P(A) = 25 = §; P(A3) = 254 = 1 S0, P(A) = P(4) =
P(A3) = 1 ~0.333.

(i) Clearly, P(4;) = P(WiN---N Wiy NRY) = (3t x Lforallk=1,2, ...

REMARK 7 To calculate the probabilities in part (i) in terms of conditional
probabilities, set: R, = “the right key appears the kth time,” W;, = “a wrong
key appears the kth time,” k = 1, 2, 3. Then: P(4,) = P(R)) = %, P(Ay) =
P(WiNRy)=P(Ry | W)P(Wy)= = %, and P(A3) = P(W N Wy N R3) =
P(R3 | Wi 0 Wo)P(Wz | W)P(W1) 2=3

1 2
§X§1
= X§X§=§'

1
1
The faculty in an academic department in UC-Davis consists of 4 assistant
professors, 6 associate professors, and 5 full professors. Also, it has 30 graduate
students. An ad hoc committee of 5 is to be formed to study a certain curricular
matter.

(i) Whatisthe number of all possible committees consisting of faculty alone?
(ii)) How many committees can be formed if 2 graduate students are to be
included and all academic ranks are to be represented?
(iii) If the committee is to be formed at random, what is the probability that
the faculty will not be represented?

DISCUSSION 1t is clear that combinations are the appropriate tool here.
Then we have:

i i see (16 150 11x12x13x14x15 __
(1) This number is: (5) = B0l — T 1x9x3xdx5 _ — 3,003

(ii) Here the number is: A C) = S0 x4x6xb5 = 2230120 = 52,200.
EYASVASVAN! 21281 2
(iii) The required probability is:

() (%) B @ _ 30/5125! _ 26 x27x28x29x30 _ 2262 0117

(®) T (¥) ~ 45/5M401 41 x42x 43 x44x 45 19,393

What is the probability that a poker hand contains 4 pictures, including at least
2 Jacks? It is recalled here that there are 12 pictures consisting of 4 Jacks, 4
Queens, and 4 Kings.

DISCUSSION A poker hand can be selected in () ways. The event de-
scribed, call it A, consists of the following number of sample points: n(A) =
n(h) + n(Jh) + n(Jy), where J; = “the poker hand contains exactly 7 Jacks,”
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1=2,3, 4. But
4\ /8)\ /40 4\ /8)\ /40 4\ /8\ /40
neh) = (2) <2> < 1 ) neh) = <3> <1> ( 1 ) neh)= (4) (O) < L )
so that

pony - [OOQO+OOIN _ so0 o

(2) "~ 2,598,960

(For the calculation of (552) see Example 29(ix).)

Each of the 2n members of a committee flips a fair coin in deciding whether
or not to attend a meeting of the committee; a committee member attends the
meeting if an H appears. What is the probability that a majority will show up
for the meeting?

DISCUSSION There will be majority if there are at least n + 1 committee
members present, which amounts to having at least n+ 1 H’s in 2nindependent
throws of a fair coin. If X is the r.v. denoting the number of H’s in the 2nthrows,
then the required probability is: P(X > n+ 1) = Zi’in 11 P(X = x). However,

2n\ (1\"(1\*"™" 1 (2n
P X fd frd — — = —
w=0-(3)6) G =)
since there are (2;’) ways of having « H’s in 2n throws. Therefore

P(X>n+1)= 2% % (?) :%[%@L) _i(?ﬂ

r=n+1 =0 =0
1 Ly 1 & /2n
= |22 — =1-= .

For example, for 2n = 10, P(X > 6) = 1 — 0.6230 = 0.377 (from the binomial
tables).

5.1 Telephone numbers at UC-Davis consist of 7-digit numbers the first 3
of which are 752. It is estimated that about 15,000 different telephone
numbers are needed to serve the university’s needs.

Are there enough telephone numbers available for this purpose? Justify
your answer.

5.2 An experimenter is studying the effects of temperature, pressure, and
a catalyst on the yield of a certain chemical reaction. Three different
temperatures, four different pressures, and five different catalysts are
under consideration.
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(i) If any particular experimental run involves the use of a single tem-
perature, pressure, and catalyst, how many experimental runs are
possible?

(ii) How many experimental runs are there that involve use of the lowest
temperature and two lowest pressures?

(iii) How many experimental runs are possible if a specified catalyst is
to be used?

5.3 (i) Given that a zip code consists of a 5-digit number, where the digits
are selected from among the numbers 0, 1,...,9, calculate the
number of all different zip codes.

(i) If X is the r.v. defined by: X(zip code) = # of nonzero digits in the
zip code, which are the possible values of X?
(iii) Give 3 zip codes and the respective values of X.

5.4 How many 5-digit numbers can be formed by using the numbers 1, 2, 3,
4, and 5, so that odd positions are occupied by odd numbers and even
positions are occupied by even numbers, if:

(i) Repetitions are allowed.
(ii) Repetitions are not allowed.

5.5 Form three-digit numbers by using the numbers: 0, 1,2, 3,4, 5,6, 7, 8, and
9, and satisfying one of the following requirements:
(i) No restrictions are imposed.
(ii) All three digits are distinct.
(iii) All three-digit numbers start with 1 and end with 0.
If the three-digit numbers are formed at random, calculate the prob-
ability that such a number will be:
(iv) As described in (ii).
(v) As described in (iii).

5.6 On astraight line, there are n spots to be filled in by either a dot or a dash.
What is the number of the distinct groups of resulting symbols? What is
this number if n = 5, 10, 15, 20, and 257

5.7 A child’s set of blocks consists of 2 red, 4 blue, and 5 yellow cubes. The
blocks can be distinguished only by color. If the child lines up the blocks
in a row at random, calculate the following probabilities:

(i) Red blocks appear at both ends.
(ii) All yellow blocks are adjacent.
(iii) Blue blocks appear at both ends.

5.8 Suppose that the letters C, E, F, F, I, and O are written on six chips and
placed into a box. Then the six chips are mixed and drawn one by one
without replacement. What is the probability that the word “OFFICE” is
formed?

5.9 For any integers mand n with 0 < m < n, show that (/') = (") either by

e
calculation, or by using a suitable argument without writing out anything,.

5.10 Show that (""*1)/(1) = 2L
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5.11 If M, N, and m are positive integers with m < M, show that:

()= (%) =G 0)
= + ,
m m m—1
by recalling that (*) = 0 for z > k.
5.12 Without any calculations and by recalling that (';) = 0 for x > k, show

T -6

5.13 The binomial expansion formula states that, for any x and y real and n a
positive integer:

(x + y)n — Z (Z)xkyn—k.

k=0
Use this formula in order to show that:

* n L n
2 ()= e (i)
5.14 In the plane, there are n points such that no three of them lie on a straight

line. How many triangles can be formed? What is this number for » = 10?

5.15 Beethoven wrote 9 symphonies, Mozart wrote 27 piano concertos, and
Schubert wrote 15 string quartets.

(i) Ifauniversity radio station announcer wishes to play first a Beethoven
symphony, then a Mozart concerto, and then a Schubert string quar-
tet, in how many ways can this be done?

(ii) Whatisthe number in part (i) if all possible orderings are considered?

5.16 A course in English composition is taken by 10 freshmen, 15 sophomores,
30 juniors, and 5 seniors. If 10 students are chosen at random, calculate
the probability that this group will consist of 2 freshman, 3 sophomores,
4 juniors, and 1 senior.

5.17 If n countries exchange ambassadors, how many ambassadors are in-
volved? What is this number for » = 10, 50, 100?

5.18 From among 7 eligible draftees, m are to be drafted in such a way that all
possible combinations are equally likely to occur. What is the probability
that a specified man is not drafted?

5.19 From 10 positive and 6 negative numbers, 3 numbers are chosen at ran-
dom and without repetitions. What is the probability that their product
is a negative number?

5.20 Two people toss independently » times each a coin whose probability of
falling heads is p. What is the probability that they have the same number
of heads? What does this probability become for p = % and any n? Also,
for p = % and n = 5?



Exercises 67

5.21 A shipment of 2,000 light bulbs contains 200 defective items and 1,800
good items. Five hundred bulbs are chosen at random and are tested,
and the entire shipment is rejected if more than 25 bulbs from among
those tested are found to be defective. What is the probability that the
shipment will be accepted?

5.22 A student is given a test consisting of 30 questions. For each question, 5
different answers (of which only one is correct) are supplied. The stu-
dent is required to answer correctly at least 25 questions in order to pass
the test. If he/she knows the right answers to the first 20 questions and
chooses an answer to the remaining questions at random and indepen-
dently of each other, what is the probability that the student will pass the
test?

5.23 Three cards are drawn at random and without replacement from a stan-
dard deck of 52 playing cards. Compute the probabilities P(A;),? =
1,...,4, where the events A;,7 =1, ..., 4 are defined as follows:

A; = “all 3 cards are black,” A; = “exactly 1 card is an ace,”
As = “1 card is a diamond, 1 card is a heart, and 1 card is a club.”
Ay = “at least 2 cards are red.”

5.24 From an urn containing ng red balls, ng black balls, and nw white balls
(all identical except for color) 3 balls are drawn at random. Calculate the
following probabilities:

(i) All 3 balls are red.
(ii) At least one ball is red.
(iii) One ball is red, 1 is black, and 1 is white.
Do this when the balls are drawn:
(a) Successively and with replacement;
(b) Without replacement.

5.25 A student committee of 12 people is to be formed from among 100 fresh-
men (40 male + 60 female), 80 sophomores (30 male and 50 female), 70
juniors (24 male and 46 female), and 40 seniors (12 male and 28 female).
Calculate the following probabilities:

(i) Seven students are female and 5 are male.

(i) The committee consists of the same number of students from each
class.

(iii) The committee consists of 2 female students and 1 male student
from each class.

(iv) The committee includes at least 1 senior (one of whom will serve as
the chairperson of the committee).
The following tabular form of the data facilitates the calculations

Class\Gender Male Female Totals

Freshman 40 60 100
Sophomore 30 50 80
Junior 24 46 70
Senior 12 28 40

Totals 106 184 290



Chapter 3

Numerical
Characteristics of
a Random Variable,
Some Special
Random Variables

In this chapter, we discuss the following material. In Section 3.1, the concepts
of expectation and variance of a r.v. are introduced and interpretations are
provided. Higher order moments are also defined and their significance is
pointed out. Also, the moment generating function of a r.v. is defined, and
its usefulness as a mathematical tool is commented upon. In Section 3.2, the
Markov and Tchebichev inequalities are introduced and their role in estimating
probabilities is explained. Section 3.3 is devoted to discussing some of the most
commonly occurring distributions: They are the Binomial, Geometric, Poisson,
Hypergeometric, Gamma (Negative Exponential and Chi-square), Normal, and
Uniform distributions. In all cases, the mathematical expectation, variance,
and the moment generating function involved are presented. The chapter is
concluded with a discussion of the concepts of median and mode, which are
illustrated by concrete examples.

3.1 Expectation, Variance, and Moment Generating Function of a Random Variable

68

The ideal situation in life would be to know with certainty what is going to
happen next. This being almost never the case, the element of chance enters
in all aspects of our life. A r.v. is a mathematical formulation of a random
environment. Given that we have to deal with a r.v. X, the best thing to expect
is to know the values of X and the probabilities with which these values are
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taken on, for the case that X is discrete, or the probabilities with which X
takes values in various subsets of the real line 9t when X is of the continuous
type. That is, we would like to know the probability distribution of X. Inreal
life, often, even this is not feasible. Instead, we are forced to settle for some
numerical characteristics of the distribution of X. This line of arguments leads
us to the concepts of the mathematical expectation and variance of a r.v., as
well as to moments of higher order.

DEFINITION 1
Let X be a (discrete) r.v. taking on the values x; with corresponding
probabilities f(x;),7 =1, ..., n. Then the mathematical expectation of

X (or just expectation or mean value of X or just mean of X) is denoted
by EX and is defined by:

n
EX =) xif(). €8]
i=1
If the r.v. X takes on (countably) infinite many values x; with correspond-
ing probabilities f(x;),7 =1, 2, ..., then the expectation of X is defined
by:

o0 o0
EX =Y x;f(x), provided Y || f(x;) < oo. 2)

i=1 i=1

Finally, if the r.v. X is continuous with p.d.f. f, its expectation is defined
by:

EX = / xf(x)dx, provided this integral exists. G))
—0o0

The alternative notations u(X) or ux are also often used.

REMARK 1

(i) The condition } ;| |#;| f(x;) < oo is needed because, if it is violated, it is
known that Y ;| x; f(x;) may take on different values, depending on the
order in which the terms involved are summed up. This, of course, would
render the definition of EX meaningless.

(i) An example will be presented later on (see Exercise 1.16) where the inte-
gral [ foooxf (x)dx = oo — o0, so that it does not exist.

The expectation has several interpretations, some of which are illustrated
by the following Examples 1 and 2. One basic interpretation, however, is that
of center of gravity. Namely, if one considers the material system where mass
Sf(x;) is placed at the point x;, 7 = 1, ..., n, then EX is the center of gravity
(point of equilibrium) of this system. In this sense, EX is referred to as a
measure of location of the distribution of X. The same interpretation holds
when X takes on (countably) infinite many values or is of the continuous

type.
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Suppose an insurance company pays the amount of $1,000 for lost luggage on
an airplane trip. From past experience, it is known that the company pays this
amount in 1 out of 200 policies it sells. What premium should the company
charge?

DISCUSSION Define the r.v. X as follows: X = 0 if no loss occurs, which
happens with probability 1—(1/200) = 0.995, and X = —1,000 with probability
555 = 0.005. Then the expected loss to the company is: EX = — 1,000 x 0.005 =
—b. Thus, the company must charge $5 to break even. To this, it will normally
add a reasonable amount for administrative expenses and a profit.

Even in this simple example, but most certainly so in more complicated
cases, it is convenient to present the values of a (discrete) r.v. and the corre-

sponding probabilities in a tabular form as follows.

x 0 —1,000 | Total

199 1
J (@) 200 300 1

A roulette wheel consists of 18 black slots, 18 red slots, and 2 green slots. If a
gambler bets $10 on red, what is the gambler’s expected gain or loss?

DISCUSSION Define the r.v. X by: X = 10 with probability 18/38 and
X = —10 with probability 20/38, or in a tabular form

x 10 | —10 | Total

CIE I B

Then EX = 10 x £ — 10 x & = —10 ~ —0.526. Thus, the gambler’s expected

loss is about 53 cents.

From the definition of the expectation and familiar properties of summa-
tions or integrals, it follows that:

E(cX)=cEX, FE(cX+d)=cEX+d, wherecanddare constants. (4)
Also (see Exercise 1.18),
X > cconstant, implies EX > ¢, and, in particlar, X > OimpliesEX > 0. (5)

Now if Y is ar.v. which is a function of X, ¥ = g(X), then, in principle, one
may be able to determine the p.d.f. of Y and proceed to defining its expectation
by the appropriate version of formulas (1), (2), (3). It can be shown, however,
that this is not necessary. Instead, the expectation of Y is defined by using the
p.d.f. of X, namely:

EY =Y g(@)f(x) or EY=Y g@)f(x;) or EY= / g(@).f (%) d,
=1 i=1 —00
(6)
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under provisions similar to the ones mentioned in connection with (2) and (3).
By taking g(x) = x*, where k is a positive integer, we obtain the kth moment
of X:

n 00 o
EX* =Y "aff@;) or EX*=) aff@) or EX*= / x* £ () d.
i=1 i=1 o0

(N
For k = 1, we revert to the expectation of X, and for k = 2, we get its second
moment. Moments are important, among other things, in that, in certain cir-
cumstances, a number of them completely determine the distribution of X.
This will be illustrated by concrete cases in Section 3.3 (see also Remark 4).
The following simple example illustrates that the expectation, as a mea-
sure of location of the distribution, may reveal very little about the entire
distribution. Indeed, let the r.v. X take on the values —1, 1, and 2 with cor-
responding probabilities g, é, and %, so that EX = 0. Also, let the r.v. Y take
on the values —10, 10, and 20 with respective probabilities g, é, and %; then
again EY = 0. The distribution of X is over an interval of length 3, whereas
the distribution of Y is over an interval of length 10 times as large. Yet, they
have the same center of location. This simple example, clearly, indicates that
the expectation by itself is not an adequate measure of description of a distri-
bution, and an additional measure is needed to be associated with the spread
of a distribution. Such a measure exists and is the variance of a r.v. or of its
distribution.

DEFINITION 2
The variance of ar.v. X is denoted by Var(X) and is defined by:
Var(X) = E(X — EX ). (8)

The explicit expression of the right-hand side in (8) is taken from (6) for
9(x) = (x — EX)?. The alternative notations 0?(X) and o' are also often
used for the Var(X).

For the r.v’s X and Y mentioned before, we have Var(X) = 1.756 and
Var(Y) = 175. Thus, the variance does convey adequately the difference in
size of the range of the distributions of the r.v.'s X and Y. More generally, for

ar.v. X taking on finitely many values x;, . . ., x, with respective probabilities
S(@), ..., f(xy), the variance is: Var(X) = Y " (x; — EX ) f(2;) and repre-
sents the sum of the weighted squared distances of the points x;, 1 =1, ..., n

from the center of location of the distribution, £X. Thus, the further from
EX the x;’s are located, the larger the variance, and vice versa. The same inter-
pretation holds for the case that X takes on (countably) infinite many values
or is of the continuous type. Because of this characteristic property of the vari-
ance, the variance is referred to as a measure of dispersion of the underlying
distribution. In mechanics, the variance is referred to as the moment of inertia.

The positive square root of the Var(X) is called the standard deviation
(s.d.) of X. Unlike the variance, the s.d. is measured in the same units
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as X (and EX) and serves as a yardstick of measuring deviations of X
from EX.
From (8), (6), and familiar properties of summations and integrals, one
obtains:
Var(X) = EX? — (EX)%. 9
This formula often facilitates the actual calculation of the variance. From (8),
it also follows immediately that
Var(cX) = 2 Var(X), Var(cX +d) = ¢ Var(X),
where ¢ and d are constants. (10)
For a r.v. Y which is a function of X, Y = ¢g(X), the calculation of the
Var [g(X)] reduces to calculating expectations as in (6) because, by means of
(8) and (9):
Var[g(X)]=Var(Y)=E(Y —EY)? =EY? — (EY)? = E¢*(X) — [Eg(X)]>.
(1D
Formulas (8) and (9) are special cases of (11).
In reference to Examples 1 and 2, the variances and the s.d.’s of the r.v.’s.
involved are: 0%(X) = 4,975, o(X) =~ 70.534, and 02(X) = 2520 ~ 99.723,
o(X) ~ 9.986, respectively.

Let X be ar.v. with p.d.f. f(x) =322, 0 <x < 1. Then:

(i) Calculate the quantities: EX, EXZ, and Var(X).
(ii) Ifthe r.v. Y is defined by: ¥ = 3X — 2, calculate the EY and the Var(Y).

DISCUSSION

() By 3), EX = [j w-3a2dw = 32t |, =
with k = 2, EX? = [} 2% - 32%da = 2
0.60 — (0.75)2 = 0.0375.

(i) By (4) and (6), EY = E(3X —2) = 3EX — 2 = 3 x 0.75 — 2 = 0.25, whereas
by (10), Var(Y) = Var(3X — 2) = 9 Var(X) = 9 x 0.0375 = 0.3375.

= 0.75, whereas by (7), applied

3
i
= 0.60, so that, by (9), Var(X) =

In (6), the E'Y was defined for Y = g(X), some function of X. In particular,
we may take ¥ = e'X for an arbitrary but fixed ¢ € . Assuming that there exist
t’s in % for which Ee'X is finite, then this expectation defines a function in .
This function is denoted by M (?) and is called the moment generating function
of X. That is,

DEFINITION 3
The function M(t) = Ee'¥, defined for all those ¢ in 9 for which Ee'¥ is
finite, is called the moment generating function (m.g.f.) of X.

Sometimes the notation Mx(¢) is also used to emphasize the fact that the
m.g.f. under discussion is that of the r.v. X. The m.g.f. of any r.v. always exists
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for ¢t = 0, since Ee®® = E1 = 1; it may exist only for ¢ = 0, or for ¢ in a proper
subset (interval) in 9, or for every ¢ in N. All these points will be demonstrated
by concrete examples later on (see, for example, relations (20), (22), (24), (31),
(33), (37), (44), and (46)). The following properties of M (t) follow immediately
from its definition.

M.x(t) = Mx(ct), M,x.q(t) = e“Mx(ct), where cand d are constants.

12)
Indeed,
M.x(t) = Ee'“®) = EelX = My(ct),
and
Moxya(t) = Ee!CX+d) — Ev[edt . e(ct)X] — U EeX — ot M (ct).
Under certain conditions, it is also true that:
%Mx(t) L =EX and ;—;Mx(t) . =EX", n=23 .... (13)

For example, for the first property, we have:

— (iEetX) — E(ietX
t=0 dt t=0 dt

= E(Xe'X|,_y) = EX.

d
— Mx(t
T x(0)

)

What is required for this derivation to be legitimate is that the order in which
the operators % and F operate on e’ can be interchanged. The justification
of the property in (13) for n > 2 is quite similar. On account of property (13),
Mx(t) generates the moments of X through differentiation and evaluation of
the derivatives at ¢ = 0. It is from this property that the m.g.f. derives its name.
The m.g.f. is also a valuable mathematical tool in many other cases, some
of which will be dealt with in subsequent chapters. Presently, it suffices only
to state one fundamental property of the m.g.f. in the form of a proposition.

PROPOSITION 1 Under certain conditions, the m.g.f. My of a r.v. X
uniquely determines the distribution of X.

This proposition is, actually, a rather deep probability result and it is re-
ferred to as the inversion formula.

Some forms of such a formula for characteristic functions, which are a
version of a m.g.f. may be found, e.g., in pages 141-145 in A Course in Mathe-
matical Statistics, 2nd edition (1997), Academic Press, by G. G. Roussas.

Still another important result associated with m.g.f.’s is stated (but not
proved) in the following proposition.

PROPOSITION 2 1If for the r.v. X all moments EX", n =1, 2, ... are finite,
then, under certain conditions, these moments uniquely determine the m.g.f.
My of X, and hence (by Proposition 1) the distribution of X.
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Exercise 3.49 provides an example of an application of the proposition just
stated.

For Examples 1 and 2, the m.g.f.’s of the r.v.’s involved are: Mx(t) =
0.995 + 0.005¢~10% ¢ ¢ ‘R and Mx(1) = 359" + 10e” 100yt € M. Then,
by differentiation, we get: < Mx(t)|—o = —5 = EX , dﬂMX(t)Iz o = 5,000 =
EX?, so that o%(X) = 4975 and L Mx(t)]—o = X, dtzMX(t)h 0

100 = EX?, so that 0%(X) = 3gg{’° ~ 99.723.

m Let X be ar.v. with p.d.f. f(x) =e ", 2 > 0. Then:

(i) Find the m.g.f. Mx(t) for the t’s for which it is finite.
(ii) Using My, obtain the quantities: EX, EX?, and Var(X).
(iii) Ifther.v. Yisdefined by: Y = 2—3X, determine My (%) for the ¢’s for which
it is finite.

DISCUSSION
(i) By Definition 3,

0 00
Mx(t) = Ee'™* = / e e dx = / e =% gy
0 0

= -3 i te‘(l‘”ﬂgo (provided ¢ # 1)
1 1 i
= ——(O— = 11— (provided1 —¢ >0ort < 1).
Thus, Mx(t) = 1 <L
(i) By (13), £ Mx(Dli=0 = (im0 = T ,)2|z 0o =1=EX, dtzMX(t)|t 0=
F (=0 = g 203|t —o = 2 = EX? sothat, by (9), Var(X) =2—-12 = 1.

(iii) By (12), My(t) = Mo-3x(t) = M_sx:2(1) = e*Mx(=31) = ezt 5 =
1

1+3t, provided ¢ > —3.

In several calculations required in solving some exercises in this section, the
following formulas prove very useful.
First, in summing the infinite terms of a geometric series, we have:

00 tk
" = , k=0,1,..., and |{| < 1.
1-—-1t¢
x=k
Next,
ot =ty 2"l =ty —t"=t— > ¥
2=ty Lot =ta
x=1 x=1 x=1 x=1
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Also,

—Dt* =12 D2 = ¢
;m ) Zx(x ) Z o
Z 2 a [ _ 2t2 .
t2 arr\1—t (SN

In the last two formulas, if there is a number instead of the variable ¢, the
number is replaced by ¢, and in the final formulas ¢ is replaced by the number.

1.1 Refer to Exercise 2.1 in Chapter 2 and calculate the quantities: EX,
Var(X), and the s.d. of X.

1.2 For the r.v. X for which P(X = —¢) = P(X = ¢) = 1/2 (for some ¢ > 0):
(i) Calculate the EX and the Var(X).
(ii) Show that P(|X — EX| < ¢) = Var(X)/c>.

1.3 A chemical company currently has in stock 100 Ib of a certain chemical,
which it sells to customers in 5 1b packages. Let X be the r.v. denoting
the number of packages ordered by a randomly chosen customer, and
suppose that the p.d.f. of X is given by: f(1)=0.2, f(2)=0.4, f(3)=0.3,

f(4)=0.1.

z I 23] 4
F@) |02 ] 04|03 01

(i) Compute the following quantities: EX, EX?, and Var(X).

(ii)) Compute the expected number of pounds left after the order of the
customer in question has been shipped, as well as the s.d. of the
number of pounds around the expected value.

1.4 Let X be a r.v. denoting the damage incurred (in $) in a certain type of
accident during a given year, and suppose that the distribution of X is
given by the following table:

x 0 1,000 | 5,000 | 10,000
Sf(x) | 0.8 0.1 0.08 0.02

A particular company offers a $500 deductible policy. If the company’s
expected profit on a given policy is $100, what premium amount should
it charge?

1.5 Let X be the r.v. denoting the number in the uppermost side of a fair die
when rolled once.
(i) Determine the m.g.f. of X.
(ii) Use the m.g.f. to calculate: EX, EX?, Var(X), and the s.d. of X.

1.6 For any r.v. X, for which the EX and the EX? are finite, show that:
Var(X) = EX? — (EX)* = E[X(X — 1)] + EX — (EX)*.
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1.7 Suppose that for ar.v. X it is given that: EX = 5 and E[X(X — 1)] = 27.5.
Calculate:
(i) EX2.
(i) Var(X) and s.d. of X.
1.8 For the r.v. X with p.df. f(x) =(1/2)",2=1,2,...:
(i) Calculate the EX and the F[X(X — 1)].
(ii) Use part (i) and Exercise 1.6 to compute the Var(X).

1.9 The p.df. f of a rv. X is given by: f(x) = ¢(1/3)", forx = 0,1, ...
(c some positive constant).
(i) Calculate the EX.
(i) Determine the m.g.f. Mx of X and specify the range of its argument.
(iii) Employ the m.g.f. in order to derive the EX.

1.10 Forther.v. X withp.d.f. f(x) = 0.6x,for0 < x < 2, calculate: EX, Var(X),
and the s.d. of X.

1.11 If the r.v. X has p.d.f. f(x) = 322 —2x+ 1, for 0 < & < 1, compute the
expectation and variance of X.

1.12 If the r.v. X has p.d.f. f given by:

ax, —2<x<0
f@)=3cx, 0<zx<l1
0, otherwise,

and if we suppose that EX = é, determine the constants c¢; and cs.

1.13 The lifetime in hours of electric tubes is a r.v. X with p.d.f. f given by:
f(@) = A2xe ™ for x > 0 (A > 0). Calculate the expected life of such
tubes.

1.14 Let X be ar.v. whose EX = 1 € R. Then:
(i) For any constant ¢, show that:

E(X —c¢ =EX — ) + (u—¢)* = Var(X) + (u — ¢)*.

(ii) Use part (i) to show that E(X — ¢)?, as a function of ¢, is minimized
forc = pu.

1.15 Let X be a r.v. with p.d.f. f(x) = ‘C%', for —¢c < ¥ < ¢, ¢ > 0. For any
n=1,2, ..., calculate the EX" and as a special case, derive the EX and
the Var (X).

1.16 Let X be ar.v. with p.d.f. given by: f(x) = £ . -1, o € i. Show that:

a2
(i) fis, indeed, a p.d.f. (called the Cauch@j p.d.f).
) [ _OCOOx f () dx = 0o — 00, so that the EX does not exist.

1.17 If X is ar.v. for which all moments EX", n = 0, 1, ... are finite, show that

Mx(t) = ) (EX")—.
n=0 )
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oo "

Hint: Use the expansione” =) ", T

Remark: The result in this exercise says that the moments of a r.v.
determine (under certain conditions) the m.g.f. of the r.v.,, and hence
its distribution.

1.18 Establish the inequalities stated in relation (5) for both the discrete and
the continuous case.

3.2 Some Probability Inequalities

THEOREM 1

If the r.v. X has a known p.d.f. f, then, in principle, we can calculate probabil-
ities P(X € B) for B C M. This, however, is easier said than done in practice.
What one would be willing to settle for would be some suitable and computable
bounds for such probabilities. This line of thought leads us to the inequalities
discussed here.

(i) For any nonnegative r.v. X and for any constant ¢ > 0, it holds:
P(X >c¢) < EXJ/c.

(i) More generally, for any nonnegative function of any r.v. X, g(X),
and for any constant ¢ > 0, it holds:

Plg(X) = c] < Eg(X)/c. (14
(iii) By taking g(X) = |X — EX| in part (ii), the inequality reduces to the
Markov inequality, namely,
P(|X—EX|>c)=P(|X—EX|">c") < E|X—EX|"/c", r>0. (15)
(iv) In particular, for » = 2 in (15), we get the Tchebichev inequality,
namely,

E(X —EX) o®

P(X—EX|>¢) < or

c? T2
o?
P(X-EX| <0 =z1-2, (16)

where o2 stands for the Var(X). Furthermore, if ¢ = ko, where o is
the s.d. of X, then:

1 1
P(X ~EX| > ko) <5 or P(X—EX|<ko)>1--5. (7

REMARK 2 From the last expression, it follows that X lies within k s.d.’s
from its mean with probability at least 1 — ,é, regardless of the distribution of
X. It is in this sense that the s.d. is used as a yardstick of deviations of X from

its mean, as already mentioned elsewhere.



78

Chapter 3 Numerical Characteristics of a Random Variable

Thus, for example, for k = 2, 3, we obtain, respectively:

8
P(X ~EX| <20)> 075, P(X-EX| <30)> 5 ~0889.  (18)

PROOF OF THEOREM 1 Clearly, all one has to do is to justify (14) and
this only for the case that X is continuous with p.d.f. f, because the discrete
case is entirely analogous.

Indeed, let A = {x € N; g(x) > ¢}, so that A° = {x € N; g(x) < c}. Then,
clearly:

B0 = [ 9@ s@yde = [ 9@ f@yar+ [ 9@ @i

v

/ 9@ f@dx (since g(@) = 0)
A

v

c / Sf(@)dx (since g(x) > c on A)
A

= cP(A) =cP[g(X) = c].
Solving for P[g(X) > c], we obtain the desired result. A

Let the r.v. X take on the values —2, —1/2) 1/2, and 2 with respective prob-
abilities 0.05, 0.45, 0.45, and 0.05. Then EX = 0 and 0 = Var(X) = 0.625, so
that 20 ~ 1.582. Then: P(|X| < 20) = P(—1582 < X < 1.582) = P(X =
-+ P(X = }) = 0.90, compared with the lower bound of 0.75.

Let the r.v. X take on the value x with probability f(x) = e*A;—f, x=0,1,...,
some A > 0. As will be seen later on (see relation (23)), this is a Poisson r.v. with
parameter A, and EX = Var(X) = A. For selected values of A, probabilities
P(X < k) are given by the Poisson tables. For illustrative purposes, let A = 9.
Then o = 3 and therefore: P(|1X — 9] < 2 x 3) = P(3 < X < 15) = 0.9373,
compared with 0.75, and P(|JX — 9] < 3 x 3) = P(0 < X < 18) = 0.9946,
compared with 0.889.

2.1 Suppose the distribution of the r.v. X is given by the following table:

x -1 0 1
f(x) | 118 | 89 | 1/18

(i) Calculate the EX (call it 1), the Var(X), and the s.d. of X (call it o).
(ii) Compute the probability: P(|X — u| > ko) for k = 2, 3.
(iii) By the Tchebichev inequality: P(|X — u| > ko) < 1/k*. Compare the
exact probabilities computed in part (ii) with the respective upper
bounds.
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2.2 If X is ar.v. with expectation u and s.d. o, use the Tchebichev inequality:
(i) To determine c in terms of ¢ and «, so that:

P(X—pul<co)>a O<a<l).

(ii) Give the numerical value of ¢ for o = 1 and « = 0.95.

2.3 Let X be a r.v. with p.df. f(x) = ¢(1 — 2?), for —1 < x < 1. Refer to
Exercise 2.11(i) in Chapter 2 for the determination of the constant ¢ and
then:

(i) Calculate the EX and Var(X).

(ii) Use the Tchebichev inequality to find a lower bound for the proba-
bility P(—0.9 < X < 0.9), and compare it with the exact probability
calculated in Exercise 2.11(ii) in Chapter 2.

2.4 Let X be ar.v. with (finite) mean p and variance 0. Then:
(i) Use the Tchebichev inequality to show that P(|X — u| > ¢) = 0 for all

c>0.
(ii) Use part (i) and Theorem 2 in Chapter 2 in order to conclude that
PX=p=1

3.3 Some Special Random Variables

-I 3.3.1 The Discrete Case

In this section, we discuss seven distributions — four discrete and three of the
continuous type, which occur often. These are the Binomial, the Geometric,
the Poisson, the Hypergeometric, the Gamma (which includes the Negative
Exponential and the Chi-Square), the Normal, and the Uniform distributions.
At this point, it should be mentioned that a p.d.f. is 0 for all the values of its
argument not figuring in its definition.

Binomial Distribution We first introduced the concept of a binomial ex-
periment, which is meant to be an experiment resulting in two possible out-
comes, one termed a success, denoted by S and occurring with probability
p, and the other termed a failure, denoted by F' and occurring with proba-
bility ¢ = 1 — p. A binomial experiment is performed n independent times
(with p remaining the same), and let X be the r.v. denoting the number of
successes. Then, clearly, X takes on the values 0, 1, ..., n, with the respective
probabilities:

PX=2)= f(x) = (Z)pxqw, x=0,1,...m0<p<1 g=1—p.
(19)

The r.v. X is said to be Binomzially distributed, its distribution is called Bino-

mial with parameters n and p, and the fact that X is so distributed is denoted
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by X ~ B(n, p). The graph of f depends on n and p; two typical cases, for

n=12 p= %1, andn =10, p = % are given in Figures 3.1 and 3.2.

Values of the p.d.f. f of the B(12, i) distribution

£(0)=0.0317  f(7)=0.0115
F()=01267  f(8)=0.0024
f(2)=02323  £(9)=0.0004
F(3)=02581  £(10) = 0.0000
f(4)=0.1936  f(11) = 0.0000
f(5)=10.1032  f(12) = 0.0000

S(6) =0.0401
Figure 3.1
Graph of the p.d.f. of e n=12
the Binomial 0.25 1
Distribution for P=3
n=12,p=i 0.20 -
0.15
0.10 -
0.05
I Y Y I I
0 1 23 45 6 7 8 9 1011 12 13

Values of the p.d.f. f of the B(10, %) distribution

f(0)=0.0010 f(6) =0.2051
f(1) =0.0097 f(NH =0.1172
f(2) =0.0440 f(8) =10.0440
f(3)=0.1172 J(9) =0.0097
f(4) =0.2051 f(10) = 0.0010
f(5) =0.2460
For selected n and p, the d.f. F(k) = Z';:O (?) p/q" 7 is given by tables,
the Binomial tables (see, however, Exercise 3.1). The individual probabilities

(})»’a"~7 may be found by subtraction. Alternatively, such probabilities can
be calculated recursively (see Exercise 3.9).



3.3 Some Special Random Variables 81

Figure 3.2
S @)
Graph of the p.d.f. of n=10
the Binomial 0.25 1
Distribution for P=3
n=10,p=1 0.20 F
0.15 F
0.10 -
0.05
| | | x
0 1 2 3 4 5 6 7 8 9 10

For n = 1, the corresponding r.v. is known as the Bernoulli r.v. It is then
clear that a B(n, p) r.v. X is the sum of n B(1, p) r.v.’s. More precisely, in ninde-
pendent binomial experiments, associate with the ith performance of the ex-
periment ther.v. X; defined by: X; = 1ifthe outcomeis S (asuccess)and X; = 0
otherwise, 7 = 1, ..., n. Then, clearly, Z?:l X, is the number of 1’s in the » tri-
als, or, equivalently, the number of S’s, which is exactly what the r.v. X stands
for. Thus, X = Z?:l X;. Finally, it is mentioned here that, if X ~ B(n, p), then:

EX =np, Var(X)=mnpq, and Mx() = (pe' +q)", teM  (20)

The relevant derivations are left as exercises (see Exercises 3.10 and 3.11).
A brief justification of formula (19) is as follows: Think of the n outcomes of
the n experiments as n points on a straight line segment, where an S or an F,
is to be placed. By independence, the probability that there will be exactly x
S’s in & specified positions (and therefore n— x F'’s in the remaining positions)
is p*q"", and this probability is independent of the locations where the x
S’s occur. Because there are (Z) ways of selected x points for the S’s, the
conclusion follows.

Finally, for illustrative purposes, refer to Example 7 in Chapter 1. In that
example, clearly X ~ B(n, 0.8), and for the sake of specificity take n = 25,
so that X takes on the values 0, 1, ..., 25. Next (see Exercise 3.1), (2;’) 0.8)*
(0.2 = (2;)(0.2)@/(0.8)25*?/, where y = 25 — x. Therefore, for a = 15 and
b = 20, for example, P(15 < X < 25) = Z;/(}:S (2;)(0.2)?/(0.8)25*?/ = 0.994 —
0.421 = 0.573. Finally, EX = 25 x 0.8 = 20,Var(X) = 25 x 0.8 x 0.2 = 4, so
that o (X) = 2. Examples 8-10 in Chapter 1 fit into the same framework.

Geometric Distribution This distribution arises in a binomial experiment
situation when trials are carried out independently (with constant probability
p of an S) until the first S occurs. The r.v. X denoting the number of required
trials is a Geometrically distributed r.v. with parameter p and its distribution
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is the Geometric distribution with parameter p. It is clear that X takes on the
values 1, 2, ... with the respective probabilities:

P(X =) = f(x) = pg"",

The justification of this formula is immediate because, if the first S'is to appear
in the xth position, the overall outcome is F'F ... F'S whose probability (by
independence) is g%~ p. T

The graph of f depends on p; two typical cases for p = i and p = % are

x—1

x=1,2...,0<p<l1 qg=1-np.

ey

given in Figure 3.3.
Values of f(x) = (0.25)(0.75)* "1, Values of f(x) = (0.5)",
x=12 ... x=12 ...
f(1) =0.2500 f(1) =0.5000
f(2)=0.1875 f(2) = 0.2500
f(3) =0.1406 f(3) =0.1250
f4) =0.1055 f4) =0.0625
f()=10.0791 f(5)=0.0313
f(6) =0.0593 f(6) =0.0156
f(7) =0.0445 f(7) =0.0078
f(8) =0.0334
f9) =0.0250
f(10) = 0.0188
Figure 3.3
Graphs of the p.d.f.’s J@) p=14
of the Geometric 0.95
Distribution with 0.2
=landp=1 0.15
p=gandp=; "
O'Og ‘ | | | | | 1
0 5 6 7 8 9 10 11
J@ p=12
0.5
0.4
0.3
0.2
0.1
0 L
0 4 5 6 7 8

If the r.v. X is Geometrically distributed with parameter p, then:

)

1
EX = —
p

q

Var(X) = —
p

Mx®)=1——

get’

t

t < —logq.

(22)
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REMARK 3 Sometimes the p.d.f. of X is given in the form: f(x) = pq”, x =

0,1,...;then EX = %, Var(X) = q% and Mx(1) = qe“t< —logq.

In reference to Example 11 in Chapter 1, assume for mathematical con-
venience that the number of cars passing by may be infinite. Then the r.v.
X described there has the Geometric distribution with some p. Here prob—
abilities are easily calculated. For example, P(X > 20) = > >,  pq”
pa Y% 0" = pg - = q"%;ie, p(X > 20) = ¢'°. For instance, if p = 0. 01
then ¢ = 0.99 and P(X > 20) >~ 0.826.

Poisson Distribution Ar.v. X taking on the values 0, 1, . .. with respective
probabilities given in (23) is said to have the Poisson distribution with pa-
rameter A; its distribution is called the Poisson distribution with parameter
). That X is Poisson distributed with parameter X is denoted by X ~ P(}).

x

A
P(X:x):f(x):e‘*;, x=0,1,..., »> 0. (23)

The graph of f depends on X; for example, for A = 5, it looks like that in
Figure 3.4. That f is a p.d.f. follows from the formula Y% £ = ¢*.

=0 x'
Values of the p.d.f. f of the P(5) distribution
f(0) =0.0067 f(9) =0.0363

f(1) =0.0337 f(10) =0.0181
f(2)=10.0843 f(11) = 0.0082
f(3)=0.1403 f(12) = 0.0035

f(4) =0.1755 f(13) =0.0013
f(5)=10.1755 f(14) = 0.0005

f(6) =0.1462 f(15) = 0.0001

f(7) =0.1044

f(8) =0.0653 f(n) is negligible for n > 16.

Figure 3.4
Graph of the p.d.f. S
of the Poisson 0.20 -
Distribution with 015 -
A=5 .15

0.10

0.05 ‘

| | T T T
0 123 45678 9101112131415
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For selected values of A, the d.f. F(k) = Zl;zo e % is given by tables, the
Poisson tables. The individual values e™* ’\—J, are found by subtraction. Alterna-
tively, such probabilities can be calculated recursively (see Exercise 3.20). It

is not hard to see (see Exercises 3.21 and 3.22) that, if X ~ P(}), then:
EX=21 Var(X)=2x, and Mx(@t)=e*""*  te. (24)

From these expressions, the parameter A acquires a special meaning; it is both
the mean and the variance of the r.v. X.

Example 12 in Chapter 1 may serve as an illustration of the usage of the
Poisson distribution. Assuming, for mathematical convenience, that the num-
ber of bacteria may be infinite, then the Poisson distribution may be used to
describe the actual distribution of bacteria (for a suitable value of 1) quite
accurately. There is a host of similar cases for the description of which the
Poisson distribution is appropriate. These include the number of telephone
calls served by a certain telephone exchange center within a certain period of
time, the number of particles emitted by a radioactive source within a certain
period of time, the number of typographical errors in a book, etc.

There is an intimate relationship between the Poisson and the Binomial
distributions: the former may be obtained as the limit of the latter, as ex-
plained in the following. Namely, it is seen (see Exercise 3.23) that in the
Binomial, B(n, p), situation, if » is large and p is small, then the Binomial
probabilities (Z) p*(1 — p)"* are close to the Poisson probabilities e*"p(”%?l.
More precisely, (%) pi(1 — p)"* — e~*%, provided n — oo and p, — 0
so that np, — A € (0, 00). Here p, is the probability of a success in the
nth trial. Thus, for large values of n, (7)) pi(1 — p,)" ™ ~ e‘*’;—j; or, upon re-
placing A by np,, we obtain the approximation mentioned before. A rough
explanation of why Poisson probabilities are approximated by Binomial prob-
abilities is given next. To this end, suppose an event A occurs once in a
small time interval i~ with approximate probability proportional to 2 and
coefficient of proportionally 1; i.e., A occurs once in h with approximate
probability Ah. It occurs two or more times with probability approximately
0, so that it occurs zero times with probability approximately 1 — \h.
Finally, occurrences in nonoverlapping intervals of length & are independent.
Next, consider the unit interval (0, 1] and divide it into a large number n
of nonoverlapping subintervals of equal length h: (¢;_1, ;1,2 = 1,...,n,t) =
0,t, = 1,h = %L With the ith interval (¢;_1, ¢;], associate the r.v. X; de-
fined by: X; = 1 with approximate probability Ak and 0 with approximate
probability 1 — Ak. Then the r.v. X = > ! | X, denotes the number of oc-
currences of A over the unit (0, 1] interval with approximate probabilities
() (AR)*(1— AR)"~*. The exact probabilities are found by letting n — oo (which
implies  — 0). Because here p, = Ah and np, = nih = n)»y% = ), we have
that (")(AR)"(1 — AR)"™® — ¢4 as n — oo (by Exercise 3.23), so that the
exact probabilities are e *%". So, the exact probability that A occurs x times

x -
in (0, 1] is the Poisson probability e"\%, and the approximate probability
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that A occurs the same number of times is the Binomial probability (") (AR)"
(1 — Xh)"~7; these two probabilities are close to each other for large n.

The following example sheds some light on the approximation just
discussed.

If X is a r.v. distributed as B(25, %), we find from the Binomial tables that
P(X = 2) = 0.2836. Next, considering a r.v. Y distributed as P(}) with A =
2 _ 1.5625, we have that P(Y = 2) = ¢ 192 (325" ~ ( 9556, Thus, the exact
probablhty is underestimated by the amount 0. 028 The error committed is of
the order of 9.87%. Given the small value of n = 25, the approximate value is
not bad at all.

Hypergeometric Distribution This distribution occurs quite often and is
suitable in describing situations of the following type: m identical objects
(e.g., balls) are thoroughly mixed with » identical objects (which again can
be thought of as being balls) but distinct from the m objects. From these
m + n objects, r are drawn without replacement, and let X be the number
among the r» which come from the m objects. Then the r.v. X takes on the
values 0, 1, ..., min(7, m) with respective probabilities given below. Actually,
by defining (') = 0 for x > m, we have:

()

(m+ n) ’

r

mand n may be referred to as the parameters of the distribution. By assuming
that the selections of 7 objects out of the m + n are all equally likely, there
are (") ways of selecting these r objects, whereas there are (") ways of
selecting x out of the m objects, and (Tf x) ways of selecting the remaining r —x
objects out of n objects. Thus, the probability that X = x is as given in the
preceding formula. The simple justification that these probabilities actually
sum to 1 follows from Exercise 5.12 in Chapter 2. For large values of any
one of m, n, and 7, actual calculation of the probabilities in (25) may be quite
involved. A recursion formula (see Exercise 3.26) facilitates significantly these
calculations. The calculation of the expectation and of the variance of X is
based on the same ideas as those used in Exercise 3.10 in calculating the
EX and Var(X) when X ~ B(n, p). We omit the details and give the relevant
formulas, namely,

PX=x)= f(x) = x=0,...,7; (25)

EX — mr’ Var(X) = mnr(m+n—r) '
m+mn (m+n2m+n—1)

Finally, by utilizing ideas and arguments similar to those employed in Exer-
cise 3.23, it is shown that as m and n — oo so that == — pe€ (0, 1), then
(™) (V"x)/(””") tends to (7)p“(1 — p)~*. Thus, for large values of m and n,
the Hypergeometric probabilities ()(," x) /(") may be approximated by the
simpler Binomial probabilities (%) D1 — Dimn)" ™", Where py,, = mLHL
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I EXAMPLE 8

As an application of formula (25) and the approximation discussed, take m =
70, n =90, r = 25 and x = 10. Then:
70\ ( 90 70\ (90
(10) (25710) (10) (15) ~
SQA0) =~ = ~ e, —~ 0-166,

O (%)

after quite a few calculations. On the other hand, since .=t = % = 1—76, the
5

Binomial tables give for the B(25, (&) distribution: (?g)(%)w(%) = 0.15.
Therefore, the approximation overestimates the exact probability by the

amount 0.016. The error committed is of the order of 10.7%.

-I 3.3.2 The Continuous Case

Gamma Distribution For its introduction, a certain function, the so-
called Gamma function, is to be defined first. It is shown that the integral
foooyo‘*le*y dy is finite for « > 0 and is thus defining a function (in «), namely,

oo
(o) = / y* e Vdy, a>0. (26)
0

This is the Gamma function. By means of the Gamma function, the Gamma
distribution is defined as follows:
a—1 e—x/ B

S@) = Fape” ,

o and S are the parameters of the distribution. That the function f integrates
to 1 is an immediate consequence of the definition of I'(«). A r.v. X taking on
values in i and having p.d.f. f, given in (27), is said to be Gamma distributed
with parameters a and §; one may choose the notation X ~ I'(¢, B) to ex-
press this fact. The graph of f depends on « and g but is, of course, always
concentrated on (0, co). Typical cases for several values of the pair («, 8) are
given in Figures 3.5 and 3.6.

The Gamma distribution is suitable for describing waiting times between
successive occurrences of a random event and is also used for describing
survival times. In both cases, it provides great flexibility through its two pa-
rameters o and 8. For specific values of the pair (¢, 8), we obtain the Negative

x>0 a>0 >0 27

Figure 3.5
Graphs of the p.d.f. J(@)
of the Gamma 1.00
Distribution for
=1,8=1
Several Values of 075 \*= LA
@B 0.50 |
o= 21 ﬁ =1
0.25 - vt ol
1 L 1 - ) "
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Figure 3.6
Graphs of the p.d.f. @)
of the Gamma 1.00 -
Distribution for 0.75 a=2B=05
Several Values of ’
o, 3 0.50
’ a=2p=1
0.25 =2 =2
1 1 X
0 1 2 3 4 5

Exponential and Chi-Square distributions to be studied subsequently. By inte-
gration by parts, one may derive the following useful recursive relation for the
Gamma function (see Exercise 3.27):

INa)=(ae—DI'(a —1). (28)

In particular, if « is an integer, repeated applications of recursive relation (28)
produce

(@) = (@ — D(a —2)...T(D).
But I'(1) = [, e ¥dy = 1, so that
No)=(e—Da—-2)...1=(a—1)! 29)

For later reference, we mention here (see also Exercise 3.45) that, by integra-
tion, we obtain:

r(l) _ V7, (30)

and then, by means of this and the recursive formula (28), we can calculate
I'(%), T(), ete. Finally, by integration (see Exercises 3.28 and 3.29), it is seen
that:

EX=af, Var(X)=ap® and MX(t)zm, t<%. (31)

The lifetime of certain equipment is described by a r.v. X whose distribution

is Gamma with parameters « = 2 and 8 = %, so that the corresponding p.d.f.
is: f(x) = 9we ", for x > 0. Determine the expected lifetime, the variation

around it, and the probability that the lifetime is at least 1 unit of time.

DISCUSSION Since EX = of and Var(X) = af?, we have here: EX = %
and Var(X) = %. Also,

o0 4
PX>1= / e dx = e 0.199.
1
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Negative Exponential Distribution In (27),seta =1and g = % *>0
to obtain:

f@) =xre", x>0, x>0 (32)

This is the so-called Negative Exponential distribution with parameter A. The
graph of f(x) depends on A but, typically, looks as in Figure 3.7.

Figure 3.7

Graph of the J@
Negative 1.00
Exponential p.d.f.

with A = 1 075

0.50

0.25

For ar.v. X having the Negative Exponential distribution with parameter A,
formulas (31) give:

1 1 A
EX=—-, Var(X)=—, and Mx(t)=——, <A\ 33
= Var(X) = K=" i<k (33)
The expression EX = % provides special significance for the parameter A: its
inverse value is the mean of X. This fact also suggests the reparameterization

of f; namely, set - = 1, in which case:

1 .
f@=—-er, x>0, EX=pu, Var(X)=p* and
nw

Mx(t) = 1_;

1
, < —. 3D
wt 2

From (32), one finds by a simple integration:
F@x)=1—-e™, x>0, sothatP(X>x)=e*,  x>0. (35)

The Negative Exponential distribution is used routinely as a survival distri-
bution; namely, as describing the lifetime of an equipment, etc., put in service
at what may be termed as time zero. As such, it exhibits a lack of memory
property, which may not be desirable in this context. Namely, if one poses the
following question: What is the probability that an equipment will last for ¢
additional units of time, given that it has already survived s units of time, the
answer (by means of the Negative Exponential distribution) is, by (35):

PX>s+1,X>s) PX>s+1) e
P(X > s) T PX>s) | e

PX>s+t]|X>5s)

=e M =PX>t)
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ie, P(X >s+1t|X >s)=P(X > t)independent of s! Well, in real life, used
pieces of equipment do not exactly behave as brand-new ones! Finally, it is to
be mentioned that the Negative Exponential distribution is the waiting time
distribution between the occurrence of any two successive events following
the Poisson distribution (see also Exercise 3.20(ii) in Chapter 2).

The lifetime of an automobile battery is described by a r.v. X having the Neg-
ative Exponential distribution with parameter A = % Then:

(i) Determine the expected lifetime of the battery and the variation around
this mean.
(ii) Calculate the probability that the lifetime will be between 2 and 4 time
units.
(iii) If the battery has lasted for 3 time units, what is the (conditional) proba-
bility that it will last for at least an additional time unit?

DISCUSSION

(i) Since EX = 1 and Var(X) = 1, we have here: EX = 3, Var(X) = 9, and

s.d.(X)=3.

(ii) Since, by (35), F(x) =1 —e 5 forx > 0, wehave P2 < X < 4) = P(2 <
X<H=PX <4H-PX <2)=FH-F2)=( —e)—(l—e3)=
e s —e 3 ~(.252.

(iii) The required probability is: P(X > 4 | X > 3)=P(X > 1), by the mem-
oryless property of this distribution, and P(X > )=1-P(X < 1) =
1—F()=e"3 ~0.716.

Chi-Square Distribution Informula (27), seta = 5 for a positive integer
r and B = 2 to obtain:

J(@) = W
The resulting distribution is known as the Chi-Square distribution with 7 de-
grees of freedom (d.f.). This distribution is used in certain statistical inference
problems involving confidence intervals for variances and testing hypotheses
about variances. The notation used for a r.v. X having the Chi-Square distribu-
tion with » d.f. is X ~ Xf. For such ar.v., formulas (31) then become:

EX =7, Var(X)=2r (both easytoremember)and

x(7"/2)71€7x/2, x >0, r> 0integer. (36)

1

The shape of the graph of f depends on 7, and, typically, looks like that in
Figure 3.8.

Later on (see Corollary to Theorem 5 in Chapter 5), it will be seen why 7 is
referred to as the number of d.f. of the distribution.

Mx(t) =

Normal Distribution This is by far the most important distribution, in
both probability and statistics. The reason for this is twofold: First, many
observations do follow to a very satisfactory degree a Normal distribution
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Figure 3.8

Graph of the p.d.f. of J@)

the Chi-Square 1
Distribution for r=2

Several Values of r

r=4
r=8
X
0
Figure 3.9
Graph of the p.d.f. J@)
of the Normal 0.8+ oo 05
Distribution with
p = 1.5 and Several 061
Values of o 04k
o=1
0.2
/ o=2
1 1 1 1 X
2 -1 0 1 2 3 4 5
N(y, 02)

(see, for instance, Examples 13-17 in Chapter 1); and second, no matter what
the underlying distribution of observations is, the sum of sufficiently many
observations behaves pretty much as if it were normally distributed, under very
mild conditions. This second property is referred to as normal approximation
or as the Central Limit Theorem and will be revisited later on (see Section 7.2
in Chapter 7). The p.d.f. of a Normal distribution is given by:

1
V2o

f(@) = e @I e, neN, o>0; (38)

w and o2 (or o) are referred to as the parameters of the distribution. The
graph of f depends on x and o; typical cases for u = 1.5 and various values
of o are given in Figure 3.9.

No matter what 1 and o are, the curve representing f attains its maximum
at x = p and this maximum is equal to 1/ V270, is symmetric around u (ie.,
f(u—2) = f(u+ x), and f(x) tends to 0 as x — oo or x — —oo. All
these observations follow immediately from formula (38). That the function
f(x) integrates to 1 is seen through a technique involving a double integral
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and polar coordinates (see Exercise 3.44). For u = 0 and o = 1, formula (38)
is reduced to:

f@) = \/%exz/z, xe N, (39)
T

and this is referred to as the standard Normal distribution (see Figure 3.10
for its graph).

Figure 3.10

Graph of the p.d.f. of S@)
the standard Normal 04|~ 1
Distribution e

The fact that a r.v. X is Normally distributed with parameters p and o>
(or o) is conveniently denoted by: X ~ N(u, o). In particular, X ~ N(0, 1)
for u = 0, 0 = 1. We often use the notation Z for a N(0, 1) distributed r.v.

The d.f. of the N(0, 1)-distribution is usually denoted by ®; i.e., if
Z ~ N(0, 1), then:

X

P(Z < 2) = d@) = / e PRPar xed (40)

—o V21
Calculations of probabilities of the form P(a < X < b) for —oco <a < b < o©
are done through two steps: First, turn the r.v. X ~ N(u, o) into a N(0, 1)-
distributed r.v., or, as we say, standardize it, and then use available tables,
the Normal tables (see Proposition 3). The standardization is based on the
following simple result.

PROPOSITION 3 1f X ~ N(u, 0%), then Z = = is ~N(0, 1).

PROOF Indeed, for y € i,

Fy(y) = P(Z < y)=P(X;“ < y)

=PX =p+oy

n+oy . .
_ L ety

—00 2no
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Set “7” = 2z, so that t = u 4+ oz with range from —oo to ¥, and dt = o dz, to
obtain:

)= [ —e*Pod
7z(y) = odz

e
00 \/27'[0'
U | 2
= / ——e*dz sothat
—oo N21
d 1 5
= —F = —eiy /2,
Jz(y) dy 7(Y) Nz

which is the p.d.f. of the N(0, 1) distribution. A

Thus, if X ~ N(u, 02) and a, b are as above, then:

— X - b— — b—
P(a<X<b)=P<a g g M>=P<a R oz< M)
o

o (o2 o2 (o2
) ()
o o
That is,
P(a<X<b)=c1><b_—“>—cb(“_“>. (41)
o o

Any other probabilities (involving intervals) can be found by way of prob-
ability (40) by exploiting the symmetry (around 0) of the N(0, 1) curve.

Now, if Z ~ N(0, 1), it is clear that EZ***! = 0 forn = 0,1,...; by
integration by parts, the following recursive relation is also easily established:

o0
1 ‘
Moy = 2n — D)May,_s, Where my, = [ N xkﬁe’”z/ 2 du, (42)

from which it follows that EZ = 0 and EZ* = 1, so that Var(Z) = 1. (For
details, see Exercise 3.48.)
If X~ N(u,0?),then Z = % ~ N(0, 1), sothat (by properties (9) and (10)):

EX 1
0=FEZ=—— E, 1=Var(Z) = —ZV(M"(X), or EX=pu and
o o o

Var(X) = o®.
In other words:
If X ~ N(u,o?), thenEX=pu and Var(X)=o2 (43)

Thus, the parameters 1 and o2 have specific interpretations: j is the mean of
X and o2 is its variance (so that o is its s.d.).
If Z ~ N(0, 1), it is seen from the Normal tables that:

P(—1<Z <1)=0.68269, P(-2 < Z < 2) = 0.95450,
P(—3 < Z < 3) = 0.99730,

so that almost all of the probability mass lies within 3 standard deviations from
the mean. The same is true, by means of formula (41), applied witha = u — ko
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and b = u + ko withk = 1,2, 3 in case X ~ N(u, 02). That is:
P(u—0 <X < pu+0o)=0.68269, P(u—20 <X < u+20) = 0.95450,
P(u—30 <X < pu+30)=0.99730.

Finally, simple integration produces the m.g.f. of X (see also Exercise 3.46),
namely,

Mx(t) = et+o't'/2, t €N, for X ~ N(u, o2);
(44)
My(t) = e/, teN, forZ~ N(0,1).

As will be seen in subsequent chapters, the Normal distribution is widely
used in problems of statistical inference, involving point estimation, interval
estimation, and testing hypotheses. Some instances where the Normal distri-
bution is assumed as an appropriate (approximate) underlying distribution are
described in Examples 13-17 in Chapter 1, as mentioned already.

Suppose that numerical grades in a statistics class are values of ar.v. X which
is (approximately) Normally distributed with mean 4 = 65 and s.d. o = 15.
Furthermore, suppose that letter grades are assigned according to the fol-
lowing rule: the student receives an A if X > 85; Bif 70 < X < 85; C if
55 < X < 70;Dif45 < X < 55;and Fif X < 45.

(i) If a student is chosen at random from that class, calculate the probability
that the student will earn a given letter grade.
(i) Identify the expected proportions of letter grades to be assigned.

DISCUSSION

(i) The student earns an A with probability P(X > 85) = 1 — P(X < 85) =
1-P(Et <85y~ 1 P(Z<134)~1- d(1.34) =1 - 0.909877 =
0.090123 ~ 0.09. Likewise, the student earns a B with probability P(70 <
X <85)=P(I05 < o1 - B0y~ p0.34 < Z < 1.34) ~ &(1.34) —
®(0.34) = 0.909877 — 0. 633072 = 0 276805 ~ 0.277. Similarly, the student
earns a C with probability P(65 < X < 70) >~ ©(0.34) + ©(0.67) — 1 =
0.381643 ~ 0.382. The student earns a D with probability P(45 < X <
55) >~ ©(1.34) — ©(0.67) = 0.161306 ~ 0.161, and the student is assigned
an F with probability P(X < 45) >~ ®(—1.34) = 1 — ®(1.34) = 0.09123 ~
0.091.

(i) The respective expected proportions for A, B, C, D, and F are: 9%, 28%,
38%, 16%, and 9%.

Indeed, suppose there are n students, and let X4 be the number of those
whose numerical grades are >85. By assuming that the n events that the nu-
merical grade of each one of the n students is >85 are independent, we have
that X4 ~ B(n,0.09). Then, =2 is the proportion of A grades, and E(XA) =
—n x 0.09 = 0.09 = 9% is the expected proportion of A’s. Likewise for the other
grades
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This section is concluded with a simple distribution, the Uniform (or Rect-
angular) distribution.

Uniform (or Rectangular) Distribution Such a distribution is restricted
to finite intervals between the parameters o and g with —oo < @ < 8 < 00,
and its p.d.f. is given by:

f(x):ﬂ%a, a<x<§p (oo <a < B < o0). (45)

Its graph is given in Figure 3.11, and it also justifies its name as rectangular.

Figure 3.11
Graph of the p.d.f. of S@)
the U(ax, 8)
Distribution R
-
0 P 5 9‘

The term “uniform” is justified by the fact that intervals of equal length
in (a, B) are assigned the same probability regardless of their location. The
notation used for such a distribution is U(«, 8) (or R(«a, 8)), and the fact that
the r.v. X is distributed as such is denoted by X ~ U(«, B) (or X ~ R(«a, B)).
Simple integrations give (see also Exercise 3.51):

_a+p @B et e
EX = 5 y VU/T(X) = T, and MX(t) = m,

LeN. (46)

A bus is supposed to arrive at a given bus stop at 10:00 a.m., but the actual time
of arrival is a r.v. X which is uniformly distributed over the 16-minute interval
from 9:52 to 10:08. If a passenger arrives at the bus stop at exactly 9:50, what is
the probability that the passenger will board the bus no later than 10 minutes
from the time of his/her arrival?

DISCUSSION The p.d.f. of X is f(x) = 1/16 for x ranging between 9:52
and 10:08, and 0 otherwise. The passenger will board the bus no later than 10
minutes from the time of his/her arrival at the bus stop if the bus arrives at
the bus stop between 9:52 and 10:00 (as the passenger will necessarily have
to wait for 2 minutes, between 9:50 and 9:52). The probability for the bus to
arrive between 9:52 and 10:00 is 8/16 = 0.5. This is the required probability.

REMARK 4% It has been stated (see comments after relation (7)) that some-
times a handful of moments of a r.v. X completely determine the distribution
of X. Actually, this has been the case in all seven distributions examined
in this section. In the Binomial distribution, knowledge of the mean amounts
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to knowledge of p, and hence of f. The same is true in the Geometric distribu-
tion, as well as in the Poisson distribution. In the Hypergeometric distribution,
knowledge of the first two moments, or equivalently, of the mean and variance
of X (see expressions for the expectation and variance), determine m and n
and hence the distribution itself. The same is true of the Gamma distribution,
as well as the Normal and Uniform distributions.

3.1 If X ~ B(n, p) with p > 0.5, the Binomial tables (in this book) cannot
be used, even if n is suitable. This problem is resolved by the following
result.

(i) If X ~ B(n, p), show that P(X = x) = P(Y = n— x), where ¥ ~
B(n,q) (@ =1— p).
(ii) Apply part (i) for n = 20, p = 0.625, and x = 8.

3.2 Let X be ar.v. distributed as B(n, p), and recall that P(X = x) = f(x) =
Op*q" ", x=0,1,...,n(q = 1— p). Set B(n, p; ¥) = f().
(i) By using the relationship: (m; = (7;) +(,"}) (see Exercise 5.11 in
Chapter 2), show that:

B(n+1, p; x) = pB(n, p; x — 1) + qB(n, p; x).

(ii) By using this recursive relation of B(n + 1, p;.), calculate the proba-
bilities B(n, p; x) for n = 26, p = 0.25, and x = 10.

3.3 Someone buys one ticket in each one of 50 lotteries, and suppose that
each ticket has probability 1/100 of winning a prize. Compute the prob-
ability that the person in question will win a prize:

(i) Exactly once.
(ii) At least once.

3.4 Suppose that 15 people, chosen at random from a target population, are
asked if they favor a certain proposal. If 43.75% of the target population
favor the proposal, calculate the probability that:

(i) Atleast 5 of the 15 polled favor the proposal.
(ii) A majority of those polled favor the proposal.

3.5 A fair die is tossed independently 18 times, and the appearance of a 6 is
called a success. Find the probability that:
(i) The number of successes is greater than the number of failures.
(ii) The number of successes is twice as large as the number of failures.
(iii) The number of failures is 3 times the number of successes.

3.6 Suppose you are throwing darts at a target and that you hit the bull’s eye
with probability p. It is assumed that the trials are independent and that
p remains constant throughout.
(i) Ifyou throw darts 100 times, what is the probability that you hit the
bull’s eye at least 40 times?
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(ii) What does this expression become for p = 0.25?
(iii) What is the expected number of hits, and what is the s.d. around this
expected number?

3.7 If X ~ B(100, 1/4), use the Tchebichev inequality to determine a lower
bound for the probability: P(|X — 25| < 10).

3.8 A manufacturing process produces defective items at the constant (but
unknown to us) proportion p. Suppose that n items are sampled inde-
pendently and let X be the r.v. denoting the number of defective items
among the n, so that X ~ B(n, p). Use the Tchebichev inequality in
order to determine the smallest value of the sample size n, so that:
P(|%‘ — pl <0.05,/pq) = 0.95(q =1— p).

3.9 If X ~ B(n, p) show that f(x + 1) = §~%f(x), xr=01,...,n—1,
(@=1-p).

3.10 If X ~ B(n, p):
(i) Calculate the EX and the EF[X(X — 1)].
(ii) Use part (i) and Exercise 1.6 to calculate the Var(X).

Hint: For part (i), observe that:

" nmn—1)! . " m—1
EX = x oy _ -1 (n—1)—w
Zxx(x— Ditn—an? ? "pz(x— 1)p 1

r=1 x=1
n—1 "n—
= npz ( >pyq(n D-y _ np
—0 Yy
- n(n— 1)(n—2)!
and F[ X(X —-1)] = 2(x—1) p°q"
; 2@ — D@ - 2)!(n— 2)!
“ (n—2 .
=nn— l)pZ Z ( 2) px—2q(n—2)—(x 2)
=2 \¥ —
n—2
-9 /
=nn—1)p? Z (" y )pyq(n—z)—y:n(n — Dt
y=0

3.11 If X ~ B(n, p):
(1) Show that Mx(t) = (pe' +q)", t e R (g =1 — p).
(ii) Use part (i) to rederive the EX and the Var(X).

3.12 Let the r.v. X have the Geometric p.d.f. f(¥) = p¢® !, x=1,2,...(q =

1—p).
(i) What is the probability that the first success will occur by the 10th
trial?

(ii) What is the numerical value of this probability for p = 0.2?

3.13 Amanufacturing process produces defective items at the rate of 1%. Let X
be the r.v. denoting the number of trials required until the first defective
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item is produced. Then calculate the probability that X is not larger
than 10.

3.14 A fair die is tossed repeatedly until a six appears for the first time. Cal-
culate the probability that:
(i) This happens on the 3rd toss.
(ii) At least 5 tosses will be needed.

3.15 A coin with probability p of falling heads is tossed repeatedly and inde-
pendently until the first head appears.
(i) Determine the smallest number of tosses, n, required to have the first
head appearing by the nth time with prescribed probability .
(i) Determine the value of n for « = 0.95, and p = 0.25 (¢ = 0.75) and

p = 0.50(=q).
3.16 If X has the Geometric distribution; i.e., f(x) = pg* !, forx = 1,2, ...
(@=1-p:

(i) Calculate the EX and the E[X(X — 1)].
(ii) Use part (i) and Exercise 1.6 to calculate the Var(X).

Hint: Refer to the comments made just before the Exercises in
Section 3.1 (of this chapter).

3.17 If X has the Geometric distribution, then:
(i) Derive the m.g.f. of X and specify the range of its argument.
(ii) Employ the m.g.f. in order to derive: EX, EXZ, and Var(X).

3.18 Suppose that r.v. X is distributed as P(}); i.e., f(x) = e‘)‘%, for x =
0,1, ..., and that f(2) = 2 f(0). Determine the value of the parameter A.

3.19 Let X be a Poisson distributed r.v. with parameter A, and suppose that
P(X = 0) = 0.1. Calculate the probability P(X = 5).

3.20 If X ~ P(3.), show that: f(x + 1) = 21 f(@), #=0,1,....

321 If X ~ P(A):
(i) Calculate the EX and the E[X(X — 1)].
(ii) Use part (i) and Exercise 1.6 to calculate the Var(X).

Hint: For part (i), observe that:

s AT ! A = rY Vs
EX=e" = e~ — =2xe*e* =21, and
e Zx (x—l)' e Zy! e e , an
y=0
A2 20
E[X(X-1D]=2%") a@x—1)———— =2%*) = =22
Z — Dx—2)! =y

3.221If X ~ P(\):
(i) Show that Mx(t) = ¢*© D, t € .
(ii) Use the m.g.f. to rederive the EX and the Var(X).
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3.23 Forn=1,2, ..., lettherv. X,, ~ B(n, p,) where,asn — oo, 0 < p, — 0,
and np, — A € (0, 00). Then show that:

n _ LAY
( )pﬁq,’{‘”@e A—' (@n=1— py).
X X.

Hint: Write (7) as n(n — 1)...(n — x + 1)/a!, set np, = A, so that
D = % —=z0andg,=1-p,=1- % == 1. Group terms suitably,
take the limit as » — oo, and use the calculus fact that (1 + 32)" — e”

when x,, > xasn — oo.

3.24 In an undergraduate statistics class of 80, 10 of the students are, actually,
graduate students. If 5 students are chosen at random from the class,
what is the probability that:

(i) No graduate students are included?
(i) Atleast 3 undergraduate students are included?

3.25 Suppose a geologist has collected 15 specimens of a certain rock, call it
Ry, and 10 specimens of another rock, call it Ry. A laboratory assistant
selects randomly 15 specimens for analysis, and let X be the r.v. denoting
the number of specimens of rock R; selected for analysis.

(i) Specify the p.d.f. of the r.v. X.
(ii) What is the probability that at least 10 specimens of the rock R; are
included in the analysis?
(iii) What is the probability that all specimens come from the rock R,?

3.26 Ifther.v. X has the Hypergeometric distribution;i.e., P(X = x) = f(x) =

(?&%r)’ x=0,1,...,r then show that:

(m—x)(r —2x)
rx+1)= x).
I ) (n—r+x+1)(x+l)f( )
Hint: Start with f(«x + 1) and write the numerator in terms of facto-

rials. Then modify suitably some terms, and regroup them to arrive at
the expression on the right-hand side.

3.27 By using the definition of I'(«) by (26) and integrating by parts, show
that: M'(@) = (¢ — DI'(w — 1), « > 1.

3.28 Letther.v. X have the Gamma distribution with parameters o and 8. Then:
(i) Show that: EX = a8, Var(X) = af>.
(ii) As a special case of part (i), show that: If X has the Negative Expo-
nential distribution with parameter A, then EX = %,Var(X )= A%
(iii) If X ~ x2, then EX = r, Var(X) = 2r.

3.29 If the r.v. X is distributed as Gamma with parameters « and g, then:
(i) Show that Mx(t) = 1/(1 — Bt)*, provided t < 1/8.
(ii) Use the m.g.f. to rederive the EX and the Var(X).

3.30 Let X be a r.v. denoting the lifetime of a certain component of a sys-
tem, and suppose that X has the Negative Exponential distribution with
parameter A. Also, let g(x) be the cost of operating this equipment to
time X = .
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(i) Compute the expected cost of operation over the lifetime of the
component under consideration, when:
(a) g(x) = cx, where c is a positive constant,
(b) g(x) = c(1 — 0.5e*"), where « is a positive constant.

(ii) Specify the numerical values in part (i) when A = 1/5,¢ = 2, and
o =0.2.

3.31 If the r.v. X has the Negative Exponential p.d.f. with parameter 1, calcu-
late the failure rate r(x) defined by: r(x) = L5, for # > 0, where F is
the d.f. of X.

3.32 Suppose that certain events occur in a time interval At according to the
Poisson distribution with parameter At. Then show that the waiting time
between any two such successive eventsis ar.v. T which has the Negative
Exponential distribution with parameter A, by showing that P(T > t) =
e t>0.

3.33 Let X be the r.v. denoting the number of particles arriving independently
at a detector at the average rate of 3 per second, and let Y be the r.v. denot-
ing the waiting time between two successive arrivals. Refer to Exercise
3.32 in order to calculate:

(i) The probability that the first particle will arrive within 1 second.

(ii) Given that we have waited for 1 second since the arrival of the last
particle without a new arrival, what is the probability that we have
to wait for at least another second?

3.34 Let X be a r.v. with p.df. f(x) = aﬂxﬁ‘le“"xﬂ, for x > 0 (where the
parameters « and 8 are > 0). This is the so-called Weibull distribution
employed in describing the lifetime of living organisms or of mechanical
systems.

(i) Show that f is, indeed, a p.d.f.
(i) For what values of the parameters does f become a Negative
Exponential p.d.f.?
(iii) Calculate the quantities: EX, EX?, and Var(X).

Hint: For part (i), observe that: [~ afrfle " dy = I e x
(@BxPNydx = — ;7 de—" = —e*wﬁ|°0° =1
1
For part (iii), set ax? = t, so that x = tY# oY/t da = (t7 7/ Ba/F)dt
and 0 < t < oco. Then:
1 -1t
EX"= — A e 'dt.
a™B 0
Then multiply and divide by the constant F(% + 1) and observe that
ﬁt(ﬁﬂ)_le*‘ (t > 0)is a Gamma p.d.f. with parameters % +landl.
B
3.35 In reference to Exercise 3.34, calculate:
(1) The failure rate r(x) = 1 f ;f()x), x > 0, where F' is the d.f. of the
r.v. X.
(ii) The conditional probability P(X > s+t | X >1t), s >0, t > 0.
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(iii) Compare the results in parts (i) and (ii) with the respective results
in Exercise 3.31 here, and Exercise 3.20(ii) in Chapter 2.

3.36 If @ is the d.f. of the r.v. Z ~ N(0, 1), show that:
() ForO<a<b, Pla<Z <b)=o(b)— d(a).
(i) Fora <0<b, Pla<Z <b)=d(—a)+ () —1.
(iii) Fora <b <0, P(a < Z <b) = ®(—a) — ®(-0b).
(iv) Forc > 0, P(—c < Z <¢) =2%(c) — 1.

3.37 If the r.v. Z ~ N(0, 1), use the Normal tables in the appendix to verify
that:
(i) P(—1 < Z <1)=10.68269.
(i) P(—2 < Z <2)=10.9545.
(iii) P(—3 < Z < 3) =0.9973.

3.38 (i) Ifther.v. Xisdistributed as N(u, 0'2), identify the constant c, in terms
of u and o, for which:

PX<c¢)=2-9P(X > o).
(i) What is the numerical value of ¢ for u = 5 and o = 2?

3.39 For any r.v. X with expectation x and variance o2 (both finite), use the
Tchebichev inequality to determine a lower bound for the probabilities:
P(|X — u| < ko), fork = 1, 2, 3. Compare these bounds with the respec-
tive probabilities when X ~ N(u, 02) (see Exercise 3.37).

3.40 The distribution of 1.Q.’s of the people in a given group is approximated
well by the Normal distribution with . = 105 and o = 20. What propor-
tion of the individuals in the group in question has an 1.Q. :

(i) Atleast50?
(i) At most 807
(iii) Between 95 and 1257

3.41 A certain manufacturing process produces light bulbs whose life length
(in hours) is a r.v. X distributed as Normal with u = 2,000 and o = 200.
A light bulb is supposed to be defective if its lifetime is less than 1,800. If
25 light bulbs are tested, what is the probability that at most 15 of them
are defective? (Use the required independence.)

3.42 A manufacturing process produces 1/2-inch ball bearings, which are
assumed to be satisfactory if their diameter lies in the interval 0.5 +
0.0006 and defective otherwise. A day’s production is examined, and it
is found that the distribution of the actual diameters of the ball bearings
is approximately Normal with © = 0.5007 inch and o = 0.0005 inch.
What would you expect the proportion of defective ball bearings to be
equal to?

3.43 Let f be the p.d.f. of the N(u, 02) distribution. Then show that:
(i) f is symmetric about .

(ii) max ze?)tf(x) = 1/«/%0‘.
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_a?
B

3.44 (i) Show that f(x) = J%e ,xe N isap.df

ii) Use part (i) in order to show that f(x) = —~—e~ o , X €N (n €
2o
N, 0 > 0)is also ap.d.f.

o]

Hint: Set] = %ﬂ I e~ da and show that 12 = 1, by writing I? as
a product of two integrals and then as a double integral; at this point,
use polar coordinates: x = rcosf, y =rsinf, 0 <r < 00,0 <6 < 2.
Part (ii) is reduced to part (i) by letting === = y.

3.45 Refer to the definition of I'(«) by (26) and show that F(%) = 7.

3.46 (i) If X ~ N(0, 1), show that Mx(t) = e"/2, t € . s
(i) If X ~ N(u, 02), use part (i) to show that Mx(t) =e* "2 t e R,
(iii) Employ the m.g.f. in part (ii) in order to show that EX = u and
Var(X) = o2

3.47 If the r.v. X has m.g.f. Mx(t) = e**#” where o« € % and g > 0, identify
the distribution of X.

3.48 If X ~ N(0, 1), show that:
(i) EX**! = 0and EX*" = 22 n=0,1,...
(ii) From part (i), derive that EX = 0 and Var(X) = 1.
(iii) Employ part (ii) in order to show that, if X ~ N(u, 02), then EX = u
and Var(X) = o2.

Hint: For part (i), that EX?**1 = 0 follows by the fact that the inte-
grand is an odd function. For EX?", establish a recursive relation, inte-
grating by parts, and then multiply out the resulting recursive relations
to find an expression for EX?". The final form follows by simple manip-
ulations. For part (iii), recall that X ~ N(u, 02)implies % ~ N(0, 1).

3.49 Let X be a r.v. with moments given by:

EX2n+1 — 0 EXZVL — (2n)'

’ 2n(nl)’

(i) Use Exercise 1.17 in order to express the m.g.f. of X in terms of the
moments given.

(ii) From part (i) and Exercise 3.46(i), conclude that X ~ N(0, 1).

3.50 If the r.v. X is distributed as U(—«, o) (a > 0), determine the parameter
o, so that each of the following equalities holds:
(i) P(-1 <X <2)=0.75.
(i) P(X| < 1) = P(X]| > 2).

3.51 If X ~ U(a, B), show that EX = % Var(X) = @=£X,

3.52 If the r.v. X is distributed as U (0, 1), compute the expectations:
(i) EBX2—-TX +2).
(i) E@eX).

n=0,1,...
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3.4 Median and Mode of a Random Variable

Although the mean of a r.v. X does specify the center of location of the dis-
tribution of X, sometimes this is not what we actually wish to know. A case
in point is the distribution of yearly income in a community (e.g., in a state
or in a country). For the sake of illustration, consider the following (rather)
extreme example. A community consisting of 100 households comprises 10
households with yearly income $400,000 each and 90 households with yearly
income $12,000 each. Defining the r.v. X to take the values 400,000 and 12,000
with respective probabilities 0.10 and 0.90, we obtain: EX = 50,800. Thus, the
average yearly income in this community would be $50,800, significantly above
the national average yearly income, which would indicate a rather prosperous
community. The reality, however, is that this community is highly stratified,
and the expectation does not reveal this characteristic. What is more appro-
priate for cases like this are numerical characteristics of a distribution known
as median or, more generally, percentiles or quantiles.

The median of the distribution of a r.v. X is usually defined as a point,
denoted by x50, for which

P(X <x05) >050 and P(X > x050) > 0.50, CY
or, equivalently,
P(X < .%'0,50) <050 and P(X < x0.50) > 0.50. (48)

If the underlying distribution is continuous, the median is (essentially)
unique and may be simply defined by:

P(X < x950) = P(X > x050) = 0.50 49)

However, in the discrete case, relation (47) (or (48)) may not define the
median in a unique manner, as the following example shows.

Im Examine the median of the r.v. X distributed as follows.

z 1 2 3 1 5 6 7 8 9 10
Fo | 2732 | 132 | 5732 | 3/32 | 4732 | 1732 | 2732 | 6/32 | 2/32 | 6/32

DISCUSSION We have P(X<6)=16/32=0.50>0.50 and P(X>6)=
17/32 > 0.05 > 0.50, so that (47) is satisfied. Also,

P(X<T7)=18/32> 050> 050 and P(X>T7)=16/32=0.50> 0.50,

so that (47) is satisfied again. However, if we define the median as the point
6+ 7)/2 = 6.5, then P(X < 6.5) = P(X > 6.5) = 0.50, as (47) requires, and
the median is uniquely defined.

Relations (47)—(49) and Example 13 suggest the following definition of the
median.
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DEFINITION 4

The median of the distribution of a continuous r.v. X is the (essentially)
unique point x50 defined by (49). For the discrete case, consider two
cases: Let x; be the value for which P(X < a;) = 0.50, if such a value
exists. Then the unique median is defined to be the midpoint between
2 and X41: ie., Xos0 = (G + 2k+1)/2. If there is no such value, the
unique median is defined by the relations: P(X < xp5) < 0.50 and
P(X < xy50) > 0.50 (or P(X < x950) > 0.50 and P(X > xy50) > 0.50).

Thus, in Example 14, x50 = 6, because P(X < 6) = P(X <5)=15/32 <
0.50 and P(X < 6) =17/32 > 0.50.

m Determine the median of the r.v. X distributed as follows.

x 1 2 3 1 5 6 7 8 9 10
F@ | 2732 | 1732 | 2732 | 6/32 | 4732 | 2732 | 1732 | 732 | 1732 | 6/32

More generally, the pth quartile is defined as follows.

DEFINITION 5
For any p with 0 < p < 1, the pth quartile of the distribution of a r.v. X,
denoted by x,, is defined as follows: If X is continuous, then the (essen-
tially) unique x, is defined by:

PX<xz)=p and PX>xp)=1-0p.

Forthe discrete case, consider two cases: Let & be the value for which
P(X < x) = p, if such a value exists. Then the unique pth quantile
is defined to be the midpoint between x;, and a11; ie., 2, = (% +
X:+1)/2. If there is no such value, the unique pth quantile is defined
by the relation: P(X <x;,) < pand P(X <x;,)> p (or P(X <x,) > pand
P(X>xp)>1-p).

Thus, the pth quantile is a point x,, which divides the distribution of X
into two parts, and (—oo, x;] contains exactly 100p% (or at least 100 p%) of the
distribution, and [, 0o) contains exactly 100(1 — p)% (or at least 100(1 — p)%)
of the distribution of X. For p = 0.50, we obtain the median. These concepts
are illustrated further by the following examples.

m Refer to Figure 3.1 (B(12, 1/4)) and determine x 25, %50, and ¢ 7.

DISCUSSION Here x5 = 2 since P(X <2) = P(X = 0)+ P(X = 1) =
0.1584 < 0.25 and P(X < 2) = 0.1584 + P(X = 2) = 0.3907 > 0.25. Likewise,
Zos0 = 3 since P(X < 3) = 0.3907 < 0.50 and P(X < 3) = 0.6488 > 0.50.
Finally, 2 75 = 4, since P(X < 4)=0.6488 < 0.75 and P(X < 4)=0.8424 > 0.75.

m Refer to Figure 3.4 (P(5)) and determine x 25, %050, and xo.75.

As in the previous example, xo25 = 2, X050 = 4, and xy 75 = 6.
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L EXAMPLEIT |

[ Bxawrieis

THEOREM 2

If X ~ U(0, 1), take p = 0.10, 0.20, 0.30, 0.40, 0.50, 0.60, 0.70, 0.80, and 0.90
and determine the corresponding x,,.

Here F(x) = fox dt = x, 0 <x < 1. Therefore F(x,) = p gives x;,, = p.

If X ~ N(0, 1), take p as in the previous example and determine the corre-
sponding .

From the Normal tables, we obtain: 210 = —%90 = —1.282, 2920 = —.80 =
—0842, X030 = —Xp.70 = —0524, X040 = —Xp.60 = —0253, and X050 = 0.

Another numerical characteristic which helps shed some light on the distribu-
tion of a r.v. X is the so-called mode.

DEFINITION 6
A mode of the distribution of a r.v. X is any point, if such points exist,
which maximizes the p.d.f. of X, f.

A mode, being defined as a maximizing point, is subject to all shortcomings
of maximization: It may not exist at all; it may exist but is not obtainable in
closed form; there may be more than one mode (the distribution is a multi-
modal one). It may also happen that there is a unique mode (unimodal distri-
bution). Clearly, if a mode exists, it will be of particular importance for discrete
distributions, as the modes provide the values of the r.v. X which occur with
the largest probability. With this in mind, we restrict ourselves to two of the
most popular discrete distributions: the Binomial and the Poisson distribution.

Let X be B(n, p); that is,

f(x)=(Z)pan””, 0<p<l,g=1—-p x=0,1,...,n

Consider the number (n+ 1)p and set m = [(n+ 1) p], where [y] denotes
the largest integer which is <y. Then, if (n + 1)p is not an integer, f(x)
has a unique mode at x = m. If (n+ 1)p is an integer, then f(x) has two
modes obtained for x = mand x = m — 1.

PROOF For x > 1, we have

S@  Q)pe”
Sl—-1  ()plgntt
x!(r?ix)! gt _nm—x+1 p

mprlqnfﬂﬁfl x q
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THEOREM 3

That is,
S@) nm-x+1 p
f-1) q
Hence f(x) > f(x — 1) (f is increasing) if and only if

m—x+Dp>a2(1—p), ormp—ap+p>x—ap, orn+1)p>2x and
f@)= f(x—1) ifandonlyif x = (n+ 1)pin case (n+ 1)pis an integer.
Thus, if (n 4 1)p is not an integer, we have:
0<l<--v<m<mm+Dp <m+1<--- <n,
and, by a slight abuse of notation,
SO <fAD << fm)>fm+1D>---> f(n),

so that there is a unique mode at m. If (n + 1)p is an integer (=m), then we
have:

0<l<--v<m—-1<m<m+1l<---<n
and, as above,
SO <fAD) << flm=—1)=f(m)> fm+1)>---> f(n),

so that there are two modes at mandm—1. A

Let X be P(A); that is,
x

A
f(x):e"x;, x=01,2..., A>0.

Then, if A is not an integer, f(x) has a unique mode at x = [A]. If A is an
integer, then f(x) has two modes obtained forx = A and x = A — 1.

PROOF For x > 1, we have
f(@ e AT [a! A

f—1) " e alx—-1 o

Hence f(x) > f(x—1)ifand onlyif A > x, and f(x) = f(x — 1) if and only if
x = \in case A is an integer. Thus, if A is not an integer, f(x) keeps increasing
for x < [A] and then decreases. Thus the maximum of f(x) occurs at x =
[A]. If A 7s an integer, then the maximum occurs at x = A. But in this case
f(x) = f(x — 1), which implies that x = A — 1 is a second point which gives
the maximum value to the p.df. A

Let X ~ B(n, p) withn = 20 and p = 211. Then (n+ 1)p = % is not an integer

and therefore there is a unique mode. Since % = 5.25, the mode is [5.25] = 5.
The maximum probability is (¥)(0.25)°(0.75)!> = 0.2024. If n = 15 and p = 1,
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[ EXAMPLE20 |

then (n+ 1)p = %3 = 4 and therefore there are two modes; they are 4 and 3.
The respective maximum probability is ('7)(0.25)*(0.75)!! = 0.2252.

Let X ~ P(A) and let A = 4.5. Then there is a unique mode which is [4.5] = 4.
The respective maximum probability is 0.1898. If, on the other hand, A = 7,
then there are two modes 7 and 6. The respective maximum probability is
0.149.

4.1 Let X be ar.v. with p.d.f. f(x) =322, for0 <x < 1.
(i) Calculate the EX and the median of X and compare them.
(ii) Determine the 0.125-quantile of X.

4.2 Let X be a r.v. with p.d.f. f(x) = 2", for 0 < x < ¢ (n positive integer),
and let 0 < p < 1. Determine:
(1) The pth quantile x, of X in terms of n and p.
(ii) The median x5y for n = 3.

4.3 (i) Ifther.v. X has p.d.f. f(x) = re ", for x > 0 (A > 0), determine the
pth quantile x, in terms of A and p.
(i) What is the numerical value of x, for A = % and p = 0.25?

4.4 Let X be ar.v. with p.d.f. f given by:

c12?, —1<x<0
f@)={cl—-2%, 0<wx<l
0, otherwise.

(1) Ifitis also given that EX = 0, determine the constants c¢; and c.
(ii) Determine the %-quantile of the distribution.

4.5 Let X be ar.v. with d.f. F' given in Exercise 2.2 of Chapter 2:
(i) Determine the mode of the respective p.d.f. f.
(i) Show that } is the 2 = 0.15625-quantile of the distribution.

4.6 Two fair and distinct dice are rolled once, and let X be the r.v. denoting
the sum of the numbers shown, so that the possible values of X are:
2,3,...,12.

(i) Derive the p.d.f. f of the r.v. X.
(ii)) Compute the EX.
(iii) Find the median of f, as well as its mode.

4.7 Determine the modes of the following p.d.f.’s:
D f@=0G),z=12....
i fW=0—-a),x=1,2,...(0 < a < 1). Also, what is the value
of a?
(i) f(¥) =351, 2=0,1,....
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4.8 Let X ~ B(100, 1/4) and suppose you were to bet on the observed value
of X. On which value would you bet?

4.9 Inreference to Exercise 3.33, which number(s) of particles arrives within
1 second with the maximum probability?

4.10 Let X be a r.v. (of the continuous type) with p.d.f. f symmetric about
a constant ¢ (i.e., f(c — x) = f(c + x) for all x; in particular, if ¢ = 0,
then f(—x) = f(x) for all x). Then show that ¢ is the median of X. (As a
by-product of it, we have, for example, that the mean y in the N(u, o'2)
is also the median.)

Hint: Start with P(X < ¢) = f ° f(x)dx and, by making a change
of the variable x, show that this last integral equals fo flc — ydy.
Likewise, P(X > ¢) = f f(x)dx and a change of the variable x leads
to the integral fooo f(c+ y)dy. Then the use of symmetry completes the
proof.

4.11 Let X be ar.v. of the continuous type with p.d.f. f, with finite expectation,
and median m, and let ¢ be any constant. Then:
(i) Show that:

EX—cl=FEX—-—m|+2 C(c —x)f(x)dx.

m
(ii) Use part (i) to conclude that the constant ¢ which minimizes the
FE|X —clisc=m.

Hint: For m < ¢, show that:

c—m, xr<m
lx—c|—|lx—m|={c+m—2x, m<x<c
m—c, x> c.

Then
E'|X—c|—E|X—m|=/ (c—m)f(x)dx+/ (c+m—2x)f(x)dx

+fw(m—c)f(x)dx
- %1+(C—i-m)/;f(x)dx—mecxf(x)dx
—i—(m—c)/ f(x)dx—(m—c)/ fx)dx

cC—m m

=— +—+20/ f(@)dx — 2/ xf(x)dx

= Z/C(C—x)f(x)dx.
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For m > ¢, show that:

c—m, x<c
lx—cl—|lx—m|=3—c—m+2x, c<x<m
m-—c, x> m.

Then

E|X — ¢c|—E|X —m| = /_;(c—m)f(x)dx—i-/cm(—C—Vn—i- 22) f () dx
+/m°°(m_ o) f(x)dx
- (c—m)/if(x)dx—(c—m)/cmf(x)dx
- (c+m)fcmf(x)dx+2fcmxf(x)dx
+(m—c)/moo @) dx

c—m m-—¢cC

=— + 5 —Zc/Cmf(x)dx+2/0mxf(x)dx

= —Z/M(c—x)f(x)dxz 2/0(0 —x)f(x)dx.

Combining the two results, we get
c
ElX—cl=FE|X—m|+ 2/ (c —x)f(x)dx.
m

4.12 Let X be a continuous r.v. with pth quantile x,,, and let Y = g(X ), where
g is a strictly increasing function, so that the inverse g~! exists (and is
also strictly increasing). Let y, be the pth quantile of the r.v. Y.
(1) Show that y, = g(x)).
(ii) If X has the Negative Exponential distribution with A = 1, calculate

Zp.
(iii) Use parts (i) and (ii) to determine y, without calculations, where
Y =é%.

(iv) What do parts (ii) and (iii) become for p = 0.5?



Chapter 4

Joint and Conditional
p.d.f.”’s, Conditional
Expectation and
Variance, Moment
Generating Function,
Covariance, and
Correlation Coefficient

A brief description of the material discussed in this chapter is as follows. In
the first section, two r.v.’s are considered and the concepts of their joint prob-
ability distribution, joint d.f., and joint p.d.f. are defined. The basic properties
of the joint d.f. are given, and a number of illustrative examples are provided.
On the basis of a joint d.f., marginal d.f.’s are defined. Also, through a joint
p.d.f., marginal and conditional p.d.f.’s are defined, and illustrative examples
are supplied. By means of conditional p.d.f.’s, conditional expectations and
conditional variances are defined and are applied to some examples. These
things are done in the second section of the chapter.

In the following section, the expectation is defined for a function of two
r.v.’s and some basic properties are listed. As a special case, one obtains the
joint m.g.f. of the r.v.’s involved, and from this, marginal m.g.f.’s are derived.
Also, as a special case, one obtains the covariance and the correlation coef-
ficient of two r.v.’s. Their significance is explained, and a basic inequality is
established regarding the range of their values. Finally, a formula is provided
for the calculation of the variance of the sum of two r.v.’s.

109
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In the fourth section of the chapter, many of the concepts, defined for two
r.v.’s in the previous sections, are generalized to k r.v.’s. In the final section,
three specific multidimensional distributions are introduced, the Multinomial,
the Bivariate (or 2-dimensional) Normal, and the Multivariate Normal. The
derivation of marginal and conditional p.d.f.’s of the Multinomial and Bivariate
Normal distributions is also presented. This section is concluded with a brief
discussion of the Multivariate Normal distribution.

4.1 Joint d.f. and Joint p.d.f. of Two Random Variables

In carrying out a random experiment, we are often interested simultaneously
in two outcomes rather than one. Then with each one of these outcomes ar.v. is
associated, and thus we are furnished with two r.v.’s or a 2-dimensional ran-
dom vector. Let us denote by (X, Y) the two relevant r.v.’s or the 2-dimensional
random vector. Here are some examples where two r.v.’s arise in a natural
way. The pair of r.v.’s (X, ¥) denote, respectively: the SAT and GPA scores of
a student chosen at random from a specified student population; the number
of customers waiting for service in two lines in your local favorite bank; the
days of a given year that the Dow Jones Averages closed with a gain and the
corresponding gains; the number of hours a student spends daily for studying
and for other activities; the weight and the height of an individual chosen at
random from a targeted population; the amount of fertilizer used and the yield
of a certain agricultural commodity; the lifetimes of two components used in
an electronic system; the dosage of a drug used for treating a certain allergy
and the number of days a patient enjoys relief.

We are going to restrict ourselves to the case where both X and Y are
either discrete or of the continuous type. The concepts of probability distri-
bution, distribution function, and probability density function are defined by
a straightforward generalization of the definition of these concepts in Section
2.2 of Chapter 2. Thus, the joint probability distribution of (X, Y), to be de-
noted by Py y, is defined by: Py y(B) = P[(X,Y) € B, B € %% = % x %,
the 2-dimensional Euclidean space, the plane. In particular, by taking B =
(=00, x] x (—00, y], we obtain the joint d.f. of X, Y, to be denoted by Fy y;
namely, Fy y(x, ) = P(X < x,Y < y), x, y € N. The d.f. Fxy has properties
similar to the ones mentioned in the case of a single r.v.,, namely:

1. 0 < Fxy(x,y) <1forallz, y € N.
Whereas it is, clearly, still true that 2y < xs and ¥y < ¥y imply Fx y(x1,
Y1) < Fx y(x2, y2), property #2 in the case of a single r.v. may be restated
as follows: x; < a2 implies Fx(x2) — Fx(21) > 0. This property is replaced
here by:

2. The variation of Fx y over rectangles with sides parallel to the axes, given
in Figure 4.1, is >0.

3. Fyy is continuous from the right (right-continuous); i.e., if x,, | « and
Yn 1 Y, then Fx y(xn, yn) = Fx y(x, y) asn — oo.
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4. Fx,y(400, +00) = 1l and Fx,y(—00, —00) = Fx y(—00, y) = Fx y(x, —00) =
0 for any x, y € R, where, of course, Fy y(+00, +00) is defined to be the
limy, oo Fx,v(2n, Yn) as x, 1 oo and y,, 1 oo, and similarly for the remaining
cases.

Figure 4.1
The Variation V of Yy
FY, y over the wlb———— | (1, Y2) _—
Rectangle Is: = .
Fx y(x1, 1) + |
Fx y(x2,y2) — |
FX,Y(xlayZ)— J_+ _
Fx, y(xz2, y1) Y : (x:yl_) _____ : (@9, y1)
| |
0 xy X x

Property #1 is immediate, and property #2 follows by the fact that the variation
of Fx y as described is simply the probability that the pair (X, Y) lies in the
rectangle of Figure 4.1, or, more precisely, the probability P(x; < X < X2, 11 <
Y < y»), which, of course, is > 0; the justification of properties #3 and #4 is
based on Theorem 2 in Chapter 2.

Now, suppose that the r.v.’s X and Y are discrete and take on the values x;
and y;, j > 1, respectively. Then the joint p.d.f. of X and Y, to be denoted by
Jx,v,1s defined by: fxy(v;, y;) = P(X =x;, Y = y;) and fxy(¥, y) = 0 when
(%, ¥) # (%}, y;) (i.e., atleast one of x or yis not equal to x; or y;, respectively).
It is then immediate that for B € %%, P[(X,Y) € B] = Z(x,-,yj)eg Jx (2, y5),
and, in particular, Z(x]—, e Jxv(@j,y) = 1, and Fxy(x, y) = ijgy w<y
Jx,v(x;, y;). Inthe lastrelation, Fy y is expressed in terms of fx, y. The converse
is also possible (as was done in the case of a single r.v.), but we do not intend
to indulge in it. A simple illustrative example, however, may be in order.

Each one of the r.v.’s X and Y takes on four values only, 0, 1, 2, 3, with joint
probabilities expressed best in a matrix form as in Table 4.1.

Table 4.1 y\x 0 1 2 3 Totals
0 0.05 0.21 0 0 0.26
1 0.20 0.26 0.08 0 0.54
2 0 0.06 0.07 0.02 0.15
3 0 0 0.03 0.02 0.05
Totals 0.25 0.53 0.18 0.04 1

DISCUSSION Therv’s X and Y may represent, for instance, the number
of customers waiting for service in two lines in a bank. Then, for example,
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for (x, y) withx = 2 and y = 1, we have Fyy(x, y) = Fxy(2, 1) = Zu<2 v<l
Jxyr(u, v) = fx,y(©0,0) + fx, Y(O D+ frr(L0) + fry(l, 1) + fryr@ 0)+
Jxy(@2,1) = 0.06 4+ 0.20 + 0.21 4+ 0.26 + 0 + 0.08 = 0.80; also, P(2 < X <
3, 0<Y< 2) = fX,Y(2y 0) + fX,Y(27 1) + fX,Y(21 2) + fX,Y(37 0) + fX,Y(37 1) +
Jxv(3,2) =040.08+0.074 0+ 04 0.02 = 0.17.

Now, suppose that both X and Y are of the continuous type, and, indeed,
a little bit more; namely, there exists a nonnegative function fx y defined on
92 such that, for all x and yin R: Fx y(x, y) = [*_ [* fxy(s, t)dsdt. Then
for B C %2 (interpret B as a familiar geometric figure in %2): P[(X,Y) €

= [3 [ fxy(x, y)dady, and, in particular, [~ [* fyxy(x, y)dedy = 1.

The function fx y is called the jomt yz d.f. of X and Y. Analogously to the
case of a single r.v,, the relationship - FX (@, ¥) = fx v(x, y) holds true (for
continuity points (x y) of fxy),so that not only does the joint p.d.f. determine
the joint d.f. through an integration process, but the converse is also true; i.e.,
the joint d.f. determines the joint p.d.f. through differentiation. Again, as in the
case ofasingler.v.,, P(X =, Y = y) = Oforall x, y € 0; also, if a nonnegative
function f, defined on %2, integrates to 1, then there exist two r.v.’s X and ¥
for which f is their joint p.d.f.

This section is concluded with a reference to Example 37 in Chapter 1
where two continuous r.v.’s X and Y arise in a natural manner. Later on (see
Subsection 4.5.2), it may be stipulated that the joint distribution of X and Y
is the Bivariate Normal. For the sake of a simpler illustration, consider the
following example.

Let the r.v's X and Y have the joint p.df. fxy(x, y) = Ajhge M¥72Y,
2,y > 0, A, o > 0. For example, X and Y may represent the lifetimes of
two components in an electronic system. Derive the joint d.f. Fx y.

DISCUSSION  The corresponding joint d.f. is: Fx,y(x, ) = [; [, *1he x
eMshldsdt = [J dpe () me Mt ds)dt = ) oo (1 — e Mgt = (1 —
e M1 —e ™Y forx > 0, y > 0, and 0 otherwise. That is,

Fxy(@,y) = (1 —e ™)1 —e"2Y), x>0,y>0,
and Fxy(x, y) = 0 otherwise. @)
By letting « and y — oo, we obtain Fy y(co, co) = 1, which also shows that

Sx,v, as given above, is, indeed, a p.d.f,, since Fy y(c0,00) = [;° [7¥ A1hg x
e M52l ds di.

It is claimed that the function Fy y given by: Fxy = 1—16903/ @+, 0<x<2
0 < y < 2, is the joint d.f. of the r.v.’'s X and Y. Then:

(i) Verify that Fy y is, indeed, a d.f.

(i) Determine the corresponding joint p.d.f. fx,y.
(iii) Verify that fx y found in part (ii) is, indeed, a p.d.f.
(iv) Calculate the probability: P(0 <X <1, 1 <Y <2).



4.1 Joint d.f. and Joint p.d.f. of Two Random Variables 113

DISCUSSION

(1) Wehave to verify the validity of the defining relations 1-4. Clearly, Fx y(x, y)
attains its maximum for « = y = 2, which is 1. Since also Fyx y(x, y) > 0, the
first property holds. Next, for any rectangle as in Figure 4.1, we have:

16[Fx,y(x1, y1) + Fx,y(22, ¥2) — Fx y(x1, y2) — Fx,y(22, y1)]

=n (@ + Y1) + 224222 + Y2) — 0y2(01 + Y2) — ath (X2 + W)

= a7y + WY+ X5Y2 + X2 — ALY — MYs — XY — Tap

= 27 (Y2 — y) + ¥ (Y2 — %) — Y (@2 — @) + Y5 (w2 — 1)

= (25 — ) (2 — ) + (02 — ) (5 — o)

= (1 + 22)(@2 — 21)(Y2 — Y1) + (X2 — 21) (Y2 + Y1)(Y2 — 1)

>0,
because x; < y; and x2 < ¥s, so that the second property also holds. The
third property holds because Fy y is continuous, and hence right-continuous.
Finally, the fourth property holds because as either x — —oo or y — —oo (in

fact, if either one of them is 0), then Fxy is 0, and if v — oo and y — oo (in
fact, if x = y = 1), then Fx y is 1.

(i) For0 < <2and0 < y < 2, fyy(x,y) = ;2 (Gay@+ ) = &2
@Y+ 2y®) = {752 @Y+ 2y = 53, ey + ¥ = 52 +2y) = @+ y);
ie, fxyv(x, y) = é(x—i— Y),0 <x <20 <y<2 For (x, y) outside the rect-
angle [0, 2] x [0, 2], fx,y is 0, since FY,y is constantly either O or 1.

(iii) Since f¥,y is nonnegative, all we have to show is that it integrates to 1. In
fact,

o) oo 2 2 1
/ / Jxy(x, y)dxdy = / / g(x +ydxdy
—00 J —00 0 0

1 2 2 2 2
= —(/ / xdxdy—i—/ / ydxdy)
8\ Jo Jo o Jo

1
= §(2 X24+2x2)
= 1.
(iv) Here, PO<X <1, 1<Y<2)= [} [ L@ + y)dwdy=L[/7(f) vdx)dy +
Ji @ [y daydy) = 55 x 1+1x D=3
If the function fx y is given by: fx y(x, y) = cx?yfor0 < x®> < y < 1 (and 0
otherwise):

(i) Determine the constant ¢, so that fx,y is a p.d.f.

(i) Calculate the probability: P(0 < X < 3,1 <Y < 1).
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Figure 4.2
Range of the Pair !
(x, ) S — 4D
I
I y=a?
|
|
VXN~ | (>, y)
l
|
I . .
0 x 1
DISCUSSION

(i) Clearly, for the function to be nonnegative, ¢ must be > 0. The actual value
of ¢ will be determined through the relationship:

// cx’ydxdy = 1.
{(x, s 0<a?=<y<1}

The region over which the p.d.f. is positive is the shaded region in Figure 4.2,
determined by a branch of the parabola y = 22, the y-axis, and the line segment
connecting the points (0, 1) and (1, 1). Since for each fixedx with0 < x < 1, ¥
ranges from x” to 1, we have: [f,._, , cx’ydxdy = ¢ fol = xlz ydy)dx =
¢ a2l —aNdo=5E - H =% —landc=Z.

(ii) Since y = 2% = 1 for x = 1, it follows that, for each x with 0 < & < 1,
the range of yis from %1 to 1; on the other hand, for each x with % <x < %, the

range of y is from 22 to 1 (see Figure 4.3).

Figure 4.3

Diagram
Facilitating
Integration
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Thus,

Fy-

3
Pl0<X<-
<< _4,

;oql it
<Y< 1) = c/ [ xzydydx+c/ / 22ydydx
o Sy §
; 1 2 1
c/ (.76'2/ ydy) dx—l—cf (xZ/ ydy) dx
0 : : x?

2

1 3
_cf of, 1 C (% 2.4 4
_2/0 x(l 16)(19&—}—2/% x°(1—a%)dx

_ 15c N 38¢ 2,069¢ 41,311
T 3x28 3x28 Tx2b

=X o1 <2k
21 41311 41311 41311

T2 “2Ix2B 206 65536

1.1 Let X and Y be r.v.’s denoting, respectively, the number of cars and buses
lined up at a stoplight at a given point in time, and suppose their joint
p.d.f. is given by the following table:

~ 0.63.

y\x 0 1 2 3 4 5

0 0.025 0.060 0.125 0.150 0.100  0.050
1 0.015 0.030 0.075 0.090 0.060 0.030
2 0.010 0.020 0.050 0.060 0.040 0.020

Calculate the following probabilities:
(i) There are exactly 4 cars and no buses.
(ii) There are exactly 5 cars.
(iii) There is exactly 1 bus.
(iv) There are at most 3 cars and at least 1 bus.

1.2 In a sociological project, families with 0, 1, and 2 children are stud-
ied. Suppose that the numbers of children occur with the following
frequencies:

0 children: 30%; 1 child: 40%; 2 children: 30%.

A family is chosen at random from the target population, and let X and
Y be the r.v.’s denoting the number of children in the family and the
number of boys among those children, respectively. Finally, suppose that
P(observing a boy) = P(observing a girl) = 0.5.

Calculate the joint p.d.f. fxy(x, y) = PX =x,Y=9), 0<y<x, o=
0,1, 2.



116 Chapter 4 Joint and Conditional p.d.f.’s, Conditional Expectation and Variance

Hint: Tabulate the joint probabilities as indicated below by utilizing
the formula:

PX=xY=y=PY=y| X=0x)PX =2x).
y\x 0 1 2

0
1
2

1.3 If the r.v.’'s X and Y have the joint p.d.f. given by:
Jxr(@,y=x+y, O<wx<l O0<y<l,
calculate the probability P(X < Y).
1.4 The r.v’s X and Y have the joint p.d.f. fx y given by:

6
fX,y(x,y)=§(x2+%y), O<w<l, 0<y<2

(i) Show that fx y is, indeed, a p.d.f.
(ii) Calculate the probability P(X > Y).

1.5 Ther.v’s X and Y have the joint p.d.f. fxy(x, y) =e ™Y, x>0,y > 0.
(i) Calculate the probability P(X < Y < ¢) for some ¢ > 0.
(ii) Find the numerical value in part (i) for ¢ = log2, where log is the
natural logarithm.

1.6 If the r.v.’s X and Y have the joint p.d.f. fx y(x, y) = e ¥, forx > 0 and
y > 0, compute the following probabilities:

O P(X <) () P(Y <y); (i) PX <Y); (iv) P(X+Y <3).

1.7 Let X and Y be r.v.’s jointly distributed with p.d.f. fx y(x, y) = 2 /c?, for
O<x<y<ec.
Determine the constant c.

1.8 The r.v’s X and Y have the joint p.d.f. fx y given by:
fxy(, y) =cye ™2 0<y<ua
Determine the constant c.
1.9 The joint p.d.f. of the r.v.’s X and Y is given by:
Sry@, ) =xy’, O<x<c, 0<y<oc.

Determine the condition that ¢; and ¢ must satisfy so that f y is, indeed,
ap.df

1.10 The joint p.d.f. of the r.v.’s X and Y is given by:
Jxy@,y)=cx, x>0, y>0, 1<x+y<2 (c>0).

Determine the constant c.
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Hint: The following diagram should facilitate the calculations.

The range of the pair («, y) is the shadowed area.

1.11 The r.v’s X and Y have joint p.d.f. fx y given by:
Sy =c@—ae ™, —y<x<y 0<y<oo.

Determine the constant c.

4.2 Marginal and Conditional p.d.f.’s, Conditional Expectation and Variance

In the case of two r.v.’s with joint d.f. Fy y and joint p.d.f. fx y, we may define
quantities which were not available in the case of a single r.v. These quantities
aremarginal d.f.s and p.d.f.’s, conditional p.d.f.’s, and conditional expectations
and variances. To this end, consider the joint d.f. Fx y(x, y) = P(X <, Y < y),
and let y — oo. Then we obtain Fy y(x, 00) = P(X < x,Y < 00) = P(X <
x) = Fx(x); thus, Fx(x) = Fxy(x, 00), and likewise, Fy(y) = Fx y(oo, ¥).
That is, the d.f.’s of the r.v.'s X and Y are obtained from their joint d.f. by
eliminating one of the variables x or y through a limiting process. The d.f.’s
Fx and Fy are referred to as marginal d.f.’s. If the r.v’s X and Y are dis-
crete with joint p.d.f. fxy, then P(X = x;) = P(X = x;, —00 < Y < 00) =
Dyen Jxy (@i, yp); e, fx(x) = 30, o Sx v (@i, y)), and likewise, fy(y;) =
in < Jx,v(2i, y;). Because of this marginalization process, the p.d.f.’s of the
r.v.’s. X and Y, fx and fy, are referred to as marginal p.d.f.’s. In the continuous
case, fy and fy are obtained by integrating out the “superfluous” variables;
ie, fx(@) = [7, fxy(@, ydyand fy(y) = [° fxy(x, y)dx. The marginal fx
is, indeed, the p.d.f. of X because P(X < x) = P(X <, —00o <Y < o0) =
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| EXAMPLEG |

A o Sx (s, Ddtds = [ e fX y(s, Ddt]ds = [*_ fx(s)ds;ie., Fx(x) =
PX <x) = f fx(s)ds, so that 2 = Fx(®) = fx(x), and likewise, diny(y) =
fr(y) (for contmulty points x and y of fx and fy, respectively).

In terms of the joint and the marginal p.d.f.’s, one may define formally the
functions:

Jxiyxly) = fxy(x, v/fr(y) forfixed y with fy(y) > 0,

and

Jrix(Wlx) = fxy(x, y)/fx(x) for fixed x with fx(x) > 0.

These nonnegative functions are, actually, p.d.f.s. For example, for the con-
tinuous case:

Jr(¥) _1
Jr(y) Sfr(y)

and similarly for fyx(y|x); in the discrete case, integrals are replaced by
summation signs. The p.d.f. fxy(:|y) is called the conditional p.d.f. of X,
given ¥ = y, and fyx(- | x) is the conditional p.d.f. of Y, given X = x. The
motivation for this terminology is as follows: For the discrete case, fxjy(x | y) =
f)‘f;g’y) = PU;?;”’:Y;?D = P(X =x|Y = y); i.e, fyy(x|y) does, indeed, stand
for tl)le conditional probability that X = x, given that ¥ = y. Likewise for
Jrix(- |2). In the continuous case, the points x and y are to be replaced by
“small” intervals around them.

The concepts introduced so far are now illustrated by means of Examples.

/_ Jxy@lyde = —— / Sxy(@, y)de =

Refer to Example 1 and derive the marginal and conditional p.d.f.’s involved.

DISCUSSION FromTable4.1,wehave: fx(0)=0.25, fx(1)=0.53, fx(2)=
0.18, and fx(3) = 0.04; also, fy(0) = 0.26, fy(1) = 0.54, fy(2) = 0.15, and
Jfr(3) = 0.05. Thus, the probability that there are 2 people in line one, for in-
stance, regardless of how many people are in the other line, is: P(X = 2) =
fx(2)=0.18. Next, fyy(0]0)=20 = 2 ~ 0.192, fp(1]0) = 924 = L~
0.808, fX\Y(Z 10)=0, fxiy(310) = 0; fX|Y(0| D= % =22>037, fyy(1l1) =
15 = 8 = 048L fuy @11 = § = 5 = 0148, fiyBID) = 0; fiyy(0]2) =
0, frr(112) = 006 0.40, fr(2]2) = 8_?; = 75 = 0467 fuyr(3]2) =
DO 2 0135 Say013) =0, fry(113) =0, fxy(2]3) = 03— 3 — 0,60,
JSxiy(313) = w = 5 = 0.40. Likewise for fy|X( | ). Thus, fy‘X(O|O) = 0.2,
Fyix(110) = 08 Jrx(210) = fY|X(3|0) = 0 fyx(0|) = & ~ 0.39,
Srx(D) =2 ~ 0491, fyx@2|1D = 5 ~ 0.113, fyxB|1) = 0; fY|X(0 12) =
0, frix(112) = & ~ 0.444, frx(2|2) = & ~ 0.389, Srx@12) = 2~ 0.167;
Jrx(013) = frix(113) =0, frx(213) = frix313) =

Refer to Example 2 and derive the marginal d.f.’s and p.d.f.’s, as well as the
conditional p.d.f.’s, involved.
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l EXAMPLE 8

DISCUSSION 1In (1), let y — oo to obtain Fx(x) = 1 — e % x > 0, and
likewise Fy(y) = 1 — e 2%, y > 0, by letting x — oo. Next, by differentia-
tion, fx(x) = Aie™%, x > 0, and fy(y) = Aze Y, y > 0, so that the r.v.'s X
and Y have the Negative Exponential distribution with parameters A; and As,
respectively. Finally, for x > 0 and y > 0:
—A1X—As
)\1)»26 1 2Y _ )\leih
)Lze—lzy

Jrix(wlx) = fr(y).

Jxiy(xly) = T = fx(x), and likewise

Refer to Example 4 and determine the marginal and conditional p.d.f.’s fx, fy,
Jxyv, and fyx.

DISCUSSION We have:
1

! 21
Sx(x) = / cxlydy = cxzf ydy = sz(l —ah), 0<x<l,
x? x

2

vy 2 vy 2 21 2
fy(y)=/ cxydx=cyf Pdr="TyVE 0<y<l,
0 0

and therefore

Fr@lp = 2ol 23 g 0<y<1
XY =357 5 = — T = < = ) < <1
220 Y
22—1x2y 2y

?<y<l O0<x<l.

Srix(ylx) = Mo —ah  1-ab

Consider the function fy y defined by:
Jxy(@, y)=8xy, O<wx=y<lL
(i) Verify that fx y is, indeed, a p.d.f.

(ii) Determine the marginal and conditional p.d.f.’s.
(iii) Calculate the quantities: EX, EX?2, Var(X), EY, EY?, Var(Y),and E(XY).

DISCUSSION
(i) Since fx y is nonnegative, all we have to check is that it integrates to 1. In
fact,
1 Yy 1 Yy 1
/ / 8xydxdy = 8/ (y/ xdx)dy=4/ ydy=1.
0o Jo 0 0 0
(i)

1 1
fx(@) = / Sxydy = Sx/ ydy=4x(1 —2%), O0<x<]l,
x x

Y Y
fr(y) = / 8xydx = Sy/ xdx = 42>, 0<y<l,
0 0
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and therefore

8x 2x
4y Yy
8xy 2y

Jrx(ylx) =

(-9 1-a2 O=¥sys<l

(iif)

1 1 1 1
8

E’X=/x~435(1—xz)dx=4/x2(l—x2)dx=4(/xzdx—f x4dx>=—,
0 0 0 0 15

1 1 1
1
EX? =/ x? - 4a(1 —x2)dx=4(/ x3dx—/ x%lx) =3 so that
0 0 0

1 64 11
3 22 225’

1
EY:/ y-4y’dy =4 y4dy—
0

Var(X) = EX? — (EX)* =

1 1
EYZ—/ y? 4y3dy=4/ y’dy = —, sothat
16 2 6
Ve = EY? — (EY)? ———=—=—.
ar(Y) BV =3-%~% "

Finally,

1 ry 1 Y
E(XY) = / / xy - 8xydxdy = 8/ y2</ xzdx> dy
0o Jo 0 0

8 ! 5 4
Once a conditional p.d.f. is at hand, an expectation can be defined as done in
relations (1), (2), and (3) of Chapter 3. However, a modified notation will be
needed to reveal the fact that the expectation is calculated with respect to a

conditional p.d.f. The resulting expectation is the conditional expectation of
one r.v., given the other r.v., as specified below.

EQXIY =y) = Y aifonCsly) or BXIY=9)= [ aforCel iz,
2, eN —00
©))
for the discrete and continuous case, respectively; similarly:
oo
EVIX =a) = Y wifvs(uyle) or EQYIX=2)= [ ufns(yl oy,
YN -0
3
Of course, it is understood that the preceding expectations exist as explained

right after relations (2) and (3) in Chapter 3 were defined. However, unlike
the results in (1)—(3) in Chapter 3 which are numbers, in relations (2) and (3)
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above the outcomes depend on ¥; or y, and x; or x, respectively, which reflect
the values that the “conditioning” r.v.’s assume. For illustrative purposes, let
us calculate some conditional expectations.

Inreference to Example 1, calculate: E(X | Y =0)and E(Y | X =2).

DISCUSSION In Example 5, we have calculated the conditional p.d.f.’s
Jxiy(-10) and fyx(: | 2). Therefore:

5 21 21
EX|Y = 0)_Ox%+1x%+2x0+3x0_%_0.808, and
3 31

8 7
EY|X=2)= I1x —4+2x — = — ~ 1.722.
Y| )=0x0+ X18+ 18+3 8= 18 7

So, if in the -line there are no customers waiting, the expected number of
those waiting in the x-line will be about 0.81; likewise, if there are 2 customers
waiting in the a-line, the expected number of those waiting in the y-line will
be about 1.72.

In reference to Example 2, calculate: E(X |Y = y)and E(Y | X = x).
DISCUSSION In Example 6, we have found that fyjy(x|y) = fx(x) =
re M7 (x > 0), and fyix(y %) = fr(y) = rae Y (y > 0), so that: E(X |Y =
Y= Jy xre ™ dx = 1/r, and E(Y | X = ) = [~ yrse ¥ dy = 1/1s, by
integration by parts, or simply by utilizing known results.

In reference to Example 4, calculate: F(X | Y =y)and E(Y | X =x).

DISCUSSION In Example 7, we have found that fyy(x|y) = ; Jy’ 0 <
x < /Y, so that

VI 32 3 (VO 3
E(XlY:y):/ x-idxz—/ Par=YY ooyl
0

NG YJY Jo 4
Also, frix(y|x) = Zy =Y. x? <y<1,sothat
b2y 2 [, 2(1 — 2%
E(YlX_x)_/xzy-l_ledy_1_x4/xydy 3(1 et 0<x<l1.

In reference to Example 8, calculate: E(X | Y =y)and E(Y | X =x).

DISCUSSION In Example 8(ii), we have found that fxy(x|y) = 0<

x<y<land fyx(y|x) = 12y“ 0 <x < y<1,sothat

yZ’

y 2 2 Y 2
0 Yy vy Jo 3
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and

1 1 !
2y 2 / 2d—2(1 ) 0<x<l.
x

E¥IX=0)= [y = [ vay= 5=
Now, for the discrete case, set g(y;) = E(X|Y = y;) and proceed to replace
y; by the r.v. Y. We obtain the r.v. g(Y) = E(X | Y), and then it makes sense to
talk about its expectation Fg(Y) = E[E(X|Y)]. Although the E(X |Y = y;)
depends on the particular values of Y, it turns out that its average does not,
and, indeed, is the same as the £ X. More precisely, it holds:

E[E(X|Y)]= EX and E[E(Y|X)]=EY. )

That is, the expectation of the conditional expectation of X is equal to its
expectation, and likewise for Y. Relation (4) is true both for the discrete and
the continuous case. Its justification for the continuous case, for instance, is
as follows:

We have g(Y) = E(X|Y) and therefore

Eg(Y) = /_ 9 Sfr(ydy = /_ EX |y fr(ydy

= /_ [ /_ xfxy(xly)dx] Jr(y)dy

o0 o0

= [ [ rreioswaniay= [ [ apere edy

= /: x|: /: Jxv(x, y)dy:| dx = /jo xfx(x)dx = EX;i.e.,

o0

Eg(Y) = E[E(X|Y)] = EX.

REMARK 1 However, Var[E(X|Y)] < Var(X) with equality holding, if and
only if Y is a function of X (with probability 1). A proof of this fact may be
found in Section 5.3.1 in the book A Course in Mathematical Statistics, 2nd
edition (1997), Academic Press, by G. G. Roussas.

Verify the first relation E[E(X | Y)] = EX, in (4) for Examples 4 and 8.

DISCUSSION By Example 7, fx(x) = 2t2?(1 — %), 0 < < 1, so that

L o91 21 ! ! 21
EX:/O x- sz(l—x“)dx: Z(/() xsdx—/o x7dx> =35

From Example 11, E(X|Y) = %, 0 < Y < 1, whereas, from Example 7,
Sr(w) =242/, 0 <y<1,sothat

13 21 21 ! 21
Yy
_\/_l._ﬁ yZﬂdy——B /0 yady—' =EX.

EIEX | V)] = /0 =
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(However, Var[E(X | Y)] = Var(%) = 2Var(VY) = Z[EY — (EVY)] =
2G3-D= 5% < 2 =Var(Y).)

Also, from Examples 12 and 8(ii), E(X | ¥) = %’, 0<Y <1 and fy(y) =
4y°, 0 < y < 1, EX = £ by Example 8, so that

2y 8 8
EE(X | Y)]_/O 3 Ay’ dy = 3/0 Yy dy= B =FX.
(However, Var[E(X | Y)] = Var(%) = gVar(Y) < Var(Y).)

In addition to the conditional expectation of X, given Y, one may define
the conditional variance of X, given Y, by utilizing the conditional p.d.f.
and formula (8) in Chapter 3; the notation to be used is Var(X | ¥ = y;)
or Var(X | Y = y) for the discrete and continuous case, respectively. Thus:

Var(X | Y = y) = Y o — EX | Y = y)P* frr@i | ), ®)
xiEN
and
Var(X | Y = y) = / [x— EQX | Y = )P fxv(x | y)da, (6)

for the discrete and the continuous case, respectively. The conditional vari-
ances depend on the values of the conditioning r.v., as was the case for the
conditional expectations. From formulas (5) and (6), it is not hard to see (see
also Exercise 2.20) that:

Var(X | Y = y)) = E(X*|Y = y) — [E(X | Y = ypF or

)
Var(X | Y = y) = EQX*|Y = y) - [E(X | Y = )T,

for the discrete and the continuous case, respectively.

m In reference to Example 8, determine Var(X | ¥ = y) by using the second

formula in (7).

DISCUSSION By (7),

Var(X |Y=y)=EX*|Y =y - [EX | Y =y
y 20\ 2
- / a2 i—‘fdx _ (g) (by Examples 8(ii) and 12)
0

2 (Y 4 Wy Ry

2.1 Refer to Exercise 1.1 and calculate the marginal p.d.f.’s fx and fy.

2.2 Refer to Exercise 1.2 and calculate the marginal p.d.f.’s fx and fy.
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2.3 If the joint p.d.f. of the r.v’s X and Y is given by the following table,
determine the marginal p.d.f.’s fx and fy.

y\x -4 -2 2 4
2 0 025 0 0
-1 0 0 0 0.25

1 025 0 0 0
2 0 0 025 0

2.4 The r.v’s X and Y take on the values 1, 2, and 3, as indicated in the
following table:
y\x 1 2 3

1 2/36  2/36  3/36
2 1/36  10/36  3/36
3 4/36  5/36  6/36

(i) Determine the marginal p.d.f.’s fx and fy.
(i) Determine the conditional p.d.f.’s fx;y(- | ¥) and fyx(: | x).

2.5 Ther.v.’s X and Y have joint p.d.f. fx y given by the entries of the following

table:
y\x 0 1 2 3

1 1/8 1716  3/16 1/8
2 V6 116 18 1/4
(i) Determine the marginal p.d.f.’s fy and fy, and the conditional p.d.f.

fX|Y(' | y)7 Y= 17 2.
(i) Calculate: EX, EY, E(X|Y = y), y = 1,2, and E[E(X| V)].

(iii) Compare EX and F[E(X | Y)].
(iv) Calculate: Var(X) and Var(Y).

2.6 Let the r.v.’s X and Y have the joint p.d.f.:

2
Jxy(x, y) = 1)

Then compute:
(i) The marginal p.d.f.’s fx and fy.
(i) The conditional p.d.f.’s fxy(: | ¥) and fy|x(- | ).
(iii) The conditional expectations F(X | Y = y) and E(Y | X = x).

Hint: Recall that: Y, ¢ = “®F0.
2.7 In reference to Exercise 1.3, calculate the marginal p.d.f.’s fx and fy.
2.8 Determine the marginal p.d.f.’s of the r.v.’s X and Y whose joint p.d.f. is
given by:
Jxy(@, y) = g(x+ ¥), 0<wx<l 0<y<Ll
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2.9 Let X and Y be two r.v.’s with joint p.d.f. given by:
Sxy(x, y) = ye ", 0<y<ux<oo.

(i) Determine the marginal p.d.f.’s fy and fy, and specify the range of
the arguments involved.
(i) Determine the conditional p.d.f.’s fxy(- | ¥) and fyx(- | x), and spec-
ify the range of the arguments involved.
(iii) Calculate the (conditional) probability P(X > 2log2|Y = log2),
where always log stands for the natural logarithm.

2.10 The joint p.d.f. of the r.v.’'s X and Y is given by:
fX,Y(‘x’ y) = xe_(x+y)y X > 07 Yy> 0.

(i) Determine the marginal p.d.f.’s fx and fy.
(i) Determine the conditional p.d.f. fy;x(: | x).
(iii) Calculate the probability P(X > log4), where always log stands for
the natural logarithm.

2.11 The joint p.d.f. of the r.v.’'s X and Y is given by:
1 _
fX,y(x,y)zéye . 0<x<oo, O0<y<?2

(i) Determine the marginal p.d.f. fy.
(ii) Find the conditional p.d.f. fxy(: | ¥), and evaluate it at y = 1/2.
(iii) Compute the conditional expectation E(X |Y = y), and evaluate it
aty = 1/2.

2.12 In reference to Exercise 1.4, calculate:
(i) The marginal p.d.f’s fx, fy, and the conditional p.d.f. fyx(:|x); in
all cases, specify the range of the variables involved.
(i) EYand E(Y | X = ).
(iii) E[E(Y | X)] and observe that it is equal to EY.
(iv) The probability P(Y > 1 | X < D).

2.13 In reference to Exercise 1.7, calculate:
(i) The marginal p.d.f.’s fx and fy.
(i) The conditional p.d.f’s fxy(: | ¥) and fy|x(: | 2).
(iii) The probability P(X < 1).

2.14 In reference to Exercise 1.8, determine the marginal p.d.f. fy and the
conditional p.d.f. fx;y(-|¥).

2.15 In reference to Exercise 1.9:
(i) Determine the marginal p.d.f.’s fx and fy.
(i) Determine the conditional p.d.f. fxy(: | ¥).
(iii) Calculate the EX and E(X |Y = v).
(iv) Show that E[E(X|Y)] = EX.
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2.16 In reference to Exercise 1.10, determine:
(i) The marginal p.d.f. fx.
(i) The conditional p.d.f. fyx(- | x).

2.17 In reference to Exercise 1.11, determine:
(1) The marginal p.d.f. fy.
(i) The conditional p.d.f. fx;y(- | y).
(iii) The marginal p.d.f. f¥.

2.18 (i) For a fixed y > 0, consider the function f(x, y) = e‘y%, x =
0, 1, ... and show that it is the conditional p.d.f. of a r.v., given that
anotherr.v. Y = y.

(i) Now, suppose that the marginal p.d.f. of Y is Negative Exponential
with parameter A = 1. Determine the joint p.d.f. of the r.v.’s X and Y.

(iii) Show that the marginal p.d.f. fx is given by:

1 x+1
fX(x)=(§> , x=0,1,....

2.19 Suppose the r.v. Y is distributed as P(1) and that the conditional p.d.f. of
arv. X, given Y = y, is B(y, p). Then show that:
(i) The marginal p.d.f. fx is Poisson with parameter Ap.
(i) The conditional p.d.f. fy;x(: | %) is Poisson with parameter 1q (with
q=1-—p)overtheset:x,x+1,....

2.20 (i) Let X and Y be two discrete r.v.’s with joint p.d.f. fx y. Then show
that the conditional variance of X, given Y, satisfies the following
relation:

Var(X|Y = y) = E(X*|Y = y;) — [E(X|Y = y)I*.

(i) Establish the same relation, if the r.v.’'s X and Y are of the continuous
type.

4.3 Expectation of a Function of Two r.v.’s, Joint and Marginal m.g.f.’s, Covariance,

and Correlation Coefficient

In this section, a function of the r.v.’s X and Y is considered and its expectation
and variance are defined. As a special case, one obtains the joint m.g.f. of X
and Y, the covariance of X and Y, and their correlation coefficient. To this end,
let g be a real-valued function defined on %?, so that g(X, Y) is a r.v. Then the
expectation of g(X, Y) is defined as in (6) in Chapter 3 except that the joint
p.d.f. of X and Y is to be used. Thus:

Eg(X, )= g, y)fxr(,y) or / / 9(x, Y).fx v (@, y)drdy,

XiEN, yje‘)'i

®)
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for the discrete and the continuous case, respectively, provided, of course, the
quantities defined exist. Properties analogous to those in (4) in Chapter 3 apply
here, too. Namely, for ¢ and d constants:

Elcg(X, V] =cEg(X,Y),  Elcg(X,Y)+d]=cEg(X,Y)+d. (9)
Also, if h is another real-valued function, then (see also Exercise 3.17):
g X, Y)<h(X,Y) implies Eg(X,Y)<Er(X,Y), (10)
and, in particular,
9(X) < h(X) implies Eg(X) < Eh(X). (1D

For the special choice of the function g(x, y) = e"*™2¥ i, reals, the
expectation Eexp(t; X + t2Y) defines a function in ¢, t5 for those ¢, 5 for
which this expectation is finite. That is:

My y(t1, t) = Ee"XH0Y, (ty, &2) € C € N2 (12)
Thus, for the discrete and the continuous case, we have, respectively,
Myy(h,t) =Y €' iy (i, yp), 13)
2 €N, Y eN
and
o0 o0
Mty = [ [ ey paedy, (14
—0o0 —o0

The function Mx y(:, -) so defined is called the joint m.g.f. of the r.v.’s X and
Y. Clearly, Mx y(0, 0) = 1 for any X and Y, and it may happen that C = {(0, 0)}
or C C %2 or C = R2. Here are two examples of joint m.g.f.’s.

Refer to Example 1 and calculate the joint m.g.f. of the r.v.’s involved.

DISCUSSION For any {1, t; € 0, we have, by means of (13):

3 3
Mxy(t, t2) =Y > e fy y(w, y)

x=0 y=0
= 0.05 + 0.20e” + 0.21e"" 4 0.26e"1" + 0.06e" 22 4 (0.08¢1 2
+0.07¢%1+2 4 0.03e?173% 4 0.02e30+22 4+ 0.02¢°1 3. (15)

Refer to Example 2 and calculate the joint m.g.f. of the r.v.’s involved.
DISCUSSION By means of (14), we have here:

o0 o0
Mx y(l, t2) = / / eNTTRY)  hpe MRV dx dy
o Jo

o0 o0
— / Ale—(kl—tl)xdx, / )Lze—(?»z—tz)ydy.
0 0
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But [, Are” 1T gy = —M—e ~Gamtrise = A P ,provided ti < A1, and like-
wise [j¥ Age (TR dy = 22
without integration by reca.lhng (Example 6) that the r.v.’s X and Y have the
Negative Exponential distributions with parameters A; and A3, respectively.)
Thus,

Al Ag
X
AM—U Ao —

My y(t1, &) = hh <Ay, t2 <2 (16)

In (12), by setting successively ¢tz = 0 and ¢; = 0, we obtain:
Mxy(h,0) = Ee"X = Mx(t1), ~ Mxy(0, ) = Ee®" = My(tz). ~ (17)

Thus, the m.g.f.’s of the individual r.v.’'s X and Y are taken as marginals from
the joint m.g.f. of X and Y, and they are referred to as marginal m.g.f.’s. For
example, in reference to (15) and (16), we obtain:

Mx(t) =0.25 +0.53e" +0.18e%1 +0.04¢%, ) € N, (18)
My(t2) = 0.26 + 0.54 €2 4 0.15€%2 4 0.05¢%2, 1y € N, (19)
and
A A
My(t)= —"—, ti<h, My(t)=—2—, tr<hs (20

AM—1 Ao — 1o

The joint m.g.f., as defined in (12), has properties analogous to the ones
stated in (12) of Chapter 3. Namely, for c;, ¢ and d;, dz constants:

My, xayerva,(hy 1) = e My y (et caty). 21

Its simple justification is left as an exercise (see Exercise 3.2).
In the present context, a version of the properties stated in (13) of Chapter
3, is the following:

0
ﬁMX v(t, )ly=t=0 = EX, a_tzMX,Y(tl, 2)ly=t,=0 = EY, (22)

and
2

a1 01y

provided one may interchange the order of differentiating and taking expec-
tations. For example, for (23), we have:
32 32

My y(t1, t)l5—t—0 = ——
TR x,v(t1, t2)ln=t,=0 T

32
E et1X+th |
0t1 0% hi=t;=0

= BXYOT| ) = B

——— Mxy(t1, 2)|t,=1,—0 = E(XY), (23)

EeththzY | R
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REMARK 2 Although properties (21) and (22) allow us to obtain moments
by means of the m.g.f.’s of the r.v.’s X and Y, the most significant property of
the m.g.f. is that it allows (under certain conditions) to retrieve the distribution
of the r.v.’s X and Y. This is done through the so-called inversion formula.

Now, select the function g as follows: g(x, y) = cx + dy, where ¢ and d are
constants. Then, for the continuous case:

B, V) = BeX +an) = [ [ e+ dyserts pazdy

—¢ / / wfx v (@, Ydrdy+ d / / Y fxy(@, ydrdy
—00 J —c0 —00 J —oc0

e [ Z [x ﬁ Z For@, y)dy}dx—i— d [ : [y [ : For(@, y)dx}dy

= c/ xfx(@x)dx + d/ yfr(x)dy =cEX + dEY;ie.,

o0 —0oQ
assuming the expectations involved exist:
E(cX+dY)=cEX+dEY, wherecandd are constants. 249

In the discrete case, integrals are replaced by summation signs. On account
of the usual properties of integrals and summations, property (24) applies to
a more general situation. Thus, for two functions g; and g3, we have:

E[g1(X, Y) + 92X, V)] = Eg1(X, Y) + Ega2(X, Y), (25)

provided the expectations involved exist.

Next, suppose the r.v.’s X and Y have finite expectations and take g(x, y) =
(x— EX)(y— EY). Thenthe Eg(X,Y) = E[(X — EX)(Y — EY)] is called the
covariance of the r.v.’s X and Y and is denoted by Cov(X, Y). Thus:

Cov(X,Y) = E[(X — EX)(Y — EY)] = E(XY) — (EX)(EY).  (26)

The second equality in (26) follows by multiplying out (X — EX)(Y — EY) and
applying property (25).

The variance of asingle r.v. has been looked upon as ameasure of dispersion
of the distribution of the r.v. Some motivation will be given subsequently to the
effect that the Cov(X, ¥) may be thought of as ameasure of the degree to which
X and Y tend to increase or decrease simultaneously when Cov(X, Y) > Oorto
move toward opposite directions when Cov(X, Y) < 0. This point is sufficiently
made by the following simple example.

Consider the events A and Bwith P(A)P(B) > Oandset X = Iyand Y = Igfor
the indicator functions, where I4(s) = 1if s € Aand I4(s) = 0if s € A°. Then,
clearly, EX = P(A), EY = P(B),and XY = Isnp, sothat E(XY) = P(AN B).
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[ EXAMPLE 18

It follows that Cov(X, ¥) = P(AN B) — P(A)P(B). Next,
P(AP(Y=1|X=1)—- P(Y=1)] = P(AN B)— P(A)P(B)

= CO’U(X, Y)r (27)
P(AY[P(Y = 0| X = 0) — P(Y = 0)] = P(A° N B°) — P(A°)P(B°)
— P(AN B) — P(A)P(B) = Cov(X, Y), 28)

P(AY[P(Y =1|X =0) — P(Y = 1)] = P(A° N B) — P(A°)P(B)

= —[P(AN B) — P(A)P(B)] = —Cov(X, 1), 29)
P(A[P(Y =0|X =1)— P(Y = 0)] = P(AN BY) — P(A)P(B")

= —[P(AN B) — P(A)P(B)] = —Cov(X, 1), (30)

(see also Exercise 3.3).

From (27) and (28), it follows that Cov(X, Y) > Oifand onlyif P(Y = 1| X =
D>PX¥=1,or PY=0|X=0)> P(Y =0). That is, Cov(X, ¥) > 0if and
only if, given that X has taken a “large” value (namely, 1), it is more likely that ¥’
does so as well than it otherwise would; also, given that X has taken a “small”
value (namely, 0), it is more likely that ¥ does so too than it otherwise would.
On the other hand, from relations (29) and (30), we see that Cov(X, Y) < 0 if
andonlyif P¥ =1|X=0)>PY =1),or P =0/X=1)> P(Y =0).
That is, Cov(X, Y) < 0 if and only if, given that X has taken a “small” value, it
is more likely for Y to take a “large” value than it otherwise would, and given
that X has taken a “large” value, it is more likely for Y to take a “small” value
than it otherwise would.

As a further illustration of the significance of the covariance we proceed to
calculate the Cov(X, Y) for the r.v.’s of Example 1.

Refer to Example 1 and calculate the Cov(X, Y).

DISCUSSION In Example 5, the (marginal) p.d.f.’s fx and fy were calcu-
lated. Then: FX = 1.01 and EY = 0.99. Next, the r.v. XY is distributed as
follows, on the basis of Table 4.1.

xy | 0 1 2 3 4 6 9
Jxy | 046 026 0.14 0 0.07 0.05 0.02

Therefore F(XY) = 1.3 and then, by formula (26), Cov(X, V) = 1.3—1.01 x
0.99 = 0.3001.

Here the covariance is positive, and by comparing the values of the con-
ditional probabilities in Example 5 with the appropriate unconditional prob-
abilities, we see that this is consonant with the observation just made that X
and Y tend to take simultaneously either “large” values or “small” values. (See
also Example 19 later.)
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THEOREM 1

The result obtained next provides the range of values of the covariance of
two r.v.’s; it is also referred to as a version of the Cauchy—Schwarz inequality.

(i) Consider the r.v’'s X and Y with EX = EY = 0 and Var(X) =
Var(Y) = 1. Then always —1 < E(XY) < 1, and E(XY) = 1 if and
onlyif P(X =Y)=1,and E(XY) = —1lifand only if P(X = -Y) = 1.
(ii) For any r.v.’s X and Y with finite expectations and positive variances
o2 and o2, it always holds:

—0x0y < CO’U(X, Y) < oxO0vy, (31)

and Cov(X, Y) = oxoy if and only if P[Y = EY + g—;(X —EX)] =1,
Cov(X,Y) = —oyxoy if and only if P[Y = EY — g—;(X —EX)] =1

PROOF

(i) Clearly, 0 < E(X —Y)? = EX? 4+ EY? — 2E(XY) = 2 — 2E(XY), so that
E(XY) < l;also,0 < E(X+Y)> = EX?+ EY? + 2E(XY) = 2 + 2E(XY),
so that —1 < E(XY). Combining these results, we obtain —1 < E(XY) < 1.
As for equalities, observe that, if P(X = Y) = 1, then E(XY) = EX? = 1,
and if P(X = —Y) = 1, then E(XY) = —EX? = —1. Next, E(XY) = 1 implies
E(X-Y)»? =0o0orVar(X—Y)=0.ButthenP(X—Y =0)=lorP(X =Y) =1
(see Exercise 2.4 in Chapter 3). Also, E(XY) = —1 implies E(X + Y)> = 0 or
Var(X +Y) =0, so that P(X = —Y) = 1 (by the exercise just cited).

(ii) Replace the r.v’s X and Y by the rv’s X* = =8 and y* = £ for
which EX* = EY* = 0 and Var(X*) = Var(Y™*) = 1 Then the mequahtles
—1 < E(X*Y*) < 1 become

_ISEKX—EX) (Y—EY)}Sl 32)
ox Oy

from which (31) follows. Also, E(X*Y*) = 1 if and only if P(X* = Y*) =
1 becomes E[(X — EX)(Y — EY)] = oxoy if and only if P[Y = EY + Z—;
(X — EX)] =1,and E(X*Y*) = —1if and only if P(X* = —Y*) = 1 becomes
E[(X - EX)Y — EY)] = —oxoy if and only if P[Y = EY — Z—;(X— EX) =1
A restatement of the last two conclusions is: Cov(X, Y) = oxoy if and only
if P[Y = EY + Z—;(X — EX)] = 1, and Cov(X, Y) = —oxoy if and only if
PlY =FEY — g—;(X—EX)] =1 A

From the definition of the Cov(X, Y) in (26), it follows that if X is measured
in units, call them a, and Y is measured in units, call them b, then Cov(X, Y) is
measured in units ab. Furthermore, because the variance of a r.v. ranges from
0 to oo, it follows from (31) that Cov(X, Y) may vary from —oo to co. These two
characteristics of a covariance are rather undesirable and are both eliminated
through the standardization process of replacing X and Y by =—= X=EX gng L=EY

Oy

By (32), the range of the covariance of these standardized r.v.’s fs the 1nterval
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[—1, 1]. This covariance is called the correlation coefficient of the r.v.’s X and
Y and is denoted by p(X, Y). Thus:

s = B (X2 B (V=)

_ CovX,Y) EXY)— (EX)(EY)

(33)
OxOy OxOy
Furthermore, by (32):
and, by part (ii) of Theorem 1:
p(X,Y) =1 if and only if P[Y =FEY + 2(X — EX)] =1, (35)
ox
p(X,Y) = —1 if and only if P[Y:E‘Y— 2(X—EX)] — 1 (36)
ox

The straight lines represented by y = EY + g—;(x — EX)and y = EY — g—;
(x — EX) are depicted in Figure 4.4.

Figure 4.4

Lines of Perfect
Linear Relation of x
and y EY + g—)’(’ EX —

Fromrelation (35), we have that p (X, ¥) = lifand onlyif (X, Y are linearly
related (with probability 1). On the other hand, from Example 17, we have that
Cov(X, Y) > 0if and only if X and Y tend to take simultaneously either “large”
values or “small” values. Since Cov(X, Y) and p(X, Y) have the same sign,
the same statement can be made about p(X, Y), being positive if and only if
X and Y tend to take simultaneously either “large” values or “small” values.
The same arguments apply for the case that Cov(X, Y) < 0 (equivalently,
p(X,Y) < 0). This reasoning indicates that p(X, Y) may be looked upon as a
measure of linear dependence between X and Y. The pair (X, Y) lies on the
line y = FY + g—;(x — EX)if p(X,Y) = 1; pairs identical to (X, Y) tend to be
arranged along this line, if (0 <)p(X, Y) < 1, and they tend to move further
and further away from this line as p(X, Y) gets closer to 0; the pairs bear no
sign of linear tendency whatever, if p(X, ¥) = 0. Rough arguments also hold
for the reverse assertions. For 0 < p(X,Y) < 1, ther.v.’'s X and Y are said to
be positively correlated, and uncorrelated if p(X, Y) = 0. Likewise, the pair
(X, Y) lies on the line y = EY — g—;(x — EX)if p(X, Y) = —1; pairs identical
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Figure 4.5

to (X, Y) tend to be arranged along this line if —1 < p(X, Y) < 0. Again, rough
arguments can also be made for the reverse assertions. For —1 < p(X, Y) < 0,
the r.v.’s X and Y are said to be negatively correlated.

Actually, a more precise argument to this effect can be made by consid-
ering the distance D of the (random) point (X, Y) from the lines y = EY £+
g—;(x — EX). It can be seen that:

202052
E D2 X%y
o2 + o2
X Y

A = [p(X, V)D. (31

Then one may use the interpretation of the expectation as an average and
exploit (37) in order to arrive at the same reasoning but in a more rigorous

way.
Yy Yy
o ° * ®e
i °
‘ . . ‘ ...
x x
(@ ®)
Yy Yy
° -.o °
° P oo... R
° [ o..
S RhE
x x
© (d)
Y
[ ] ')
o o e
L4 o.o°0.
LY °
x
(e)

As an illustration, let us calculate the p(X, Y) for Examples 1 and 8.

m In reference to Example 1, calculate the Cov(X, Y) and the p(X, Y).

DISCUSSION From Table 4.1, we find EX2 = 1.61, EY2 = 1.59. By
Example 18, EX =1.01, EY =0.99, so that Var(X) = EX? — (EX)* = 0.5899,
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THEOREM 2

Var(Y) = EY? — (EY)? = 0.6099. Since Cov(X, Y) = 0.3001 (by Example 18),

. — Covx,y) _ 0.3001 ~
we have: p(X, ¥) = VarcoVary) — +/0.5899x0.6099 — 0.5.

In reference to Example 8, calculate the Cov(X, V) and the p(X, Y).

DISCUSSION By Example 8(iii), Cov(X, Y) = E(XY) - (EX)(EY) = g —
8 4 _ 4 V11 NG
= 55 VVar(X) = ¥, vVar(Y) = {7, so that

Cov(X, Y) o 4

p(X, Y) = = = ~ 0.492.
VVar(X)/Var(Y) ¥L1L.Y5 /66

Let X and Y be two r.v.’s with finite expectations and equal (finite) variances,
andsetU =X+ Yand V = X — Y. Then the r.v.’s U and V are uncorrelated.

DISCUSSION Indeed,
EUV)=E[(X+Y)X-Y)] = E(X* - Y?) = EX* - EY?,
(EUY)EV) =[EX + D][EX - Y)]
= (EX+EY)EX —EY)=(EX)> - (EY)?,
so that
Cov(U, V)= E(UV) — (EU)EV) = [EX? — (EX)*] — [EY? — (EY)?]
= Var(X) — Var(Y) = 0.

Figure 4.5 illustrates the behavior of the correlation coefficient p(X, Y) of the
rv's X and Y. In (a), p(X, Y) = 1, the r.v.’s X and Y are perfectly positively
linearly related. In (b), p(X, ¥) = —1,ther.v.’s X and Y are perfectly negatively
linearly related. In (¢), 0 < p(X, Y) < 1, ther.v.’s X and Y are positively corre-
lated. In (d), —1 < p(X, Y) < 0, the r.v.’s X and Y are negatively correlated. In
(e), p(X, Y) =0, the r.v.’s X and Y are uncorrelated.

The following result presents an interesting property of the correlation
coefficient.

Let X and Y be r.v.’s with finite first and second moments and positive
variances, and let ¢y, ¢z, di, d2 be constants with ¢;cs # 0. Then:

pleiX+dy, coY +do)= £ p(X, Y), with+ if ¢jc2 > 0 and — if ¢;¢2 < 0.
(38)

PROOF  Indeed, Var(c; X + dy) = ¢2Var(X), Var(caY + dy) = ¢3Var(Y), and
Cov(c1X + dy, c2Y + d2) = E{[(ciX + di) — E(c1X + dD][(c2Y + d2) —
E(csY + do)]} = E[ci(X — EX)-co(Y — EY)] = c162E[(X — EX)(Y — EY)] =

c1¢2Cov(X, Y). Therefore p(c1 X + dyi, coY + do) = %, and the
conclusion follows. A
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m Let X and Y be temperatures in two localities measured in the Celsius scale,

and let U and V be the same temperatures measured in the Fahrenheit scale.
Then p(X, Y) = p(U, V), as it should be. This is so because U = gX + 32 and
V= gY + 32, so that (38) applies with the + sign.

This section is concluded with the following result and an example.

THEOREM 3
Fortwor.v.’s X and Y with finite first and second moments, and (positive)
standard deviations oy and oy, it holds:

Var(X +Y) = 02 + 02 4+ 2Cov(X, Y) = 02 + 02 + 20x0yp(X, ¥), (39)
and

Var(X+Y) = 0)2( + 012, if X and Y are uncorrelated. (40)

PROOF  Since (40) follows immediately from (39), and Cov(X, Y) = oxoy %
p(X,Y), it suffices to establish only the first equality in (39). Indeed,
Var(X+ V)= E[(X+Y)-EX + V) =E[(X - EX)+ E(Y — EV)]*
= E(X — EX?+ E(Y — EY)® + 2E[(X — EX)(Y — EY)]
=02 +o2+2000(X,Y). A

m Inreference to Examples 1 and 8 and by means of results obtained in Examples
19, 8(iii), and 20, respectively, calculate Var(X + Y).

DISCUSSION By (39),

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X, Y)

= 0.5899 + 0.6099 + 2 x 0.3001 = 1.8 for Example 1, and
11 2 9 4

1
= — — forE le 8.
2975 + 5 + or Example 8

99579

3.1 Let X and Y be the r.v.’s denoting the number of sixes when two fair dice
are rolled independently 15 times each. Determine the F(X + Y).

3.2 Show that the joint m.g.f. of two r.v.’s X and Y satisfies the following
property, where cy, co, di, and dy are constants.

dyt+dst
M, x 1,057 +d, (L1, 12) = €122 My y(c1ly, cal).
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3.3 Provide a justification of relations (28)—(30). That is:
(i) P(A°N B — P(AY)P(B°) = P(AN B) — P(A)P(B).
(i) P(A°NB) — P(A9)P(B)=—-P(ANB)+ P(A)P(B).
(iii) P(AN B%) — P(A)P(B°) = —P(AN B) + P(A)P(B).

3.4 Let X and Y be two r.v.’s with EX = EY = 0. Then, if Var(X — Y) =0, it
followsthat P(X =Y) = L, andif Var(X+Y) =0,then P(X = -Y) = L

Hint: Use Exercise 2.4 in Chapter 3.

3.5 In reference to Exercise 2.1 (see also Exercise 1.1), calculate:
(i) EX, EY, Var(X), and Var(Y).
(i) Cov(X, Y)and p(X, Y).
(iii) Decide on the kind of correlation of the r.v.’s X and Y.

3.6 Refer to Exercises 1.2 and 2.2 and calculate:
(i) EX, EY, Var(X), Var(Y).
(i) E(XY), Cov(X, Y).
(iii) p(X, ¥).
(iv) What kind of correlation, if any, do the r.v.’s X and Y exhibit?

3.7 In reference to Exercise 2.3:
(i) Calculate EX, EY, Var(X), and Var(Y).
(ii) Calculate Cov(X, Y) and p(X, Y).
(iii) Plotthe points (—4, 1), (-2, 2), (2, 2), and (4, —1), and reconcile this
graph with the value of p(X, Y) found in part (ii).

3.8 In reference to Exercise 2.4, calculate the following quantities:
() EX, EY, Var(X), and Var(Y).
(i) Cov(X, Y)and p(X, Y).

3.9 Refer to Exercise 2.5, and calculate the Cov(X, Y) and the p(X, Y).

3.10 Let X be ar.v. taking on the values —2, —1, 1, 2, each with probability 1/4,
and define ther.v. Y by: ¥ = X2. Then calculate the quantities: EX, Var(X),
EY, Var(Y), E(XY), Cov(X, Y), and p(X, Y). Are you surprised by the
value of p(X, Y)? Explain.

3.11 Refer to Example 8 and compute the covariance Cov(X, Y) and the cor-
relation coefficient p(X, Y). Decide on the kind of correlation of the r.v.’s
XandY.

3.12 In reference to Exercise 2.7 (see also Exercise 1.3), calculate:
(i) The expectations EX and EY.
(ii) The variances Var(X) and Var(Y).
(iii) The covariance Cov(X, Y) and the correlation coefficient p(X, Y).
(iv) Onthe basis of part (iii), decide on the kind of correlation of the r.v.’s
XandY.

3.13 In reference to Exercise 2.8, calculate:
(i) The expectations EX and EY.
(ii) The variances Var(X) and Var(Y).



4.4 Some Generalizations to kK Random Variables 137

(iii) The covariance Cov(X, Y) and the correlation coefficient p(X, Y).
(iv) Onthe basis of part (iii), decide on the kind of correlation of the r.v.’s
XandY.

3.14 Let X be a r.v. with finite expectation and finite and positive variance,
and set Y = aX + b, where a and b are constants and a # 0. Then show
that |p(X, Y)| = 1 and, indeed p(X,Y) = 1 if and only if a > 0, and
p(X,Y)=—1ifand only ifa < 0.

3.15 Forany twor.v’s X and Y,set U = X+ Y and V = X — Y. Then show
that:
i) PUV <0)=P(X| < |Y)D.
(ii) If EX? = EY? < oo, then E(UV) = 0.
(iii) If EX? < oo, EY? < oo and Var(X) = Var(Y), then the r.v.’s U and
V are uncorrelated.

3.16 Let X and Y ber.v.’s with finite second moments EX?, EY? and Var(X) >
0. Suppose we know X and we wish to predict Y in terms of X through the
linearrelationship ¥ = o X + 8, where « and § are (unknown) constants.
Further, suppose there exist values @ and ,3 of o and S, respectively,
for which the expectation of the square difference [Y — (X + p)]? is
minimum. Then ¥ = &X + f is called the best linear predictor of Y
in terms of X (when the criterion of optimality is that of minimizing
E[Y — (@X + B)]? over all « and ). Then show that & and 8 are given as
follows:

6="pX, V), p=EY-aEX,
ox
where ox and oy are the s.d.’s of the r.v.’s X and Y, respectively.

3.17 Justify the statement made in relation (10), for both the discrete and the
continuous case.

4.4 Some Generalizations to kX Random Variables

If instead of two r.v.’s X and ¥ we have k r.v.’s Xi, ..., X}, most of the con-
cepts defined and results obtained in the previous sections are carried over
to the k-dimensional case in a straightforward way. Thus, the joint proba-
bility distribution of (X, ..., X;), to be denoted by Py, . x,, is defined by:
Py, x,(B)=P[(Xy,...,Xy) e B], BC R = R x--- xR (k factors), and their
Joint d.f is: Fx,  x, (21, ..., %) = P(X1 <21, ..., X <), 21, ..., % € N
The obvious versions of properties #1 and #3 stated in Section 4.1 hold here
too; also, a suitable version of property #2 holds, but we shall not insist on
it. The joint p.d.f. of Xy, ..., X} is denoted by f¥, . x, and is defined in an
obvious manner. Thus, for the case the r.v.’s X, ..., X; are discrete taking
on respective values xy;, ..., %, we have fx,  x, (v, ..., %) = P(X; =
X1, - . ., Xr = a;) and 0 otherwise. Then, for B € %, P[(Xy, ..., X;) € B] =
> fxy,..x. (@, - .., 2), where the summation extends overall (%, ..., ) € B.
For the continuous case, the joint p.d.f. is a nonnegative function such that
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Fy, .x.(x, ..., o) = [ - [ fx,.x(, ..., t)dt ... dt. It follows that

for B € %% (where you may interpret B as a familiar geometric figure in

") P[(X1,...,Xx) € Bl = [+ [ fx,..x. (21, ..., %)d . ..dxg. As in the
——

B
2-dimensional case, ﬁFXhm,Xk(xl, o) = Ix,,..x.(0, ..., 2) (for con-
tinuity points (%, ..., %) of fx, . x,)- In the next subsection, three concrete
examples will be presented, one for the discrete case, and two for the contin-
uous case. In the present k-dimensional case, there are many marginal d.f.’s
andp.d.f’s. Thus, ifin F, _x, (2, ..., 2), t of the &s, xj, . . ., x;, are replaced
by +oo (in the sense they are let to tend to +00), then what is left is the
marginal joint d.f. of the rv’s X;, ..., X;, Fx, . x,, where s + ¢ = k. Like-
wise, if in fx,  x, (%1, ..., %), %}, ..., %; are eliminated through summation
(for the discrete case) or integration (for the continuous case), what is left
is the marginal joint p.d.f. of the rv's X;, ..., X;, inl, ..., Xj,. Combining
joint and marginal joint p.d.f.’s, as in the 2-dimensional case, we obtain a variety
of conditional p.d.f.’s. Thus, for example,

le,...,Xk(xI) CER) xk)
fX,,-,l,m,X;S (xip ) xlﬁ)

Xy X Xy X Ty s X [ Xy ooy X)) =

Utilizing conditional p.d.f.’s, we can define conditional expectations and con-
ditional variances, as in the 2-dimensional case (see relations (2), (3) and (5),
(6)). For a (real-valued) function g defined on %*, the expectation of the r.v.
9(X1, ..., Xi)is defined in a way analogous to that in (8) for the 2-dimensional
case, and the validity of properties (9) and (10) is immediate. In particular,
provided the expectations involved exist:

EeiXi+ - 4+egXpy+d)=cEX1+ -+ EX; + d,
ci, ..., Cg, d constants.  (41)

By choosing g(xy, ..., ;) = exp(tixy + - - - + Gag), L, ..., i € N, the resulting
expectation (assuming it is finite) is the joint m.g.f. of X1, ..., Xi; i.e.,

My, . x,(t, ..., 1) = Beh M1t TiX (i, ..., 4) € C < R-. (42)

The appropriate versions of properties (21) and (23) become here:

Mo ity oira (T, -y ) = eDOTFWIDL -y (it -, Crly), (43)
where ¢, ..., ¢y and dy, . .., di are constants, and:
gt u B N .
FT R T X Wy = E(X]" ... X)), (44)
for > 0 integers ny, ..., 1.

REMARK 3 Relation (44) demonstrates the joint moment generating prop-
erty of the joint m.g.f. The joint m.g.f. can also be used for recovering the joint
distribution of the r.v.’s X7, ..., X} as indicated in Remark 2.
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Finally, the appropriate versions of relations (39) and (40) become here,
by setting 03 = Var(X;), i=1,...,k:

k
Var(Xy + -+ X) =Y o5 +2 Y Cou(X; X))
i=1

1<i<j<k
k
= 20')2(1_ +2 Z ox,0x,p(Xi, X;), (45)
im1 1<izj<k

and

k
Var(X; + -+ Xi) = Z o)z(i if the X;’s are pairwise uncorrelated; (46)

i=1

ie., p(X;, X;) =0fori # j.

4.1 If the rv’s Xi, Xo, X3 have the joint p.d.f. fx x,x, (21, 22, ) =
cde~tutts) g 5 0, 29 > 0, 23 > 0 (¢ > 0), determine:
(i) The constant c.
(i) The marginal p.d.f’s fx,, fx,, and fx,.
(iii) The joint conditional p.d.f. of X; and X5, given Xj.
(iv) The conditional p.d.f. of X}, given X, and Xs.

4.2 Determine the joint m.g.f. of the rv’s X, X, X3 with p.df
Sx1. %05, (X1, T2, X3) = PemC@HRFT) gy 5 0 29 > 0, 23 > 0 (¢ any positive
constant, see also Exercise 4.1).

4.3 (Crameér-Wold devise) Show that if we know the joint distribution of the

rv.’s Xi, ..., X,, then we can determine the distribution of any linear com-
bination ¢; X; + - - - + ¢, X, of Xy, ..., X,,, where ¢y, ..., ¢, are constants.
Conversely, if we know the distribution of all linear combinations just
described, then we can determine the joint distribution of Xi, ..., X,.
4.4 If the r.v’s X3, ..., X,, and Y7, ..., Y, have finite second moments, then

show that:

m n m n

Cov (Z Xi, Y Yj) = Cov(X;, Yy).
i=1 j=1 i=1 j=1

4.5 The Multinomial, the Bivariate Normal, and the Multivariate Normal Distributions

In this section, we introduce and study to some extent three multidimen-
sional distributions; they are the Multinomial distribution, the 2-dimensional
Normal or Bivariate Normal distribution, and the k-dimensional Normal
distribution.
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-I 4.5.1 Multinomial Distribution

A multinomial experiment is a straightforward generalization of a binomial
experiment, where, instead of 2, there are k (mutually exclusive) possible
outcomes, Oy, ..., Ok, say, occurring with respective probabilities py, ..., py.
Simple examples of multinomial experiments are those of rolling a die (with
6 possible outcomes); selecting (with replacement) r balls from a collection
of n; + - - - 4+ ny, balls, so that n; balls have the number 7 written on them, 7 =
1, ..., k; selecting (with replacement) r objects out of a collection of objects
of which n; are in good condition, ny have minor defects, and 73 have serious
defects, etc. Suppose a multinomial experiment is carried out independently
n times and the probabilities py, ..., pr remain the same throughout. Denote
by X; the r.v. of the number of times outcome O; occurs, 7 = 1, ..., k. Then
the joint p.d.f. of X1, ..., X}, is given by:

n! )
Jx,ox (o, L, ) = mpfl . p;f’", 47

where xy, ..., x; are > 0 integers with x; + --- + 2 = mn, and, of course,
O<pi<l,i=1,...,k p1+---+ pr = L. The distribution given by (47)
is the Multinomial distribution with parameters n and py, ..., pr, and the
r.v.s X, ..., X; are said to have the Multinomial distribution with these pa-
rameters. That the right-hand side of (47) is the right formula for the joint
probabilities P(X; = 1, ..., Xy = ax) ensues as follows: By independence,
the probability that O; occurs n; times, ¢ = 1, ..., k, in specified positions,
is given by: p;' ... p;* regardless of the positions of occurrence of O;’s. The
different ways of choosing the n; positions for the occurrence of O;, i =
1, ..., k, is equal to: (:fl)(";z”l) e ("_"1_1;_""*1). Writing out each term in fac-
torial form and making the obvious cancellations, we arrive at: n!/(2;! . .. x;!)
(see also Exercise 5.1). For illustrative purposes, let us consider the following
example.

Im A fair die is rolled independently 10 times. Find the probability that faces

#1 through #6 occur the following respective number of times: 2, 1, 3, 1, 2,
and 1.

DISCUSSION By letting X; be the r.v. denoting the number of occurrences
of face?,7 =1, ..., 6, we have:

10! 4,725
21,31,21)=——(1/6)' = ———"__ ~ (.003.
S %62 1,3, 1,2, 1) = grnans (1/6) 1,889,568

In a Multinomial distribution, all marginal p.d.f.’s and all conditional p.d.f.’s
are also Multinomial. More precisely, we have the following result.
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THEOREM 4
Let Xi, ..
P, ..., and for 1 <s < k,letl <4 < 49 < ---
n— Xy +--+X)andq =1—(p; + -+ p;). Then:

(i) Therv’s X;, ..., X;, Y are distributed Multinomially with parame-
tersnand p;, ..., Di, q-

(ii) The conditional joint distribution of X, ..., X}, given X;, = &3, ...,
X;, = x;,, is Multinomial with parameters n—r and pj;, /q, ..., p; /4,
wherer = x; +---+x;, and{ =k —s.

., X; be Multinomially distributed with parameters n and
<% <k Y=

PROOF

(1) For > Ointegers x;, ..., x;, witha; +--- 4+ x;, =7 < n, we have:

inl,...,XiS(xily ey xis) = P(X’L'l =Liyy oy Xis = xis)
=P()(,j1 :x,;l,...,Xis ins,YZW—T‘)
n! L Lig n—r
= »;tp” .
2l alm— P Pt

(ii) For > 0 integers x;,, ..., x;, with x;, + - -- + x5, = n—r, we have:

flewquj, ‘Xl'p""Xis (‘%l].l’ MR xjt |‘%l7./1’ ) ‘%.?5)
= P(le = Xj, ...,Xj, :xj,,|Xi1 = Xy, ~--,Xis :xis)
= P(le = Xj, ...,Xj' ijinl = Xij, ,Xk =x74)/
PX; =xy, ..., X5, =2)
— i1 Jt Uil Lis
_x.l...x.lx.l...x.lpjl Py X Py Py
Jr Je e 15°

< .
xy ' (n—

(-7

!
= o LA/ (i A

.
A

Li Lis  n—r
1’)!pi11 bt )

In reference to Example 24, calculate: P(Xe: = Xy = Xg = 2) and P(X; =
Xs=1,X5=2| X2 = Xy = X =2).

DISCUSSION Heren =10, r = 6, p2=p4=p6=%andq =1—3§= %

Thus:

P(X; =X, =X =2)

100 /1\*/1\* 472
=—0 - — = 77 > ’:0025,
o141 \6/) \ 2 186,624
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and:

4 /1/6\* 4
PXi=Xs=1,X=2|Xs=X4=X4=2)=—— (=) =—~0.148.
X1 =X3=1X=2|Xp =Xy =X=2) 1!1!2!<1/2> 57

In a genetic experiment, two different varieties of a certain species are crossed

and a specific characteristic of the offspring can occur only at three levels, A,

B, and C, say According to a proposed model, the probabilities for A, B, and

C are 112, 15, and 182, respectively. Out of 60 offspring, calculate:

(i) The probability that 6, 18, and 36 fall into levels A, B, and C, respectively.

(ii) The (conditional) probability that 6 and 18 fall into levels A and B, respec-
tively, given that 36 falls into level C.

DISCUSSION

8

() Formula (47) applies with n = 60,k =3, p1 = &, p2 = =, P3 = 3, 11 =

6, xo = 18, x3 = 36 and yields:

60! 1\%/3\®/ 8\
P(X; =6, X = 18, X3 = 36) = W(E) <ﬁ) (ﬁ) ~0.011.

(ii) Here Theorem 4(ii) applies withs = 1, ¢ = 2, a3, = 23 = 36, x;, = 11 =
6, xj, = 22 = 18, r = 36,sothatn—r =60—-36 =24, ¢ = 1-p3=1-3 = 1,
and yields:

P(X, = 6, Xy = 18/X; — 36) = .~ (%)m (@)xz

217! q
6,5\ 18
6'18' %
CAYAVEL S
~\6/\4/) \4
= 0.1852 (from the Binomial tables).

An application of formula (42) gives the joint m.g.f. of X1, ..., X asfollows,
where the summation is over all > 0 integers xy, ..., x; wWithx; + - - - + 2, = n:

n! .

et i

MXl,,,,,Xk(tl, oo lp) = E el t"xkx pl e pk‘
l

=) e (e
Xre.n.
= (e + -+ pee); e,

My, x,(, ..., ) = (pe" + -+ pe®)", i, ..., e (48)

By means of (44) and (48), we can find the Cov(X;, X;) and the p(X;, X;)
forany 1 <i < j < k. Indeed, EX; = np;, EX; = np;, Var(X;) = np;(1 — p;),
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Var(X;) = np;(1 — p;) and E(X;X;) = n(n — 1) p; p;. Therefore:
Cov(X;, X;) = —npip; and  p(X;, X;) = —[pip;/(1 — p)(1 — p)]'?
(49)

(see Exercise 5.4 for details).

-I 4.5.2 Bivariate Normal Distribution

Figure 4.6

Graphs of the p.d.f. of
the Bivariate Normal
Distribution: (a)
Centered at the Origin;
(b) Centered Elsewhere
in the (x, y)-plane

The joint distribution of the r.v.’s X and Y is said to be the Bivariate Normal
distribution with parameters 11, e in N, o1, o9 positive and p € [—1, 1], if the
joint p.d.f. is given by the formula:

1
fX,Y(xa y) = —e_q/zv X, Y € gta (50)

2mo1094/1 — p2?

where

g L 2[(x—m>2_2p<x—m>(y—u2)+<y—u2>2] 61)
1—p o1 o1 op) 02

This distribution is also referred to as 2-dimensional Normal. The shape of
Jx,v looks like a bell sitting on the xy-plane and whose highest point is located

at the point (111, ne, 1/(2mo102v/1 — p2)) (see Figure 4.6).

Jxy(@ y) Jxy(@, y)

A
A\
SN

.

RN
R

Vi d,
770% “}\\‘“
AR

A\
O
S

@ (b)

That fx,y integrates to 1 and therefore is a p.d.f. is seen by rewriting it in a
convenient way. Specifically,

(x—m)z_zp(x—m)(y—ug)+<y—u2>2
o1 o1 (op) 02
2 2 2
_ (y—uz> _2<px—m><y—uz>+<px—m) +(1_pz)<x—m>
o} o1 09 o1 o1
2 2
z[(y—m)_(px—m)} +(1_p2)<$—m) . 52)
(o] o1 01
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Furthermore,
Y— U2 r—pnr  Yy—pz 1 x— uy
—p = — — po3
02 o1 02 02 o1
1 PO
= —{y— [Mz +—@- m)“

(op) o1
y—>b

[0
= L where b, = ug + poz 2(90— 1)
02 o1

(see also Exercise 5.6).
Therefore, the right-hand side of (52) is equal to:

— b\ x — 2
(y x) +(1—/02)< Ml) ,
02 o1
and hence the exponent becomes:
L@ @b
207 2(02y/1—p?)?

Then the joint p.d.f. may be rewritten as follows:

__ —ba)?

e 2Anavi-oH?, (53)

1 _ @-up?
202

: 1

= — T .

fX,Y(x, y) \/%O'Ie \/%(02 /;1 — pz)

The first factor on the right-hand side of (53) is the p.d.f. of N(u1, 012) and the

second factor is the p.d.f. of N(b,, (02/1 — p?)?). Therefore, integration with

respect to y produces the marginal N(u, 012) distribution, which, of course,

integrates to 1. So, we have established the following two facts: > [
Sry(@, y)dvdy = 1, and

X ~ N(p1,0t), and, by symmetry, ¥ ~ N(us, 03). (54)

The results recorded in (54) also reveal the special significance of the param-
eters i1, o2 and us, 0. Namely, they are the means and the variances of the
(normally distributed) r.v.’s X and Y, respectively. Relations (53) and (54) also
provided immediately the conditional p.d.f. fy|x; namely,

1 o (y_ bx)2 i|
V2m(o2y/1 = p2)? exp[ 2021 — p2)2 )

Thus, in obvious notation:

Jrix(y/x) =

(o
YIX =0~ Nl 01—, be=pa+"@—p),  (5)
1
and by symmetry:
foles
X|Y =y~ Ny @V1=pD),  by=m+ " Z@—n).  (6)

In Figure 4.7, the conditional p.d.f. fyx(- | x) is depicted for three values of
x:2x =5,10, and 15.
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Figure 4.7

Conditional
Probability Density
Functions of the
Bivariate Normal
Distribution

Formulas (53), (54), and (56) also allow us to calculate easily the covariance
and the correlation coefficient of X and Y. Indeed, by (53):

o0

E(XY) = / / oy S v (s, y)dwdy = / xfx(x)[ / yfnx(ylx)dy} dac

o) 0o 003
= / Xfx(X)by dx = / fo(x)[Mz +— (- Ml)} dx
—o0 —00 01
= Ui1U2 + pO102
(see also Exercise 5.7). Since we already know that EX = u;, EY = po, and
Var(X) = o2, Var(Y) = o3, we obtain:
Cov(X,Y) = E(XY) — (EX)(EY) = pij2 + po102 — itz = po102,

and therefore p(X, Y) = 222 = p. Thus, we have:

0102
Cov(X,Y) = pojoz and p(X,Y)=p. (6D

Relation (57) reveals that the parameter p in (50) is, actually, the correlation
coefficient of the r.v.’s X and Y.

If the r.v.’s X; and X, have the Bivariate Normal distribution with parameters

Hi, 2, of, 022, and p:

(i) Calculate the quantities: E(c1X; + ¢2X3), Var(c1 X1 + c2X2), where ¢y, ¢
are constants.

(i) How the expression inpart (i) becomes for: 11 = —1, us = 3, 0f = 4, 0% =
9,and p = 1?

DISCUSSION

(i) E(c1X14+c2Xo)=c1EX1+coEX2=ciuu1 +cats, since X; ~ N (u;, 01-2), SO
that £X; = u;, 1 =1, 2. Also,

Var(c1 X1 + c2X2) = cioy, + 3oy, + 2c1¢20x,0x,0(X1, X2)  (by (32)

2.2, 2 2
= cjo] + c505 + 2c1c20102p,
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since X; ~ N(u;, o), so that Var(X;) = o2, = 1,2, and p(X3, X2) = p, by
(GYSX

(ii) Here E(c1 X1 + c2X2) = —c;1 + 3ce, and Var(c; X + c2X3) = 4c; + 9Yco +
20102 X 2 x 3 x % =4c¢q + 9c¢s + 6c1C9.

Finally, it can be seen by integration that the joint m.g.f. of X and Y is given
by the formula:

1 )
Mxyy(tl, t2) = exp [Mltl + wats + §(O’i2t12 + 2pooatily + 02215;)], ty, ta € M;

(58)

we choose not to pursue its justification (which can be found, e.g., in pages
158-159, in the book “A Course in Mathematical Statistics,” 2nd edition (1997),
Academic Press, by G.G. Roussas). We see, however, easily that

d
gMX,Y(tI, t2) = (u1 + ot + po1o2ta) Mx, v (1, t2),
1

and hence:
2
FYTS x,y(t1, t2) = poroaMx,y(t, t2) + (11 + oit + po102t3)
1013
x (2 + o2ty + poroaty) Mx y(t, t2),

which, evaluated at t; = &3 = 0, yields: pojos + uius = E(XY), as we have
already seen.

-l 4.5.3 Multivariate Normal Distribution

The Multivariate Normal distribution is a generalization of the Bivariate Nor-
mal distribution and can be defined in a number of ways; we choose the one
given here. To this end, fork > 2, let u = (i1, . .., ux) be a vector of constants,
and let X be a k x k nonsingular matrix, so that the inverse X! exists and
the determinant | 3| # 0. Finally, set X for the vector of r.v.’s X7, ..., Xj; i.e.,
X=(X,,...,Xp)andx = (21, ..., ;) for any point in %t*. Then, the joint p.d.f.
of the X;’s, or the p.d.f. of the random vector X, is said to be Multivariate
Normal, or k-Variate Normal, if it is given by the formula:

1
fx(x) = exp [—é(x —wE - W], xedt,

1
(zn)k/2|2|1/2
where, it is to be recalled that “” stands for transpose.

It can be seen that: EX; = u;, Var(X;) = o? is the (i, 9)th element of X,
and Cov(X;, X;) is the (¢, y)th element of 3, so that p = (EXy, ..., EX})
and ¥ = (Cov(X;, X)), 4, j = 1, ..., k. The quantities ;1 and 3 are called the
parameters of the distribution. It can also be seen that the joint m.g.f. of the
X;’s, or the m.g.f. of the random vector X is given by:

1
Mx(t) = exp (ut’ + §t§]t’>, t e NE.
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The k-Variate Normal distribution has properties similar to those of the
2-dimensional Normal distribution, 2and the latter is obtained from the former
by taking g = (i1, 2) and 3 = (p;lazpjgz), where p = p(X1, X3).

More relevant information can be found, e.g., in Chapter 18 of the reference
cited in the discussion of Example 27.

5.1 Show that

n n—n; N—ng — - — Np_1 n!
n N2 Ny - m!ng! .. nk'

5.2 In a store selling TV sets, it is known that 256% of the customers will
purchase a TV set of brand A, 40% will purchase a TV set of brand B, and
35% will just be browsing around. For a lot of 10 customers:

(i) What is the probability that 2 will purchase a TV set of brand A, 3 will
purchase a TV set of brand B, and 5 will purchase neither?

(ii) Ifitis known that 6 customers did not purchase a TV set, what is the
(conditional) probability that 1 of the rest will purchase a TV set of
brand A and 3 will purchase a TV set of brand B?

5.3 Human blood occurs in 4 types termed A, B, AB, and O with respective
frequencies p4 = 0.40, pp = 0.10, pap = 0.05, and pp = 0.45. If n
donors participate in a blood drive, denote by X 4, X5, X4, and X¢ the
numbers of donors with respective blood types A, B, AB, and O. Then
X4, X, Xap, and X are r.v.’s having the Multinomial distribution with
parameters nand pa, pg, Pap, Po. Write out the appropriate formulas for
the following probabilities:

(1) P(Xa = x4, Xp = 2B, Xap = aB, Xo = %o) for x4, xp, x4p, and
Xo nonnegative integers with x4 + xp + Xap + xo = n.
(i) P(X4 = x4, Xp = xB, Xap = Zap).
(lll) P(XA = XA, XB = .Z'B).
(iv) P(Xa = 2).
(V) P(Xa =24, Xp = xp, Xap = 2ap | Xo = %0).
(Vi) P(X4 = x4, Xp =2 | Xap = %ap, Xo = X0).
(vii) P(X4 =24 | Xp = xp, Xap = Zap, Xo = %0).
(viii) Give numerical answers to parts (i)—(vii), if n = 20, and x4 =
8,.’1)3=2,.7€AB= 1,.%‘0 =09.

5.4 In conjunction with the Multinomial distribution, show that:
EX; =np;, EX; = np;, Var(X;) = npi(1 — p;), Var(X;) = np;(1 — py),
DiDj

Cov(X;, Xj) = —mp;p; and p(X;, X;) = — i — pop (L= Pl
i i)Dj j
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5.5 Refer to Exercises 5.3 and 5.4, and for n = 20, calculate the quantities:
EXy, EXp, EXpp, EXo; Var(Xy), Var(Xp), Var(Xap),
Var(Xo);, Cov(Xa, XB), Cov(Xa, Xap), Cov(Xa, Xo);
p(Xa, Xp), p(Xa, Xap), p(Xa, Xo).

5.6 Elaborate on the expressionsin (51), as well as the expressions following
GD.

5.7 If the r.v.’s X and Y have the Bivariate Normal distribution with parame-
ters 1, pa, 07, 02, and p, show that E(XY) = puiu2 + po10s.

Hint: Write the joint p.d.f. fxy as fyx(¥|2)fx(x) and use the fact
(seerelation (b4d))that E(Y | X =x) = by = s + ”U—”f(x — 1)

5.8 If the r.v.’s X and Y have the Bivariate Normal distribution, then, by
using Exercise 5.7, show that the parameter p is, indeed, the correlation
coefficient of the r.v.’s X and Y, p = p(X, Y).

5.9 If the r.v.’s X and Y have the Bivariate Normal distribution, and ¢y, ¢,
are constants, express the expectation E(c; X + ¢2Y) and the variance
Var(c1 X + c2Y) interms of ¢, ¢z, u1 = EX, uy = EY, 0f = Var(X), o3 =
Var(Y),and p = p(X, Y).

5.10 If the r.v.’s X and Y have the Bivariate Normal distribution, then it is
known (see, e.g., relation (11) on page 158 in the book A Course in
Mathematical Statistics, 2nd edition (1997), Academic Press, by G.G.
Roussas) that the joint m.g.f. of X and Y is given by:

My y(t1, )= exp [,ultl + sty + %(aft? +2porostyty + agtg)], t, ty € 9.
Use this m.g.f. in order to show that:

EX =1, EY = ps, Var(X) = o, Var(Y) = o2,

Cov(X,Y) = poi1os, and p(X,Y) = p.

5.11 Use the joint m.g.f. of the r.v.’s X and Y having a Bivariate Normal distri-

bution (see Exercise 5.10) in order to show that:

(i) If X and Y have the Bivariate Normal distribution with parameters
1, k2, 02, o5, and p, then, for any constants ¢; and ¢z, the r.v. ¢; X +
c2Y has the Normal distribution with parameters c;u; + couo, and
cio? 4 2¢102p0103 + o

(ii) Ifther.v.c; X+cyY is Normally distributed, thenther.v.’s. X and Y have
the Bivariate Normal distribution with parameters u; = EX, us =
EY, 0} = Var(X), 0% = Var(Y), and p = p(X, Y).

5.12 Consider the function f defined by:

1 _xz+y2 .
s-e~ =z , for (x, y) outside the square [—1, 1] x[—1, 1
. y)z{zln o) quare [1, 1]x[~1, 1]

—E 1
%e : 2me

2393, for (x, y) in the square [—1, 1] x [—1, 1].
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(i) Show that f is a non-Bivariate Normal p.d.f.
(ii) Also,show thatboth marginals, callthem f; and f3, are N(0, 1)p.d.f.’s.

Remark: We know thatif X, ¥ have the Bivariate Normal distribution,
then the distributions of the r.v.’s X and Y themselves are Normal. This
exercise shows that the inverse need not be true.

5.13 Let the r.v.’s X and Y have the Bivariate Normal distribution with param-
eters 1, u2, of, o5, and p, and set U = X + Y, V = X — Y. Then show
that:

(i) The r.v.’s U and V also have the Bivariate Normal distribution with
parameters i + ia, (L1 — [, TE = 02 + 2p0102 + 05, 15 = 0f —
2po109 + 022, and pg = (012 - 022)/111:2.

(i) U ~ N(uy + pa, 19, V. ~ N(uy — pa, 3).
(iii) The r.v.s U and V are uncorrelated if and only if 07 = o2.



Chapter 5

Independence of
Random Variables
and Some Applications

This chapter consists of two sections. In the first section, we introduce the
concept of independence of r.v.’s and establish criteria for proving or disprov-
ing independence. Also, its relationship to uncorrelatedness is discussed. In
the second section, the sample mean and the sample variance are defined, and
some of their moments are also produced. The main thrust of this section,
however, is the discussion of the reproductive property of certain distribu-
tions. As a by-product, we also obtain the distribution of the sample mean and
of a certain multiple of the sample variance for independent and Normally
distributed r.v.’s.

5.1 Independence of Random Variables and Criteria of Independence
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In Section 4 of Chapter 2, the concept of independence of two events was
introduced and it was suitably motivated and illustrated by means of examples.
This concept was then generalized to more than two events. What is done in
this section is, essentially, to carry over the concept of independence from
events to r.v.’s. To this end, consider first two r.v.’s X; and X, and the events
induced in the sample space S by each one of them separately as well as by
both of them jointly. That is, for subsets B;, Bs of i, let:

A =X, € B) = X{'(B)) = s € §; Xi(s) € By}, (D
Ay = (X2 € By) = X;'(Bo) = {s € S; Xa(s) € Ba), )
A = (X1, X2) € By x By) = (X1 € Bl &Xs € By) = (X1, X2) " }(By x By)

={s € S; X1(s) € Bias Xs(s) € Bo} = A1 N As. 3)
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THEOREM 1

Then the r.v.’s X, X, are said to be independent if, for any B; and B as before,
the corresponding events A; and Ay are independent; that is, P(A; N As) =
P(A1)P(A2). By (1)-(3), clearly, this relation is equivalent to:

P(Xl € Bl, X2 € Bz) = P(Xl € Bl)P(Xz S Bz). (4)
This relation states, in effect, that information regarding one r.v. has no effect
on the probability distribution of the other r.v. For example,
P(Xl € Bl, X2 (S Bz)
P (X2 S Bg)
_ P(X; € B))P(X; € By)
N P (Xz S Bg)

Relation (4) is taken as the definition of independence of these two r.v.’s, which
is then generalized in a straightforward way to k r.v.’s.

P(Xl € Bl|X2 € Bg) =

= P(Xl [S Bl)

DEFINITION 1
Twor.v.’s X7 and X, are said to be independent (statistically or stochas-
tically or in the probability sense) if, for any subsets B; and Bs of i,

P(Xl € Bl, X2 € Bz) = P(Xl € Bl)P(Xz € Bz)

The r.v.’s X, ..., X} are said to be independent (in the same sense as
above) if, for any subsets By, ..., B; of )i,

k
P(X;eB,i=1,....,k) =[] P(X; € B). (5)
=1

Nonindependent r.v.’s are said to be depemient.

The practical question which now arises is how one checks independence
of k given r.v.’s, or lack thereof. This is done by means of the following cri-
terion referred to as the Factorization Theorem because of the form of the
expressions involved.

(Criterion of independence, Factorization Theorem) For k > 2,
ther.v’s X, ..., X; are independent if and only if any one of the following
three relations holds:

@ Fx,,..x. (@, ..., ¥e) = Fx,(x1) - - - Fx, (k) ©)
forall x, ..., 2 in N.

) fx,,..x @, ..., 20) = fx, (@) - - fx, (k) ©)
forall a, ..., x; in N.

(i) Mx,, .. x.(t, ..., ) = Mx, (1) - - - Mx, (tx) €)
for all 7, . .., I in a non-degenerate interval containing 0.
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Before we proceed with the justification of this theorem, let us refer to
Example 1 in Chapter 4 and notice that: fx(3) = 0.04, fy(2) = 0.15, and
Jxv(3,2) =0.02,sothat fx y(3, 2) = 0.02 # 0.04 x 0.15 = 0.006 = fx(3)fy(2).

Accordingly, the r.v.’s X and Y are not independent. On the other hand, in
reference to Example 2 (see also Example 6), we have, for all x, y > 0:

Sxy(@, y) = Aroe MY = (e M) (e ™Y = fx() fr(y),

so that fxv(x, ¥) = fx(@)fr(y) for all x and y, and consequently, the r.v.’s
X and Y are independent. Finally, refer to the Bivariate Normal distribution
whose p.d.f. is given by (49) of Chapter 4 and set p = 0. Then, from (49), (50),
and (53), we have fxy(x, ¥) = fx()fr(y) for all x and y. Therefore, p = 0
implies that the r.v.’s X and Y are independent.

Examine the r.v.’s X and Y from an independence viewpoint, if their joint p.d.f.
is given by: fxy(x, y) =4xy,0 <x < 1,0 < y < 1 (and 0 otherwise).

DISCUSSION We will use part (ii) of Theorem 1 for which the marginal
p.d.f’s are needed. To this end, we have:

1
fX(x):4x/ ydy=2x, 0<x<],
0

1
fy(y):4y/ xdr=2y, O<y<]l.
0

Hence, forall 0 < x < 1 and 0 < y < 1, it holds that: 2x x 2y = 4xy, or
Jx(@) fr(y) = Sx,v(x, y). This relation is also, trivially, true (both sides are
equal to 0) for x and y not satisfying the inequalities 0 <x < land 0 < y < 1.
It follows that X and Y are independent.

Here are two examples where the r.v.’s involved are not independent.

If the r.v.’s X and Y have joint p.d.f. given by: fxy(x, ) = 2,0 <x <y <1
(and 0 otherwise), check whether these r.v.’s are independent or not.

DISCUSSION Reasoning as in the previous example, we find:
1

fX(x)=2/ dy=2(1—-2x), 0O0<x<]l,

v
fy(y)=2/ dr=2y, O0<y<]l.
0

Then independence of X and Y would require that: 4(1 — x)y = 2 for all
0 < x < y < 1, which, clearly, need not hold. For example, for x = i, Yy =
1,41 —2)y=4x 2 x 1 =2 +# 2. Thus, the X and Y are not independent.

In reference to Example 8 in Chapter 4, the r.v.’s X and Y have joint p.d.f.
Jx v, y) =8xy, 0 <x <y < 1(and 0 otherwise), and:

fx@) =421 —-2%, O0<x<l; fr(y)=4y®, 0<y<l.
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Independence of X and Y would require that: 4x(1 — 22) x 4y® = 8Sxy or
(1 —2%y* = 3, 0 < < y < 1. However, this relation need not be true
1

because, for example, for x = } and y = §, we have: left-hand side = £ # ] =

right-hand side. So, the r.v.’s X and Y are dependent.

REMARK 1 Onthebasisof Examples 2 and 3, one may surmise the following
rule of thumb: If the arguments x and y (for the case of two r.v.’s) do not vary
independently of each other, the r.v.’s involved are likely to be dependent.

A special case of the following result will be needed for the proof of
Theorem 1.

PROPOSITION 1 Consider the r.v.’s X, ..., X}, the functions g;: X — N,

1 = 1,..., k, and suppose all expectations appearing below are finite. Then
independence of the r.v.’s X1, ..., X} implies:
k k
E[]‘[gi(xi)} =[ [ Eg:(xd). )
i=1 i=1

PROOF  Supposether.v.’s are of the continuous type (so that we use integrals;
replace them by summations, if the r.v.’s are discrete). Then:

=/ / g1(21) - - () Sx, (1) - - - S, () Aoy - - - dag

=1

(by independence)
- [ | i dxl} - [ |t dxk]
k
=Eq (X)) - Egp(Xp) = | | Eg:i(X;). A

COROLLARY 1 By taking ¢;(X;) = €', t; ¢ ®,i = 1, ..., k, relation (9)
becomes:

k
Eexp(thXy + -+ 4:X) = [ [ Eexp(t:; X3), or
=1
k
My, .. x.(t, ..., &) = | | Mx, (). (10)
=1

k%

COROLLARY 2 If the r.v’s X and Y are independent, then they are un-
correlated. The converse is also true, if the r.v.’s have the Bivariate Normal
distribution.
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PROOF In (9), take k = 2, identify X; and X, with X and Y, respectively,
and let g;(x) = g2(@) = a4, x € N. Then E(XY) = (EX)(EY), which im-
plies Cov(X, Y) = 0 and p(X, Y) = 0. The converse for the Bivariate Normal
distribution follows by means of (50) and (53) in Chapter4. A

REMARK 2 That uncorrelated r.v.’s are not, in general, independent may be
illustrated by means of examples (see, e.g., Exercise 1.20).

REMARK 3 1If X, ..., X; are independent r.v.’s, then it is intuitively clear
that independence should be preserved for suitable functions of the X;’s. For
example, if ¥; = g(X;), ¢ = 1, ..., k, then the r.v.’s Y}, ..., ¥} are also inde-
pendent. Independence is also preserved if we take different functions of the
X;’s, provided these functions do not include the same X;’s. For instance, if
Y=9X;,...,X;,)and Z = (X}, ..., Xj),wherel <4 <--- <9, < k,1 <
Ji<--<jy<kandalli,...,i,aredistinct from all ji, ..., j,, thenther.v.’s
Y and Z are independent. This will be a rule of thumb to be followed in this
book.

PROOF OF THEOREM 1  The proof can be only partial but sufficient for the
purposes of this book.

(i) Independence of the r.v.’s X7, ..., X means that relation (5) is satisfied.
In particular, this is true if B; = (—o0, 5], © = 1, ..., k which is (6). That
(6) implies (5) is a deep probabilistic result dealt with at a much higher
level.

(ii) Suppose the r.v.’s are independent and first assume they are discrete.
Then, by taking B; = {x;},7 =1, ..., kin (5), we obtain (7). If the r.v.’s are
continuous, then consider (6) and differentiate both sides with respect to

xi, ..., %, which, once again, leads to (7) (for continuity points ay, . . ., ;).

For the converse, suppose that (7) is true; that is, for all ¢, ..., #; in N,
Jxy,ox (s ) = Sx (G- Sx (G-

Then, if the r.v.’s are discrete, sum over the #;’s from —ocotox;, i1 =1, ...,k

to obtain (6); if the r.v.’s are continuous, replace the summation operations
by integrations in order to obtain (6) again. In either case, independence
follows.

(iii) Independence of X1, ..., X} implies (8) by means of Corollary 1 to Propo-
sition 1 above.

The converse is also true but its proof will not be pursued here (it requires
the use of the so-called inversion formula as indicated in Section 1 of Chapter 3
and Remarks 1 and 2 of Chapter 4). A

Part (ii) of Theorem 1 has the following corollary, which provides still
another useful criterion for independence of k r.v.’s.
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COROLLARY 8 The rv's Xi,..., X, are independent if and only if
Sx,ox. (@, o ) = hi(a) - - - by () for all g, . . ., a5 in N, where £; is a non-
negative function of x; alone, 1 =1, ..., k.

PROOF  Suppose the rv’s Xj,...,X; are independent. Then, by (7),
Jx,ox @, o) = Sx (@) Sfx () for all @y, ..., 24 in N, so that the
above factorization holds with #; = fx,, ¢ = 1, ..., k. Next, assume that the
factorization holds, and suppose that the r.v.’s are continuous. For each fixed
1=1,...,k, set

ci = / hi(2;) da,

o0

o0 o0
sothatc;...c :/ hy(xy) dxl.../ Ry () dag

o0

: / h/l(xl) e h/k(xk) dxl e dxk

o0

1.

Then, integrating fx, . x, (%1, ..., %) withrespectto all ;’s with j # 7, we get

Jx, () =c1...ci—1Ciq1 ... crhi(2;)

1
= —hi(xy).

Cj

Hence
Jx, () - Sx () = ha(r) . .. ()
C1...C
=hi(x1) ... () = fx,, . x.(2, -0, X)),

or fx, .. x.(@1, ..., %) = Jx,(x1)... fx, (%), for all &y, ..., 2 in N, so that the
r.v.’s X, ..., X are independent. The same conclusion holds in case the r.v.’s

are discrete by using summations rather than integrations. A

The significance of Corollary 3 is that, in order to check for independence
ofther.v’s Xy, ..., X; all one has to do is to establish a factorization of fx, . x,
as stated in the corollary. One does not have to verify that the factors are the
marginal p.d.f.’s (that will follow as indicated previously).

This section is concluded with the definition of what is known as a random
sample. Namely, n independent and identically distributed (i.i.d.) r.v.’s are re-
ferred to as forming a random sample of size n. Some of their properties are
discussed in the next section.
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1.1 In reference to Exercise 2.5 in Chapter 4, determine whether or not the
r.v.’s X and Y are independent. Justify your answer.

1.2 In reference to Exercises 1.1 and 2.1 in Chapter 4, determine whether or
not the r.v.’s X and Y are independent.

1.3 The r.v.’s X, Y, and Z have the joint p.d.f. given by: fxy z(%, ¥, 2) = }1 if
r=1Ly=2=0xr=0,y=1,2=0r=y=0,z=Lar=y=2=1.
(i) Derive the marginal joint p.d.f’s fx v, fx z, Jv,z-
(ii) Derive the marginal p.d.f.’s f¥, fy, and f7.
(iii) Show that any two of the r.v.’s X, ¥, and Z are independent.
(iv) Show that the r.v.’s X, Y, and Z are dependent.

1.4 In reference to Exercise 2.8 in Chapter 4, decide whether or not the r.v.’s
X and Y are independent. Justify your answer.

1.5 In reference to Examples 4 and 7 in Chapter 4, investigate whether or not
the r.v.’s X and Y are independent and justify your answer.

1.6 Let X and Y be r.v.’s with joint p.d.f. given by:

6
fx,y(x,y)zg(x2+y), 0<x<1 O0<y<l

(i) Determine the marginal p.d.f.’s fx and fy.
(ii) Investigate whether or not the r.v.’s X and Y are independent. Justify
your answer.

1.7 The r.v’’s X, and Y have joint p.d.f. given by:
Jxy(x, y) =1, O<x<l1l O<y<l

Then:
(i) Derive the marginal p.d.f.’s fx, and fy.
(ii) Show that X and Y are independent.
(iii) Calculate the probability P(X + Y < c¢).
(iv) Give the numerical value of the probability in part (iii) for ¢ = 1/4.

1.8 Ther.v’s X, Y, and Z have joint p.d.f. given by:
Jxv.z(x, y, 2) = 8xyz, 0<x<l1, O<y<l O<z<l

(i) Derive the marginal p.d.f.’s fx, fy, and f.
(ii) Show that the r.v.’s X, Y, and Z are independent.
(iii) Calculate the probability P(X < Y < Z).

1.9 The r.v’s X and Y have joint p.d.f. given by:
Sxy(x, y)=c, fora®+y*<9.

(i) Determine the constant c.
(ii) Derive the marginal p.d.f.’s fx and fy.
(iii) Show that the r.v.’s X and Y are dependent.
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1.10 Ther.v’s X, Y, and Z have joint p.d.f. given by:
Sfxvz(x, y, &) = e U x>0, y>0, z>0.

(i) Determine the constant c.
(ii) Derive the marginal joint p.d.f’s fx v, fx,z, and fy z.
(iii) Derive the marginal p.d.f.’s fx, fy, and f.
(iv) Show that any two of the r.v.’s X, Y, and Z, as well as all three r.v.’s
are independent.

1.11 The rv’s X and Y have joint p.d.f. given by the following product:
Jxv(x, y) = g(@)h(y), where g and h are nonnegative functions.
(i) Derive the marginal p.d.f.’s fx and fy as functions of g and h, respec-
tively.
(i) Show that the r.v.’s X and Y are independent.
(iii) If h = g, then the r.v.’s are identically distributed.
(iv) From part (iii), conclude that P(X > Y) = 1/2, provided the distri-
bution is of the continuous type.

1.12 The life of a certain part in a new automobile is a r.v. X whose p.d.f. is

Negative Exponential with parameter A = 0.005 days.

(i) What is the expected life of the part in question?

(ii) If the automobile comes with a spare part whose life is a r.v. Y dis-
tributed as X and independent of it, find the p.d.f. of the combined
life of the part and its spare.

(iii) What is the probability that X + ¥ > 500 days?

1.13 Let the r.v. X be distributed as U(0, 1) and set ¥ = —logX.
(i) Determine the d.f. of ¥ and then its p.d.f.
(i) If the r.v’s Y1, ..., Y, are independently distributed as Y, and Z =
Y1 + -+ Y,, determine the distribution of the r.v. Z.

1.14 Let the independent r.v.s X and Y be distributed as N(ui, o2) and
N(us, 022), respectively, and definether.v’sU and Vby: U =aX+b,V =
cY + d, where a, b, ¢, and d are constants.

(i) Use the m.g.f. approach in order to show that:

U ~ N(api +b, (@01)®),  V ~ N(cps +d, (co)?).

(ii) Determine the joint m.g.f. of U and V.
(iii) From parts (i) and (ii), conclude that U and V are independent.

1.15 Let X and Y be independent r.v.’s denoting the lifetimes of two batteries
and having the Negative Exponential distribution with parameter A. Set

T=X+Yand:
(i) Determine the d.f. of T by integration, and then the corresponding
p.d.f.

(ii) Determine the p.d.f. of T by using the m.g.f.’s approach.
(iii) For A = 1/3, calculate the probability P(T < 6).

1.16 Let Xy, ..., X, beiid. rv’s withm.g.f. M, and let X = %(Xl + -+ X))
Express the m.g.f. My in terms of M.
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1.17 In reference to Exercise 3.1 in Chapter 4:
(i) Calculate the Var(X +Y) and the s.d. of X + Y.
(ii) Use the Tchebichev inequality to determine a lower bound for the
probability: P(X + Y < 10).

1.18 Let p be the proportion of defective computer chips in a very large lot of
chips produced over a period of time by a certain manufacturing process.
For¢ =1, ..., n, associated with the ith chip the r.v. X;, where X; = 1
if the 7th chip is defective, and X; = 0 otherwise. Then X3, ..., X,, are
independent r.v.’s distributed as B(1, p), and let X = % X144+ X
(i) Calculate the EX and the Var(X)intermsof pandqg =1 — p.

(ii) Use the Tchebichev inequality to determine the smallest value of n
for which P(IX — p| < 0.1,/pq) > 0.99.

1.19 Let the independent r.v.’s X1, ..., X, be distributed as P()), and set X =
X X)) i
(i) Calculate the EX and the Var (X) in terms of A and n.
(ii) Use the Tchebichev inequality to determine the smallest », in terms
of A and ¢, for which P(|X — 1| < ¢) > 0.95, for some ¢ > 0.
(iii) Give the numerical value of n for ¢ = +/A and ¢ = 0.1/A.

1.20 The joint distribution of the r.v.’'s X and Y is given by:

y\x -1 0 1

-1 o B«
B0 B
1 o B«

where o, 8 > O witha + 8 = 1/4.
(i) Derive the marginal p.d.f.’s fx and fy.
(ii) Calculate the EX, EY, and E(XY).
(iii) Show that Cov (X, Y) = 0.
(iv) Show that the r.v.’s X and Y are dependent.

Remark: Whereas independent r.v.’s are always uncorrelated, this ex-
ercise shows that the converse need not be true.

1.21 Refer to Exercise 1.10 and calculate the following quantities without any
integration: E(XY), E(XYZ), Var( X+ Y), Var( X+ Y + 2).

1.22 Theii.d. r.v.’s Xy, ..., X,, have expectation u € N and variance o
andsetX = 1(X; + .-+ X,).
(i) Determine the EX and the Var (X) in terms of 1 and o.
(ii) Use the Tchebichev inequality to determine the smallest value of n
for which P(|1X — u| < ko) is at least 0.99; take k = 1, 2, 3.

2 < o0,

1.23 A piece of equipment works on a battery whose lifetime is a r.v. X with
expectation u and s.d. o. If n such batteries are used successively and
independently of each other, denote by X, ..., X, their respective life-
times, so that X = %L (X14+---+X,)isthe average lifetime of the batteries.
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Use the Tchebichev inequality to determine the smallest value of n for
which P(|X — u| < 0.50) > 0.99.

1.24 Let X4, ..., X, beiid. r.v’s with EX; = u € %t and Var (X;) = 02 < oo,
andset X = L(X; + - + X,,).
(i) Calculate the EX and the Var (X) in terms of u and o.
(ii) Use the Tchebichev inequality in order to determine the smallest
value of n, in terms of the positive constant ¢ and «, so that

P(X —pul<co)za (0 <a <1).
(iii) What is the numerical value of »n in part (ii) if ¢ = 0.1 and o =
0.90, « = 0.95, « = 0.99?

1.25 In reference to Exercise 5.13(iii) in Chapter 4, show that the r.v.’s U and

V are independent if and only if 02 = o2.

5.2 The Reproductive Property of Certain Distributions

Independence plays a decisive role in the reproductive property of certain
r.v.’s. Specifically, if X, ..., X; are r.v.’s having certain distributions, then, if
they are also independent, it follows that the r.v. X; + - - - + X}, is of the same
kind. This is, basically, the content of this section. The tool used in order to
establish this assertion is the m.g.f., and the basic result employed is relation
(8), characterizing independence of r.v.’s. The conditions of applicability of (8)
hold in all cases considered here.

First, we derive some general results regarding the sample mean and the
sample variance of k r.v.’s, which will be used, in particular, in the Normal
distribution case discussed below. To this end, for any ¥ r.v.’s Xy, ..., X}, their
sample mean, denoted by X, or just X, is defined by:

1
X=-3"X,. (11)
k=
The sample variance of the X;’s, denoted by S,f or just S2, is defined by:

1 k
§* =) (Xi— EX;),
i=1

provided the EX;’s are finite. In particular, if EX; = --- = EX}, = u, say, then
S? becomes:
1k
2+ N2
S° = % E (X; — n)-. (12)

=1
The r.v.’s defined by (11) and (12) are most useful when the underlying r.v.’s
form a random sample; that is, they are i.i.d.

PROPOSITION 2 Let X, ..., X) be iid. rv.’s with (finite) mean x. Then
E;X = u. Furthermore, if the X;’s also have (finite) variance o2, then Var (X) =
% and ES? = o2
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PROOF  The first result follows from (40) in Chapter 4 by takingc¢; = --- =
¢; = 1/k. The second result follows from (44) in the same chapter, by way of
Corollary 2 to Proposition 1 here, because independence of X; and X ;, fori # j,
implies p(X;, X;) = 0. In order to check the third result, observe first that:

k k k
PRCEIDED IS EY AT I
i=1 i=1 i=1

so that

E

k k
Xi =P =) BX7 +ku® —2u-ku

=1 =1

k
(02 + u?) + kp? — 2ku® = ko®.

i

Then ES* = 1 E Sk X — )P = lpo? = o2,

1
A

The general thrust of the following four results is to the effect that, if
X1, ..., X; areindependent and have certain distributions, then their sum X; +
--- + Xj has a distribution of the same respective kind. The proof of this
statement relies on relation (8), which is validated on account of (10).
THEOREM 2

Let the r.v.’s Xj, ..., X be independent and let X; ~ B(n;, p) (the same
p),i=1,...,k. Then Y¥  X; ~ BO %, w;, p).

PROOF By independence, relation (20) in Chapter 3, and ¢t € %i:

k k

. k .

lefﬂ Xi,(t) = l_IMXi (t) = H(peL + q)”“ = (pet + q)zz':l ”L,
i=1 i=1

which is the m.g f. of B(Y_j_, m;, p). Then }_{_, X; ~ BQi_, mi, p).

A
THEOREM 3

Let the r.v.’s X, ..., X} be independent and let X; ~ P(A;), 1 =1, ..., k.
Then Y5 X; ~ P(XF_, &)

PROOF As above, employ independence and relation (24) in Chapter 3 in
order to obtain:

k k k k
My x O =]]Mx®)=[]exp(rie' — 1) =exp [( > xi) el — ( > xi> ]
i=1 i=1 i=1 i=1

which is the m.g.f. of P(Y5_, A;), sothat 35, X; ~ P(Y 5, »). A
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THEOREM 4

THEOREM 5

Let the r.v’s X, ..., X} be independent and let X; ~ N(u;, aiz), 4 =
1,...,k Then Y% X; ~ N, i, Y8 02). In particular, if 1, =
=pr=pando; =--- =0 = o, then ) ;_; X; ~ N(ku, ko).

PROOF  Use independence and formula (44) in Chapter 3, for ¢ € )i, in order
to obtain:

k k 9
of
My 5@ = | 1| Mx, (1) = | 1| exp<m,t+ ?lt)
1= i=

ool (S E7]

which is the m.g.f. of N(X%_, i, Y 02), so that F  X; ~ NO°F, wi,

Zf 1 02). The special case is immediate. A

To this theorem, there are the following two corollaries.

COROLLARY 1 Iftherv’s Xy,..., Xy are jndepender}t and distributed as
N(u, o2), then their sample mean X ~ N(u, %), and Y5&=4 ~ N(0, 1).

PROOF Here X =Y +---+Y;, whereY; = & =1, ..., kare independent
and Y; ~ N(& 2, kZ) by Theorem 2 in Chapter 3 apphed with ¢ = 1/k and
= 0. Then the conclusion follows by Theorem 4. The second conclusion is

1mmed1ate by the part just established and Proposition 1 in Chapter 3, since
V&) _ Xp A

o N

COROLLARY 2 Lettherv’s Xy, ..., X; beindependent, let X; ~ N(u;, 01-2),
© = 1,...,k, and let ¢;;© = 1,...,k be constants. Then ZleciXi ~
NCCL, cimi, iy CRo?

=1 Cilbi, =1 Cz o;)-

PROOF  As in Corollary 1, X; ~ N(u;, of) implies ¢;X; ~ N(¢;u;, ¢¢o?), and
therv.’s¢;X;, 7 =1, ..., k are independent. Then the conclusion follows from
the theorem. A

Let the r.v.’s X, ..., X; be independent and let X; ~ Xv?w 1=1,...,k.
Then Y% | X; ~

2
Xﬁ+'~~+rk .

PROOF  Useindependence and formula (37) in Chapter 3, fort < %, to obtain:

k k
1 1
My @) = UMXL(D B U (L =202~ (1= 20)nt—+n/2’
i=1 =1

which is the m.g.f. of x2 ., . A
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COROLLARY Lettherv’s Xi, ..., X; be independent and let X; ~ N(u;,
0?),i =1,...,k Then ZL(X"U;[’”f ~ xZ, and, in particular, if ;1) = --- =

pwr=pandof = - = of = o2 then ’%Z ~ xZ, where S? is given in (12).

PROOF  The assumption X; ~ N(uq, 2) implies that X'_’“ ~ N(0, 1) by

Xm

Proposition 1 in Chapter 3, and (=) ~ X1 by Propos1t10n 2 in the same

chapter. Since independence of Xl, z =1, ..., k implies that of (Xf Liy2 §
1, ..., k,thetheorem applies and yields the ﬁrst assertlon The second assertion
follows from the ﬁrst by taking u; = =ur=pnand o) = =0, = 0, and

using (12) to obtain %5- = Zle(%)z- A

REMARK 4 From the fact that ﬁ ~ Xk and formula (37) in Chapter 3, we
have E(!S) = k, Var (55) = 2k, or E82 = o2 and Var (S?) = 204/k.

REMARK 5 Knowing the distribution of Zf: 1 X; is of considerable practical
importance. For instance, if X; is the number of defective items among #; in
the ith lot of certain items, ¢ = 1, ..., k, then Zlle X; is the total number of
defective items in the k lots (and Theorem 2 applies). Likewise, if X; is the
number of particles emitted by the ith radioactive source, ? = 1, ..., k, then
Zif:l X, is the total number of particles emitted by all k£ radioactive sources
(and Theorem 3 applies). Also, if X; is the rain (in inches, for example) which
fell in the ith location over a specified period of time,? = 1, .. ., k, then Zle X;
is the total rainfall in all of £ locations under consideration over the specified
period of time (and Theorem 4 applies). Finally, if ¥; denotes the lifetime of
the ith battery in a lot of k identical batteries, whose lifetime is assumed to
be normally distributed, then X; = [(¥; — n)/o]?> measures a deviation from
the mean lifetime u, and Zle X; is the totality of such deviations for the k
batteries (and Theorem 5 applies).
Here are some numerical applications.

The defective items in two lots of sizes n; = 10 and ne = 15 occur indepen-
dently at the rate of 6.256%. Calculate the probabilities that the total number of
defective items: (i) Does not exceed 2; (ii) Is more than 5.

DISCUSSION If X; and X; are the r.v.’s denoting the numbers of defective
items in the two lots, then X; ~ B(10, 0.0625), X ~ B(15, 0.0625) and they
are independent. Then X = X; + Xy ~ B(25, 0.0625) and therefore: (i) P(X <
2) = 0.7968 and (ii) P(X > 5) = 1 — P(X < 5) = 0.0038 (from the Binomial
tables).

Five radioactive sources independently emit particles at the rate of 0.08 per
certain time unit. What is the probability that the total number of particles
does not exceed 3 in the time unit considered?
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DISCUSSION In obvious notation, we have here the independent r.v.’s X;
distributed as P(0.08),7 = 1,...,5. Then X = Zle X; ~ P(0.4), and the
required probability is: P(X < 3) = 0.999224 (from the Poisson tables).

The rainfall in two locations is measured (in inches over a certain time unit)
by two independent and Normally distributed r.v.’s X; and X, as follows: X; ~
N(10,9) and X> ~ N(15, 25). What is the probability that the total rainfall: (i)
Will exceed 30 inches (which may result in flooding)? (ii) Will be less than 8
inches (which will mean a drought)?

DISCUSSION IfX = X;+X,,then X ~ N(25, 34), sothat: (i) P(X > 30) =
1-P(X<30)=1—-P(Z < %_\/g)) ~1— ®(0.86) = 1 — 0.805105 = 0.194895,
and (i) P(X < 8) = P(Z < 8——;5) ~P(—292) =1— d(2.92) =1 —0.99825 =
34
0.00175.
In the definition of S? by (12), we often replace u by the sample mean X;
this is done habitually in statistics as u is not really known. Let us denote by
S? the resulting quantity; that is,

= llc izk;(xi - X2 (13)
Then it is easy to establish the following identity:
Z<X W' = Z<X X+ k(X — ), (14)
or -
kS* = kS? + [VK(X — ). (15)
Indeed,

k
> K-t = ZKX D+E-wP= Z(X X0 + k(X — ),
=1 i=
since Y% (X; — X)(X — ) = (X — W)(kX —kX) =

From (15), we have, dividing through by o2

2 32
I%_k:‘z +|:\/_(X M):| (16)
Now ’%2 ~ X 2 and [M]2 ~ X1 2 (by Propositions 1 and 2 in Chapter 3) when
therv’s Xy, ..., X; are 1ndependently distributed as N(u, o). Therefore, from
(16), it appears quite feasible that kfz ka ;- This is, indeed, the case and is
the content of the following theorem. This theorem is presently established
under an assumption to be justified later on (see Theorem 9 in Chapter 6). The
assumption is this: If the r.v.’s X7, ..., Xj are independent and distributed as
N(u, o?), then the r.v.’'s X and S? are independent. (The independence of X

and S? implies then that of [@]2 and 55 )
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THEOREM 6
Let the r.v.’s X1, ..., X;, be independent and distributed as N(u, o), and
let S? be defined by (13). Then ’%2 ~ xZ_,. Consequently, ES* = 152
and Var (§%) = 2D

PROOF  Consider relation (16), take the m.g.f.’s of both sides, and use the
corollary to Theorem 5 and the assumption of independence made previously
in order to obtain:

Miszo2(t) = Myse)o2(OM yrt— 1)) (s
so that

MkSZ/a2(t) = Mksz/oz(t)/M[ﬁ(X_,L)/g]z @,
or
1/(1 — 20)k/2 1

Misyo: ()= {0507 = A= ape o2’

which is the m.g.f. of the x2 , distribution. The second assertion follows im-
mediately from the first and formula (37) in Chapter 3. A

This chapter is concluded with the following comment. Theorems 2-5 may
be misleading in the sense that the sum of independent r.v.’s always has a
distribution of the same kind as the summands. That this is definitely not
so is illustrated by examples. For instance, if the independent r.v.’s X and Y
are U(0, 1), then their sum X + Y is not uniform; rather, it is triangular (see
Example 4 (continued) in Chapter 6).

2.1 Foranyr.v.s X1, ..., X, set

n

o1 , 1 .
X=%ZXi and S =;L;(Xi—X),

=1

and show that:
®
n n
nS* =3 "(X;— Xy =) X;—nX®.
=1 =1

(i) If the r.v.’s have common (finite) expectation u, then

n n

S X - =Y (X — X +nX - 1) =nS? +n(X — 1w

i=1 i=1
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2.2 In reference to Exercise 3.1 in Chapter 4, specify the distribution of the
sum X + Y, and write out the expression for the exact probability P(X +
Y < 10).

2.3 If the independent r.v.’s X and Y are distributed as B(m, p) and B(n, p),
respectively:
(i) What is the distribution of the r.v. X + ¥?
(i) If m = 8, n = 12, and p = 0.25, what is the numerical value of the
probability: P(b < X +Y < 15)?

2.4 The independent r.v.’s X1, ..., X, are distributed as B(1, p), and let S,, =
X1+ + Xy
(i) Determine the distribution of the r.v. S,,.
(ii) What is the EX; and the Var(X;), i =1, ..., n?
(iii) From part (ii) and the definition of S,, compute the E'S, and Var(S,,).

2.5 Let X1, ..., X,,beiid. r.v’s with p.d.f. f, and let I be an interval in ). Let
p=P(X; €l).
(i) Express p in terms of the p.d.f. f.

(ii) For k with 1 < k < m, express the probability that at least k of
Xy, ..., X, take values in the interval I in terms of p.

(iii) Simplify the expression in part (ii), if f is the Negative Exponential
p.d.f. with parameter A and [ = (%, 00).

(iv) Find the numerical value of the probability in part (iii) for » = 4 and
k=2.

2.6 The breakdown voltage of a randomly chosen diode of a certain type is
known to be Normally distributed with mean value 40V and s.d. 1.5V.
(i) What is the probability that the voltage of a single diode is between
39 and 42?
(ii) If 5 diodes are independently chosen, what is the probability that at
least one has a voltage exceeding 42?

2.7 Refer to Exercise 1.18 and set X = X; +--- + X,
(i) Justify the statement that X ~ B(n, p).
(ii) Suppose that nis large and p is small (both assumptions quite appro-
priate in the framework of Exercise 1.18), so that:

v
J@ = (")p”q“ PRI N S
x x!
If np = 2, calculate the approximate values of the probabilities f(x)
forx =0, 1,2, 3 and 4.

2.8 Therv’s Xi, ..., X, are independent and X; ~ P();):
(i) What is the distribution of ther.v. X = X; +--- + X,,?
(i) If X = L(X; + - + X,), calculate the EX and the Var(X) in terms
of Ay, ..., Ay, and n.
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(iii) What do the EX and the Var(X) become when the X;’s in part (i) are
distributed as P(A)?

2.9 Suppose that the number of no-shows for a scheduled airplane flight is
ar.v. X distributed as P(}), and it is known from past experience that,
on the average, there are 2 no-shows. If there are 5 flights scheduled,
compute the following probabilities for the total number of no-shows
X=X1+ -+ X5

@ o. (v) Atmost 10. (ix) 15.
(ii) At most 5. (vi) 10. (x) Atleast 15.
(iii) 5. (vii) At least 10.

(iv) Atleastb. (viii) At most 15.

2.10 The r.v’s X3, ..., X,, are independent and X; ~ P(A;),? = 1, ..., n. Set
T=Y",X,and » =Y, A; and show that:
(i) The conditional p.d.f. of X;, given T' = ¢, is B(t, »;/A), i =1,..., n.
(ii) What does the distribution in part (i) become for A1 = --- = 1, = ¢,
say?

2.11 If the independent r.v’'s X and Y are distributed as N(u;, 02) and
N(uz, 02), respectively:
(i) Specify the distribution of X — Y.
(ii) Calculate the probability P(X > Y) in terms of w1, ue, o1, and os.
(iii) If w; = pe, conclude that P(X > Y) = 0.5.

2.12The m+nrv’s Xi,..., X, and Yy, ..., Y, are independent and X; ~
N(uy,02), i=1,...,m Y; ~ N(us,0%), j=1,...,n.8et X =L 5",
X;, Y =13"_ Y;and: o
(i) Calculate the probability P(X > Y) in terms of m, n, 11, u2, o1, and
09.
(ii) Give the numerical value of the probability in part (i) when ©; = ue
unspecified.

2.13 Let the independent r.v.’s X1, ..., X, be distributed as N(u, 0%) and set
X =), ,0X;,Y=3"_B;X;, wherethea;sand the 8;'s are constants.
Then:

(i) Determine the p.d.f.’s of the r.v.’s X and Y.
(ii) Show that the joint m.g.f. of X and Y is given by:

1
Mxy(t, t2) = eXp[Mltl + paty + é(oftlz + 2po1oatity + ngtg)]y

where = uY i i, p2 = wY i Bj, of = 0*) i af, o =
oY i B3 p= (T @iBi)/o102.

(iii) From part (ii), conclude that X and Y have the Bivariate Normal
distribution with correlation coefficient

p(X, V) =p= (Za@)/oloz.
=1
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(iv) From part (iii), conclude that X and Y are independent if and only if
Yiyaifi =0.
2.14 Let X and Y be independent r.v.’s distributed as N(0, o).
(1) Set R = +/ X%+ Y2 and determine the probability: P(R < ), for
r> 0.

(ii) What is the numerical value of P(R <r)foro = landr = 1.665, r =
2.146,r = 2.448, r = 2.716, r = 3.035, and r = 3.255?



Chapter 6

Transformation
of Random Variables

This chapteris devoted to transforming a given set of r.v.’s to another set of r.v.’s.
The practical need for such transformations will become apparent by means
of concrete examples to be cited and/or discussed. The chapter consists of five
sections. In the first section, a single r.v. is transformed into another single r.v.
In the following section, the number of available r.v.’s is at least two, and they
are to be transformed into another set of r.v.’s of the same or smaller number.
Two specific applications produce two new distributions, the ¢-distribution
and the F-distribution, which are of great applicability in statistics. A brief
account of specific kinds of transformations is given in the subsequent two
sections, and the chapter is concluded with a section on order statistics.

6.1 Transforming a Single Random Variable

168

Suppose that the r.v.’s X and Y represent the temperature in a certain locality
measured in degrees Celsius and Fahrenheit, respectively. Then it is known
that X and Y are related as follows: Y = %X + 32.

This simple example illustrates the need for transforming a r.v. X into another
r.v. Y, if Celsius degrees are to be transformed into Fahrenheit degrees.

As another example, let the r.v. X denote the velocity of a molecule of mass
m. Then it is known that the kinetic energy of the molecule is a r.v. Y related
to X in the following manner: ¥ = 1mX>.

Thus, determining the distribution of the kinetic energy of the molecule in-
volves transforming the r.v. X as indicated above.
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THEOREM 1

The formulation of the general problem is as follows: Let X be a r.v. of the
continuous type with p.d.f. fx, and let i be a real-valued function defined on
N. Define the r.v. Y by ¥ = h(X) and determine its p.d.f. fy. Under suitable
regularity conditions, this problem can be resolved in two ways. One is to
determine first the d.f. Fy and then obtain fy by differentiation, and the other
is to obtain fy directly.

Let S C 9 be the set over which fx is strictly positive, let h : S — T (the
image of S under ) C N be one-to-one (that is, to distinct &’s in S there
correspond distinct y's in 7) and strictly monotone, and let ¥ = h(X).
For x € S, set y = h(x) € T. Then Fy(y) = Fx[h~'(¥)], if h is increasing,
and Fy(y) = 1 — Fx[h~'(y)], if h is decreasing.

PROOF  Inverting the function y = h(x), we get x = h~!(y). Then for increas-
ing h (which implies increasing 2~ !), we have:

Fy(y) = P(Y < y) = P[h(X) < y] = P{h™'[R(X)] < ™' ()}
= PIX <17 '(y)] = Fx[h™'(®)]. ey
If h is decreasing, then so is 2! and therefore:
Fy(y) = P[(X) < yl = Pt~ [R(X)] = b~ ()}
=PIX=h' (] =1-PIX <k ')
=1-PX<h'(]=1-Fxlk ') A )

As an illustration, consider the case Y = gX + 32 in Example 1 above. Here
y=h(x)= %x + 32 is one-to-one and strictly increasing. Therefore

5 5 5
Fy(y) = FX|:§(y— 32)] and fy(y) = §fx[§(y— 32)] ®

The function y = h(x) may not be one-to-one and strictly increasing on the
entire Sbut it is so on subsets of it. Then Fy can still be determined. Example 2
above illustrates the point. Let ¥ = %mX 2 as mentioned above. Then proceed
as follows: For y > 0:

2y

Fy(y) = P(Y < y) = P(lmx2 < y) _ P(X2 < —)
2 m

= xe ) (= 3 - p(x <)
p(x =2 p(x = 2) o (2) ([ Z). @
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THEOREM 2

Differentiating in (1) or (2) (depending on whether # is increasing or decreas-
ing), we obtain the p.d.f. of Y, namely,

dx
dy

X
w=h"1(y)

d
‘ = fx[hl(y)]'d—hl(y)
Yy

d d
Jr(y) = 0 Fy(y) = — Fx(x) , yeT.
Yy dx

®)

In the case of formula (3), relation (5) gives: fy(y) = 2 fx[2(y — 32)], as has
already been seen. In the case of formula (4),

Fr(y) = [fx (/Z%y) n fX< - \/%)}(WM) ©)

Instead of going through the d.f. (which process requires monotonicity of
the transformation y = h(x)), under certain conditions, fy may be obtained
directly from fx. Such conditions are described in the following theorem.

Let X be a r.v. with positive and continuous p.d.f. on the set SC %), and
let o : S — T (the image of S under &) be a one-to-one transformation,
so that the inverse « = h~1(y), y € T, exists. Suppose that, for y € T, the
derivative diyh’l(y) exists, is continuous, and # 0. Then the p.d.f. of
the r.v. Y = h(X) is given by:

Fe) = fx[h*(y)l‘diyh*(y)], yeT@nd=0fory¢T). (7

PROOF (rough outline) Let B = [c, d] be an interval in 7 and suppose B is
transformed into the interval A = [a, b] by the inverse transformation x =
h~1(%). Then:

P(YeB)=P[hX)eB]=P(Xec A= f fx(@)da.
A

When transforming x into y through the transformation x = h~1(y),
[y Sx@)dx = [ fx[R @] %h’l(yﬂdy, according to the theory of changing
variables in integrals. Thus,

_ d  _
P eB)= [ fuln 1<y)1‘—h 1(y>‘dy,
B dy
which implies that the integrand is the p.d.f. of Y. A

Relation (7) has already been illustrated by Example 1. A slightly more
general case is the following one.

Determine the p.d.f. of the r.v. Y defined by: ¥ = aX + b (a # 0). In particular,
determine fy, if X ~ N(u, o?).
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DISCUSSION  The transformation y = ax + b gives x = h™'(y) = £, so

a

that Z—z = d%h‘l(y) = 1 Therefore: fy(y) = fx(y_b)ril. For the special case:

a

) (-’ _w—mu+mﬁ}

1 1
————exp|— = ex
V2m|alo P [ 202 :| 27 |alo P { 2(ao)?

Thus, if X ~ N(u, 0%), then Y = aX + b ~ N(au + b, (ac)?).

A modification of Theorem 2 when the assumption that 2 : S — T is one-
to-one is not satisfied, but a version of it is, is stated in the following result.
This result has already been illustrated by (6) in connection with Example 2.

THEOREM 3
Let X be a r.v. with positive and continuous p.d.f. on the set S C %), and
suppose that the transformation » : S — T is not one-to-one. Sup-
pose further that when S is partitioned into the pairwise disjoint subsets
St, ..., Sy and kis restricted to S; and takes values in 7} (the image of S;
under k), then & is one-to-one. Denoting by #; this restriction, we have
then: h; : S; — T is one-to-one, so that the inverse x = h;l(y), yeTy
exists, 7 = 1, ..., r. Finally, we suppose that, foranyy € 7}, j =1, ..., 7,
the derivatives dihj_-l(y) exist, are continuous, and # 0. Then the p.d.f.
oftherv. Y = h(g( ) is determined as follows: Set

Iy, = fx[h; @)

and for y € T, suppose that y belongs to k of the r T}’s, 1 < k < r. Then
Jr(y) is the sum of the corresponding k fy,(y)’s. Alternatively,

sy WENy J=1..,%

d
Il
g )

Jr(y) = ZSj(y)fY,-(y), yeT (and=0fory¢T), ®)
j=1

where §;(y) =1,ifye Tyand 6;(y) =0,if y ¢ T}, j=1,..., 7.

REMARK 1 Itisto be noticed that, whereas the subsets Sy, ..., S, are pair-
wise disjoint, theirimages 71, . . ., 7, need not be so. For instance, in Example 2,
Sl = (Oa 00)7 S2 = (_007 0) but Tl = T2 = (07 OO)

1.1 Therv. X hasp.df. fx(x) =1 —-a)a”, x=0,1,...(0 <« < 1), and set
Y = X3. Determine the p.d.f. fy.

1.2 Let the r.v.’s X and Y represent the temperature of a certain object in
degrees Celsius and Fahrenheit, respectively. Then, it is known that ¥ =
X +32and X =2y — 10
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(i) IfY ~ N(u, 02), determine the distribution of X.
@) If P(90 < Y <95) = 0.95, then also P(a < X < b) = 0.95, for some
a < b. Determine the numbers a and b.
(iii) We know that: P(u —o <Y < u+0) >~ 0.6827 = p;, P(u — 20 <
Y < u+20) >~ 09545 = py,and P(u—30 <Y < u+30) >~

0.9973 = ps3. Calculate the intervals [ay, br], k = 1, 2, 3 for which
P(a; < X < by) is, respectively, equal to px, k = 1, 2, 3.

1.3 Letther.v. X have p.d.f. fx positive ontheset S C i, andsetU = aX+0b,
where a and b are constants and a > 0.
(i) Use Theorem 2 in order to derive the p.d.f. fy.
(ii) If X has the Negative Exponential distribution with parameter A,
show that U has the same kind of distribution with parameter A /a.
(iii) If X ~ U(c, d), then show that U ~ U(ac + b, ad + b).

1.4 If the r.v. X has the Negative Exponential distribution with parameter A,
set Y = e and Z = log X and determine the p.d.f.’s fy and f5.

1.5 Let X ~ U(w, B) and set ¥ = eX. Then determine the p.d.f. fy. Ifa > 0,
set Z = log X and determine the p.d.f. f7.

1.6 (i) Iftherv. Xis distributed as U(0, 1) and Y = —21log X, show that Y is
distributed as x3.
(ii) If Xy, ..., X, is a random sample from the U (0, 1) distribution and
Y; = —2log X;, use part (i) and the m.g.f. approach in order to show
that Y7, ¥; is distributed as Xzzn-

1.7 Ifthe rv. X hasthep.df. fx(2) = =a ~20-1/2¢% 1 ¢ %, show that the r.v.
Y =1~ N@©, 1.

1.8 Suppose that the velocity of a molecule of mass m is a r.v. X with p.d.f.
fx(x) = [ x2e=""/ 2 x > 0 (the so-called Maxwell distribution). De-

rive the p.d.f. of the r.v. ¥ = imX?, which is the kinetic energy of the
molecule.

1.9 If the r.v. X ~ N(0, 1), use Theorem 3 in order to show that the r.v.
Y =X%~ X12-

1.10 Let X, be a r.v. distributed as ¢ with r degrees of freedom: X, ~ ¢, (r =
1, 2,...) whose p.d.f. is given in relation (10) below. Then show that:
(i) EX, does not exist for r = 1.
(i) EX, =0 forr > 2.
(iii) Var(X,) = =5 forr > 3.

Hint: That EXV does not exist for » = 1 is, actually, reduced to
Exercise 1.16 in Chapter 3. That EX,. = 0 for » > 2 follows by a simple
integration. So, all that remains to calculate is EX% For this purpose,
first reduce the original integral to an integral over the interval (0, co),
by symmetry of the region of integration and the fact that the inte-
grand is an even function. Then, use the transformatlon E =z, and



6.2 Transforming Two or More Random Variables 173

next the transformation ﬁ = y. Except for constants, the integral is
then reduced to the form

1
f - )y (@ > 0,8 > 0).
0

At this point, use the following fact:

! T'(@)I'(8)
a—1 -1, _

1- dy= ———.
/Oy A-y"dy F@tp)
(A proof of this fact may be found, e.g., in pages 70-71, of the book
A Course in Mathematical Statistics, 2nd edition (1967), Academic
Press, by G. G. Roussas.) The proofis concluded by using the recursive
relation of the Gamma function (I'(y) = (y — DI'(y — 1)) and the fact

that T(3) = /7.

6.2 Transforming Two or More Random Variables

Often the need arises to transform two or more given r.v.’s to another set of
r.v.’s. The following examples illustrate the point.

The times of arrival of a bus at two successive bus stops are r.v.’s X; and X,
distributed as U(«, B), for two time points « < 8. Calculate the probabilities
P(X1+ Xs > x) for 20 < x < 28.

Clearly, this question calls for the determination of the distribution of the r.v.
X1+ Xo.

Or more generally (and more realistically), suppose that a bus makes k stops
between its depot and its terminal, and that the arrival time at the ith stop
isarv. X; ~ U(ay, Bi), @i < Biy, © =1,...,k+ 1 (where X, is the time of
arrival at the terminal). Determine the distribution of the duration of the trip
X1+ + X

Consider certain events occurring in every time interval [¢;, t2] (0 < #; < t3)
according to the Poisson distribution P(A(t2 — t;)). Then the waiting times
between successive occurrences are independent r.v.’s distributed according
to the Negative Exponential distribution with parameter A. Let X; and X5 be
two such times. What is the probability that one would have to wait at least
twice as long for the second occurrence than the first? That is, what is the
probability P(Xs > 2X7)?

Here one would have to compute the distribution of the r.v. X — 2.X;.
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THEOREM 4

Below, a brief outline of the theory underpinning the questions posed in the
examples is presented. First, consider the case of two r.v.’s X; and X, hav-
ing the joint p.d.f. f¥, x,. Often the question posed is that of determining the
distribution of a function of X; and X, k;(X;, X3). The general approach is
to set Y1 = ki (X1, X3) and also consider another (convenient) transformation
Y5 = ho(Xi, Xo). Next, determine the joint p.d.f. of Y; and Y3, fy, v, and, finally,
compute the (marginal) p.d.f. fy,. Conditions under which fy, y, is determined
by way of fx, x, are given below.

Consider the r.v’s X; and X, with joint p.d.f. fx, x, positive and con-
tinuous on the set S € %2, and let ky, hy be two real-valued transfor-
mations defined on S; that is, iy, hy: S — N, and let T be the image
of S under the transformation (&1, ko). Suppose that (ky, ko) is one-to-
one from S onto T'. Thus, if we set 1y =h;(x, x2) and Yy, = ha(2, X2),
we can solve uniquely for x, x2: 21 =g1(y1, ¥2), X2 _gg(yl Y2). Sup-
pose further that the partial derivatives ¢1;(y1, ¥2) = e 2 g1(y1, ¥2) and
92i(Y1, Y2) = gz(yl, Y2), 1=1, 2 exist and are continuous for (1, y2) €
T. Finally, suppose that the Jacobian J = |§;811 ZS 52811 ZS |is#0onT.

Thenthe jointp.d.f. of ther.v.'s Y1 = k1 (X1, Xo)and Ys = ho(X1, X2), fr,v,,
is given by:

Jn (U, ¥2) = fx,xl91(n, ¥2), 92y, y2)lld|, (v, y2) € T €©))
(and = 0 for (w1, y2) ¢ ).

The justification of this theorem is entirely analogous to that of Theorem 2
and will be omitted.

In applying Theorem 4, one must be careful in checking that the underlying
assumptions hold and in determining correctly the set 7. As an illustration, let
us discuss the first part of Example 4.

(continued) Discussion We have y = x; + 23 and let y» = x5. Then x; =

3 du 3 day _
yll . Yo and x> = s, so that 922 =1, aZl = -1, (,’;f 0, ”2 = 1,and J

| = 1. For the determination of S and 7', see Figures 6. 1 and 6.2.

Since fx, x,(¥1, ¥2) = =gy for (11, 2) € S, we have fy, v,(¥1, ¥2) = G=ay
for (y1, y2) € T; thatis, for2a < y1 <28, a < Yo < B, &« < Yy — Yo < B

(and = 0 for (y1, y2) ¢ T).

Thus, we get:

G 20<y<2B, a<yp<fa<yi—y2<p
S, (U, Y2) = 0

, otherwise.
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Figure 6.1
S ={(x1, x2) e R n2
Jx,, x,(x1,x2) > 0}
B
S
o 0 ’B 1
o
Figure 6.2
T = Image of S Y2 Y= ys=c
Under the B d
Transformation / il !
Used 1/ |
Y1-Yz2=0 //I’ T :
7 |
2a o | I v
/ 70| a+p B 2B
1 / |
1 / 1
| / I
P o Y1-y2=P
Therefore:
mfayl—a dys = (lyﬁlj;, for2a <y <a+p
Sr) =1 s [)_pdye = 2%, fora+p <y <28
0, otherwise.

The graph of fy, is given in Figure 6.3.

(continued) Discussion Here y = xs — 224

Then x; = —%Zh + %yg and 23 = ¥, so that J = |7§

1
il =

—21751 + x9 and let yo = xo.
—Lland |J] =

1
3-

Clearly, S is the first quadrant. As for T, we have y, = x9, so that y» > 0.
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Figure 6.3

This Density Is S, (WD)
Known as the
Triangular p.d.f.

Yy
20 !

Also, —%yl + %yz = a1, so that —%yl + %yz >0o0r —y; +y2 > 0or yo > 2.
The conditions y» > 0 and y2 > y; determine 7 (see Figure 6.4).

Figure 6.4

Ya

Y1=92

Y1

T is the part of the plane above the y;-axis and also above the main diagonal
U = Y.

~ Since fx, x,(@1, ¥2) = AZe M) (1, x5 > 0), we have fy, v (41, ¥2) =
%e‘/ﬁyﬁ%yz, (41, y2) € T (and = 0 otherwise). Therefore fy,(y1) is taken by
integrating out y». More precisely, for y; < 0:

o0

Fr () 32 tu /w *%‘yzd 5 2 L — 2y
= —@: e - = —— X —¢ X e
= A Y2="5 %3 .

Ao Ao
= —§e?y1(0—1)= §e§y1,
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whereas for 3 > 0:

A2 [ A w
() = Eefy‘f e Thdy, = —gei¥ x e T
Y n

= —%e%%(o —e T = o

To summarize:

Zer,  y <0
) =1

—A
se ",y > 0.

Therefore P(X; > 2X) = P(X; —2X; > 0) = P(Y; > 0) = % [ e *udy = 1.

REMARK 2 To be sure, the preceding probability is also calculated as
follows:

P(X; > 2X)) = / / We MM g docy

(22>211)

(o] .%‘2/2
= / re / re M day | das
0 0

e A
= / re (1 — e 2%2)d oy
0

o0 2 [®3\ _a 2 1

= A _szd - = _7x2d =l-5=3.

/0 e X 3 /(; 5 e 2"2dxs 33
Applications of Theorem 4 lead to two new distributions, which are of great

importance in statistics. They are the ¢-distribution and the F-distribution.

DEFINITION 1

Let X and Y be two independent r.v.’s distributed as follows: X ~ N(0, 1)
and Y ~ x2, and define the r.v. T by: T = X//Y/r. The r.v. T is said to
have the (Student’s) ¢-distribution with r degrees of freedom (d.f.). The
notation used is: 7' ~ ¢,.

The p.d.f. of T, f7, is given by the formula:

r[ir+1)] 1

Jara2) T+ @open e (10)

Jr() =

and its graph (for » = 5) is presented in Figure 6.5.

From formula (10), it is immediate that f7 is symmetric about 0 and tends
to 0 as t — =oo. It can also be seen (see Exercise 2.10) that f7(¢) tends to
the p.d.f. of the N(0, 1) distribution as the number 7 of d.f. tends to co. This is
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Figure 6.5

Two Curves of the ¢ Jr(®)
Probablity Density
Function

1N, 1)

depicted in Figure 6.5 by means of the curve denoted by t,.. Also, it is seen
(see Exercise 2.9) that ET = 0 for r > 2, and Var(T) = ;= forr > 3. Finally,
the probabilities P(T < t), for selected values of ¢ and r, are given by tables
(the t-tables). For v > 91, one may use the tables for the standard Normal
distribution.

Regarding the derivation of fr, we have:

1 22
fX(x) = _e_(l/Z) , X eEN,
N 2n

1 y("~/2)7le*y/2, Yy > 0

— ] rdm2war
Jr(y) io, y=<0.

Set U = Y and consider the transformation

X

t = = —=
(hl,hg):{ Ju" . then {x
u=y y=

and

t
2/ur
1

J =

> 4

5

Therefore, for t € N, u > 0, we get

~ 1otz VU

1

1 u 2

_ (1/2)(r+1)—-1

=—U exp|—=(1+ —) }
V2T (r)2)2r/2 p[ 2 ( r

Jrot,w) =
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Hence

2
Sr(t) = w/D0ED=1 ey [—g(l + ?)}du

o 1
/(; 2wl (r/2)2r/2

Set

2 t2 -1 t2 -1
?i<l+ u_) =2z, sothat u=22<1+ —) , du=2<1+ _> dz,
2 r r r

and z € [0, 0o0). Therefore we continue as follows:

00 1 22 1/2)r+1)—-1 D)
fr(®) :/ |: 5 i| e ————dz
0 N2mrD(r/2)2r2 [ 14 @3/7) 1+ @/7)
1 2(1/2)(r+1)

o0

_ 1/2)r+1)—1 ,—2

= 2 e “dz
V2T (r/2)20/2 [1 + (2 /r))/20+D /o

1 1
= /AT r/2) [+ (2/m)] a6+

1
rf-= 1
50+ 0],
since

m.z(l/ A0r+D-1p=2 (z > 0) is the p.d.f. of the Gamma distribution
2

with parameters o = “! and g = 1; that is,

T30+ D] 1
JrT(r/2) * [1+ (t2/r)]@/20+D’

Now, we proceed with the definition of the F-distribution.

teN.

Jr() =

DEFINITION 2

Let X and Y be two independent r.v.’s distributed as follows: X ~ xfl
and Y ~ sz , and define the r.v. F by: F' = );;;; The r.v. F' is said to have
the F-distribution with r; and 12 degrees of freedom (d.f.). The notation
often usedis: F ~ F, ,,.

The p.d.f. of F, fF, is given by the formula:

P Oubm)len /1) fot
fr(f) = FIorGm X Temiamer  orS >0
0, for f <0,

a1

and its graphs (for ; = 10,7 = 4 and r; = 1» = 10) are given in Figure 6.6.
The probabilities P(F' < f), for selected values of f and 7y, 15, are given by
tables (the F'-tables).
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Figure 6.6
Two Curves of the F' Jr()
Probablity Density
Function Fion
Fioq
1 |
0 10 20 30 S

The derivation of fr is based on Theorem 4 and is as follows. For x and
y > 0, we have:

22

Jx(@) = W

1
— (2/2)-1 ,—y/2
fY(y) - F(%TZ)ZTZ/zy e y Y>> 0.

We set Z = Y, and consider the transformation

— ¥n =N
(h1, h2) {f_ ?//T;; then{x_ nt?

2=y =
and
gz Lfl r
J=|"" " 20 sothat|J) = 2a
0 1| ™ "
For f, z > 0, we get:
1 r (n/2)—1 D1 (/D)1 o ()21
_ n 1/2)—=1,01/2)=1,032/2)—
Jrz(f;2) = T (L) (3ry) 20200047 (T2> 4 © ©

7 7
X exp ( - #)fzez/z—lz
P!

2

2 2)—1
_ (7,,1/1,.2)71/ f(ﬁ/ ) 2(1/2)(71%"2)71 exp |:_§ <ﬁf + 1>]

T (1r1)T (L) 2072004 ™
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Therefore

Jr() /0 Jr2(f, 2)dz

_ (r1/rp)" /2 f /A1 fooz(lﬂ)(ﬁm)flexp _* ﬂf.,.l dz.
)T (e 2\

Set

-1
f(ﬁf—i—l):t, sothatz:Zt(ﬁf‘*‘l) :
2 7o "2

-1
dz = 2(?f+ 1) dt, €0, o0).
2

Thus continuing, we have

% w21 —(1/2)(r1+r2)+1
(ry Jr)/2 f01/ 2(1/2)(71+r2)1<;f+ 1) 14+
2

r (%Tl)r (%7.2)2(1/2)(7”1 +r2)

Sr(f) =

7 —1peo
X 2(_1f + 1) / tA/2)+r2)=1 =t g4
T 0

T30 +7)](r /1) y -1
- T(En)r(Gr) (L (r1/72) fI/20+)

since mt(l/ Dtr)-le=t (¢ > 0) is the p.d.f. of the Gamma distribution

with parameters o = 232 and g = 1. Therefore

L3 @)l /1)1 FO1/2-1
Jr(f) = Fmrn) TG e, for f >0
0, forf < 0.
REMARK 3
(i) From the definition of the F-distribution, it follows that, if F' ~ F,, ,,, then

1

1 oF

F 72,71

(i) If T ~ t., then 7% ~ Fy,. Indeed, T = X//Y/r, where X zzmd Y are
independent, and X ~ N(0, 1), ¥ ~ x2. But then 7% = ;;% = )i,/r L~ F,,
since X? ~ x? and X2 and Y are independent.

(ii) If F ~ F,, ,,, then it can be shown (see Exercise 2.10) that

s 2r5(r 412 — 2)
EF = forr, > 3, and Var(F) = for 1, > 5.
7_2_2) 2= 9, ( ) 7_1(/’,.2_2)2(7_2_4)) 2 Z
One can formulate a version of Theorem 4 for k(>2) r.v.’s Xi, ..., X}, as

well as a version of Theorem 3. In the following, such versions are formulated
for reference purposes.
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THEOREM 5

THEOREM 6

le,...,Yk(yl) ey yk):le ..... Xk[gl(yl, ey yk)) ey gk(yb D) yk)] : |J|7

Consider ther.v.’s X, ..., X; with joint p.d.f. fx,  x, positive and contin-
uous on the set S € ¥, andlet kv, . . ., hy be real-valued transformations
defined on S; that is, iy, ..., hx : S — N, and let T be the image of S
under the transformation (k, ..., hg). Suppose that (ky, ..., ki) is one-
to-one from S onto 7'. Thus, if we set y; = hi(xy, ..., %), ¢ = 1,...,k,
then we can solve uniquely forx;, i =1,...,k:x; = 9;(y, ..., Yx), 1 =
1,..., k. Suppose further that the partial derivatives g;;(y1, ..., yx) =
%ngi(yl, oY), % J = 1,..., k exist and are continuous for (¥, ...,
yr) € T. Finally, suppose that the Jacobian

guly, - ¥ - 9wy, -, Yr)

I (Y, - Yk) - gy, -5 Yk)

is # 0 on 7. Then the joint p.d.f. of the r.v’s ¥; = hi(Xy, ..., X), © =
1,...,k, fv, v, 1s given by:

%, -y €T (and=0for (y, ..., yp) ¢ T). (12)

R, ..

Th

A suitable version of the previous result when the transformations
., hy are not one-to-one is stated below; it will be employed in
eorem 12 in Section 5.

Let Xi, ..., X ber.v.’swithjointp.d.f. fx, _ x, positive and continuous on
the set S € R*, and let ky, . . ., k. be real-valued transformations defined
on S; that is, iy, ..., hx : S — N, and let T be the image of S under the
transformation (h, ..., ). Suppose that (hy, ..., k) is not one-to-one
from S onto T but there is a partition of .S into (pairwise disjoint) subsets
Si, ..., Sy such that when (4, . . ., ;) is restricted to S; and takes values
in 7; (the image of S; under (hy, ..., k), j=1,...,r, then (hy, ..., k)
is one-to-one. Denoting by (h1;, .. ., ;) this restriction, we have then:
(Ryj, ..., hyy) : S; — Tj is one-to-one, so that we can solve uniquely
fora, ¢t =1,...,k 2% = g5, ..., yx), ¢ = 1,...,k, for each j =
1,...,r. Suppose further that the partial derivatives g;y(v, ..., Yx) =
3%,9]'@'(3/1, Yk, LL=1,...,k j=1, ... r exist and are continuous
for (yi, ..., yx) € Ty, j=1,...,7, and the Jacobian

gy, - Y o g, -, Yi)
gy =
91 (Y, -5 Yk) o Gy, -, Yk)

is#OonT;forj=1,...,7.
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Set

fY](yly DCRX) yk) = le,...,Xk[gjl(yly ) yk)r .. '7gjk(yly ey yk)”J]"
(yl"'wyk)ETj? j=l,'-~77l‘

Then the joint p.d.f. of the r.vi's ¥; = hi( Xy, ..., Xp), ¢ = 1, ...k,
Jvi,...v,, is given by:

7
le,...,Yk(?Jl, sy yk) = Zé‘](yl) D) yk)fY](yb ey Z/k), (yl’ D) yk) eT
j=1

(and = O for (g1, ..., yx) ¢ 1), (13)

where aj(yl’) yk)zl) if (?/1,---, yk)ETj and sj(yly---;yk)z(), if
(yly"';yk)¢]}'yj=1,...,'r.

2.1 Ther.v.’s X and Y denote the outcomes of one independent throw of two
fair dice, and let Z = X + Y. Determine the distribution of Z.

2.2 Let the independent r.v.’s X and Y have the Negative Exponential distri-
bution with A = 1, andsetU = X+ Y,V = X/Y.
(i) Derive the joint p.d.f. fy v.
(ii) Then derive the marginal p.d.f.’s fiy and fy.
(iii) Show that the r.v.’s U and V are independent.

2.3 Let the independent r.v.’s X and Y have the Negative Exponential distri-
bution with A = 1, andset U = L(X + 1),V = 3(X - V).
(i) Show that the joint p.d.f. of the r.v.’s U and V is given by:

Jov(u,v) = 27 _u<v<wu u>0.
(ii) Also, show that the marginal p.d.f.’s fiy and fy are given by:
So) =4due™ u>0; fyW)=e?, for v=>0,

fr)=¢e*, for v<O.

2.4 Let the independent r.v.’s X and Y have the joint p.d.f. fx y positive on a
set S, subset of 12, and set U = aX + b, V = ¢Y + d, where a, b, ¢, and
d are constants with ac # 0.
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(i) Use Theorem 4 in order to show that the joint p.d.f. of U and V is
given by:

1 _ _
Juv(u, v) = _fXY<u b, 2 C)
c| a d

—-b v—c
zwf ( )fY( d )y (’LL, U)GT’

the image of S under the transformations u = ax + b, v = cy + d.

() f X ~ N(uy, o ) and Y ~ N(us, o ), show that U and V are inde-
pendently dlstrlbuted as N(au; + b (aal )) and N(cuz + b, (002 )),
respectively.

2.5 If the independent r.v.’s X and Y are distributed as N(0, 1), set U =
X+Y,V=X-Y and:
(i) Determine the p.d.f’s of U and V.
(i) Show that U and V are independent.
(iii) Compute the probability P(U < 0, V > 0).

2.6 Let X and Y be independent r.v.’s distributed as N(0, 1), and set

1 1

(i) Determine the joint p.d.f. of U and V.

(i) From the joint p.d.f. fy v, infer fiy and fy without integration.
(iii) Conclude that U and V are also independent.
(iv) How else could you arrive at the p.d.f.’s fiy and fy?

2.7 Let X and Y be independent r.v.’s distributed as N(0, o). Then show
that the r.v. U = X2 4 Y? has the Negative Exponential distribution with
parameter A = 1/202.

2.8 The independent I.V. s X and Y have p.d.f. given by: fx y(x, y) = —, for
2, y € R with 2% + y? < 1, and let Z? = X? 4 Y2 Use polar coordinates
to determine the p.d.f. f.

Hint: Let Z = +vZ2 and set X = Zcos®, Y = Zsin®, where
Z > 0and 0 < ® < 2r. First, determine the joint p.d.f. fz ¢ and then
the marginal p.d.f. fz. Finally, by means of f7 and the transformation
U = 72, determine the p.d.f. fiy = fe.

2.9 If the r.v. X, ~ t,, then the ¢-tables (at least the ones in this book) do
not give probabilities for » > 90. For such values, we can use instead the
Normal tables. The reason for this is that the p.d.f. of X, converges to
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the p.d.f. of the N(0, 1) distribution as » — oco. More precisely,

rey) 1
WF (%) (1+£)(r+1)/2 r%oo\/ﬂ
P

e 2 (1 > 0).

Jx. () =

Hint: In proving this convergence, first observe that

ENGR 2\ 712 2\ 1/2 s
o) )T )

and then show that

by utilizing the Stirling formula. This formula states that:

I'(n)

———— > 1 asn— oo.
/2 n@n=1/2g-n

2.10 Let X, ,, be ar.v. having the F-distribution with parameters r; and 7y; i.e.,
Xy r, ~ Fy r,- Then show that:

1

- 2r2(r + 12 — 2)
EAX,»WA2 = m, re > 3; Var(Xy, ) = ,',.1(7.22 _ 2)2(7-2 _ 4)’

1y > b.

Hint: Start out with the kth moment EXZ,TZ’ use first the transforma-

tion % f = x, and second the transformation ﬁ = 9. Then observe
that the integrand is the p.d.f. of a Gamma distribution (except for suit-
able constants). Thus, the EX’;MZ is expressed in terms of the Gamma

function without carrying out any integrations. Specifically, we find:

b, = (2) L)
==\n) TrEre)

Applying this formula for k = 1 (which requires that 1> > 3),and k = 2
(which requires that 75 > 5), and using the recursive property of the
Gamma function, we determine the required expressions.

6.3 Linear Transformations

In this section, a brief discussion is presented for a specific kind of transfor-
mation, linear transformations. The basic concepts and results used here can
be found in any textbook on linear algebra.

2 > 2k.
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DEFINITION 3
Suppose the variables i, ..., 2, are transformed into the variables
Y, ..., Yr in the following manner:

k
vi=Y cyxy, i=1,..,k (14)
j=1

where the ¢;;’s are real constants. Such a transformation is called a linear
transformation (all the x;’s enter into the transformation in a linear way,
in the first power).

Some terminology and elementary facts from matrix algebra will be
used here. Denote by C the k x k matrix of the ¢;;, ¢, 7 =1, ...,k con-
stants; that is, C = (¢;;), and by |C| or A its determinant. Then it is well
known that if A # 0, one can uniquely solve for «; in (14):

k
x=Y dyy, i=1,..,k (15)
j=1

for suitable constants d;;. Denote by D the k x k matrix of the d;;’s and by
A*its determinant: D = (d;;), A*™ = [D|. Thenitis knownthat A* = 1/A.
Among the linear transformations, a specific class is of special impor-
tance; it is the class of orthogonal transformations.

A linear transformation is said to be orthogonal, if

k k
dod=1 and Y cjor; =0, ii'=1,...k i#d,
j=1 j=1
or, equivalently,
k k
dod=1 and ) cjoy =0, jj=1...k j#j. (16)
i=1 i=1

Relations (16) simply state that the row (column) vectors of the matrix
C have norm (length) 1, and any two of them are perpendicular. The
matrix C itself is also called orthogonal. For an orthogonal matrix C, it
is known that |C| = +1. Also, in the case of an orthogonal matrix C,
it happens that d;; = ¢j;, 4, j = 1, ..., k; or in matrix notation: D = C/,
where C’ is the transpose of C (the rows of C’ are the same as the columns
of C). Thus, in this case:

k
xX; = chly]7 'I:: 1, ...,k. (17)
Jj=1

Also, under orthogonality, the vectors of the x;’s and of the y;’s have
the same norm. To put it differently:

k
2 _
>t

=1 J

k
P (18)
=1

Some of these concepts and results are now to be used in connection with
L.V.S.
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THEOREM 7
Suppose the r.v.s Xy, ..., X; are transformed into the rv.’s Yi, ...,
Y}, through a linear transformation with the matrix C = (¢;;) and |C| =
A # 0. Let S C %* be the set over which the joint p.d.f. of X, ..., X},
fx,,..x,, s positive, and let 7" be the image of S under the linear transfor-
mation. Then:
() The joint p.d.f. of Y1, ..., Y%, fy,. . v, is given by:
k k 1
S, 0 - Yk = le,...,Xk(Zdljyjy e Z%j%)m, 19
j=1 j=1
for (y1, ..., yr) € T (and = 0 otherwise), where the d;;’s are as in
(15).
(ii) In particular, if C is orthogonal, then:
k k
Jr, v (Y - Yk = le,...,Xk<ZCj1yjy saag Z%’k%): (20)
j=1 j=1
for (y1, ..., yx) € T (and = 0 otherwise); also,
k k
=)z @D
j=1 i=1
PROOF
(i) Relation (19) follows from Theorem 5.
(ii) Relation (20) follows from (19) and (17), and (21) is a restatement of
(18). A
Next, we specialize this result to the case that the r.v’s Xi, ..., X} are
Normally distributed and independent.
THEOREM 8
Lettheindependentr.v.’s X1, . .., X; be distributed as follows: X; ~ N(u;,
0?), i =1, ..., k, and suppose they are transformed into the r.v.s Y7, . . .,
Y by means of an orthogonal transformation C. Thenther.v.'s Y7, ..., ¥
are also independent and Normally distributed as follows:
k
m~N<Zcijuj,a2), i=1,... k. (22)
j=1

PROOF  From the transformations ¥; = Z?’:l ¢;; X, itis immediate that each
Y; is Normally distributed with mean E'Y; = Z];: 1 Cijivj and variance Var(Y;) =

Zl;zl ;0% =o* Z?’:l ¢;; = . So the only thing to be justified is the assertion
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of independence. From the Normality assumption on the X;’s, we have:

1\ 1 & )
Jxyx (0, o, ) = (ﬂa) exp [—ﬁ ;(xz—m)} (23)

Then, since C is orthogonal, (20) applies and gives, by means of (23):

1 k L k 2
Jr,v(u, - Yk) = <m) exp [—ﬁ ; (;Cﬁyj - Mi) :| (249

Thus, the proof is completed by establishing the following algebraic relation:

k k 2 % k 2
> (Zcﬁyj - Mi) => (yz - Zcijw) (25)
i=1 \ j=1 i=1 j=1
(see Exercise 3.1). A

Finally, suppose the orthogonal matrix C in Theorem 8 is chosen to be as

follows:
1/vk 1/Vk e 1/vk
1/V2x1  —1//2x1 0 . 0
C= 1/4/3 %2 1//3%x2 =2/4/3x2 0  ...... 0
1/VEGE—1) 1VEGk—1) ...... o VEGR=T) —(k—1)/VE(k—1)

That is, the elements of C are given by the expressions:
cj=1/Vk  j=1,...k

cij=1/y/i(t—1), fori=2,...;k and j=1,...,7—1,
andOfor j=7+1,...,k,

¢y =—@—1/Vii — 1), i=2,... k.
k 62

From these expressions, it readily follows that 3 J=1Ci = 1 forall i =
1,...,k and Z’;Zl cijcy; = Oforalle,¢' = 1,...,k, with ¢ # 7, so that C is,
indeed, orthogonal (see also Exercise 3.2). Next, let Zy, ..., Z; be independent
r.v.’s distributed as N(0, 1), and transform them into the r.v.'s Y, ..., Y} by
means of C; that is,

1 1 1
Yi=—Z1+—Zo+-.-+—Z
! I{,‘l \/E ? «/E g

1 1
Zy —

Yo =
2x1 2x1
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1 1 2
Y. Z
P Bx2 T Bx2 T Bx2
Y, = ! Z + ! Zo+ -+ L 4 k-1 _,
TG —D N kk—-D ? VEE—D T kk—-D "

Then, by Theorem 8§, the r.v.’s Y7, .

., Y}, are independently distributed as
N(0, 1), whereas by (21)

However, ¥; = vkZ, so that

k k k
Y=Y v-vi=) 7 - (k2P = 222 kZ* = Z(z 2y
j=2 J=1 i=1

On the other hand, Z =2 ] and Y; are independent; equivalently,
Zi:l (Z; — Z)? and kZ are independent, or

k
Z and Z(Zi — Z)* are independent. (26)
im1

This last conclusion is now applied as follows.

THEOREM 9

Let Xy, ..., Xk_ be mdependent r.v.’s distributed as N(u, 2) Then the

sample mean X = ZZ , X; and the sample variance $* = ; Zz 06—
X)? are independent.

PROOF The assumption that X; ~ N(u, 02) implies that Xizn o N @, 1).
By setting Z; = (X; — w)/o, 1 = 1,...,k, the Z;’s are as in the preceding
derivations and therefore (26) applies. Since

1

5 k Xi—,u _1 —
Z—;Z( )—;(X—u),and

=1 o

k Kk 5 2 k
= Xi—n X—n 1 _
Szi-zp =y (PR T Ly - 5
i=1 i=1 o o 0" =

it follows that 1 (X — p) and % ¥ (X; — X)? are independent or that X and
Ly (X; — X)? are independent. A
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3.1 Establish relation (25) in the proof of Theorem 8.

Hint: Expand the left-hand side and the right-hand side in (25), use
orthogonality, and show that the common value of both sides is:

k
Z?f?+2 —2Zszw
j=1 j=1i=
3.2 Show that the matrix with row elements given by:
cj=1/vVk j=1,...,k
cj=1//i(i—1), i=2 ..., kandj=1,...,i—1,
andOforj=4+1,...,k,

ci =—0—-1/J/i(@+1), i=2, ..., kisorthogonal.
3.3 Let X}, X5, X3 be independent r.v.’s such that X; ~ N(u;, 62), i=1,2,3,

and set
Y1 = ngl + jﬁ
1 1
== Jﬁ f IXS’
R R A
Then:

(i) Show that the r.v’s Y1, Y5, ¥5 are independent Normally distributed
with variance o2 and respective means:

1 1
EYy = —(—p1 + o), EY: = —(—p1 — p2 + us),

V2 V3

1
EY; = %(Ml + pz + 2u3).

(ii) If w1 = pe = ps = 0, then show that L (Y? + Y3 + Y3) ~ x&,

Hint: For part (i), prove that the transformation employed is or-
thogonal and then use Theorem 8 to conclude independence of
Y1, Y5, Y3. That the means and the variance are as described follows
either from Theorem 8 or directly. Part (ii) follows from part (i) and
the assumption that ; = s = ug = 0.

3.4 Ifther.v. s X and Y have the Bivariate Normal dlstnbutlon with parameters
1, 12, 02, 02, and p, thenthe r.v.’s U = Xy — Y212 haye the Bivariate

o1

Normal distribution with parameters 0, 0, 1 1 and ;o,2 and vice versa.
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3.5 If the r.v.’s X and Y have the Bivariate Normal distribution with parame-
ters 0, 0, 1, 1, and p, then the r.v.’s ¢X and dY have the Bivariate Normal
distribution with parameters 0, 0, ¢, d2, and py, where py = 1 if cd > 0,
and pp = —1if ed < 0; ¢ and d are constants with cd # 0.

3.6 Let the r.v.’s X and Y have the Bivariate Normal distribution with parame-
ters 0,0, 1, 1, and p, and set: U = X + Y, V = X — Y. Then show that:
(i) The r.v.’s U and V also have the Bivariate Normal distribution with
parameters 0, 0, 2(1 + p), 2(1 — p), and 0.
(ii) From part (i), conclude that the r.v.’s U and V are independent.
(iii) From part (i), also conclude that: U ~ N(0,2(1 + p)),V ~ N(O,
2(1 = p)).

3.7 Let the r.v.’s X and Y have the Bivariate Normal distribution with parame-
ters 11, us, o, 02, and p, and set:

X - Y-
U= Ml, V= Mz.

o1 02

Then:

(i) Determine the joint distribution of the r.v.’s U and V.

(i) Show that U + V and U — V have the Bivariate Normal distribution
with parameters 0, 0, 2(1 + p), 2(1 — p), and 0 and are independent.
Also, U +V ~ N(0,2(1+ p)), U =V ~ N(0, 2(1 — p)).

(iii) For 02 = 02 = o2, say, conclude that the r.v’s X + Y and X — Y are
independent.

REMARK 4 Actually, the converse of part (iii) is also true; namely, if
X and Y have the Bivariate Normal distribution N(u1, iz, o2, 02, p), then
independence of X +Y and X — Y implies 02 = oZ. The justification of this
statement is easier by means of m.g.f.’s, and it was, actually, discussed in
Exercise 5.13 of Chapter 4.

3.8 Let the independent r.v.’s X, ..., X,, be distributed as N(u, 0%) and sup-
pose that u = ko (k > 0). Set
o 1¢ 2 1 ¢ 2
X=->X, S=—>x%-3
n5i4 n—1 i=1

Then:
(i) Determine an expression for the probability:

Plap < X <bp, 0< 8% <cod),

where a, b, and ¢ are constants, a < b and ¢ > 0.
(ii) Give the numerical value of the probability in part (i) if a = %, b =
3 ¢=1487 k=15, andn = 16.
Hint: Use independence of X and S? provided by Theorem 9. Also, use
the fact that m;_lz)sl ~ x2 | by Theorem 6 in Chapter 5 (where S? is
denoted by 5?).
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6.4 The Probability Integral Transform

THEOREM 10

THEOREM 11

In this short section, a very special type of transformation is considered, the so-
called probability integral transform. By means of this transformation, two
results are derived. Roughly, these results state that, if X ~ F and ¥ = F(X),
then, somewhat surprisingly, Y is always distributed as U (0, 1). Furthermore,
for a given d.f. F, there is always ar.v. X ~ F; thisr.v. is given by X = F~1(Y),
where Y ~ U(0, 1) and F~! is the inverse function of F. To facilitate the
derivations, F' will be assumed to be (strictly) increasing.

For an increasing d.f. F,let X ~ F and set Y = F/(X). Then Y ~ U(0, 1).

PROOF Since 0 < F(X) < 1, it suffices to consider y € [0, 1]. Then
P(Y <y) = P[F(X) < y] = P(F'[F(X)] < F'(y)}
=P X<F'W=FF W=y
sothatY ~U(0,1). A

Let F be a given increasing d.f., and let the r.v. ¥ ~ U(0, 1). Define the
rv. Xby: X = F7(¥). Then X ~ F.

PROOF  For x € N,
P(X <) = P[F7\(Y) < 2] = P{F[F~'(Y)] < F(@))
= P[Y < F(»)] = F(x),

as was to be seen. A

In the form of a verification of Theorems 10 and 11, consider the following
simple examples.

Let the r.v. X have the Negative Exponential distribution with parameter .
Then, for x > 0, F(x) =1 — e **. Let Y be defined by: ¥ = 1 — e *X. Then Y
should be ~ U(0, 1).
DISCUSSION Indeed, for0 < y < 1,

PY <y)=PA-e™™ <y) =Pl =1-y) =P[-1X > log(1 — y)]

1
_ P[X <~ log(l - y)]
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1
=1—exp {(—k)[—x log(1 — y)“
=1l-expllogl-yl=1-0-y» =y
as was to be seen.

m Let F be the d.f. of the Negative Exponential distribution with parameter
A sothat F() = 1 —e™, x > 0. Let y = 1 — e and solve for x to
obtain x = —% log(1—1y), 0 <y< 1. LetY ~U(0, 1) and define the r.v. X by:
X = —% log(1 — Y). Then X should be ~ F'.

DISCUSSION Indeed,

P(X <) = P[—% log(1 - ¥) < x] = Pllog(1 — Y) > —Ax]

=PQ-Yze™)=P¥ <l-—e™)=1-—e"

as was to be seen.

4.1 (i) Let X be a r.v. with continuous and (strictly) increasing d.f. F', and
define the r.v. Y by ¥ = F(X). Then use Theorem 2 in order to show
that Z = —2log(1 — V) ~ x2.

(ii) If X, ..., X,,isarandom sample with d.f. F as described in part (i) and
ifY; = F(X;), i=1,...,n thenshow thattherv.U = Y "' | Z; ~ Xzzw
where Z; = —2log(1-Y;), i=1,...,n.

Hint: For part (i), use Theorem 10, according to which ¥ ~ U(0, 1).

6.5 Order Statistics

In this section, an unconventional kind of transformation is considered, which,
when applied to r.v.’s, leads to the so-called order statistics. For the definition
of the transformation, consider 7 distinct numbers 7, . .., 2, and order them
in ascending order. Denote by 21y the smallest number: x; = smallest of
21, ..., Ty; DY 2(2) the second smallest, and so on until % is the nth smallest
or, equivalently, the largest of the x;’s. In a summary form, we write: x(;, =
the jth smallest of the numbers a7y, ..., x,, where j = 1, ..., n. Then, clearly,
Xy < X@) < - < Xp). For simplicity, set y; = x¢;), j = 1,...,n, so that
again y; < Y2 < --- < Y. The transformation under consideration is the one
which transforms the %;’s into the y;’s in the way just described.
This transformation now applies to n r.v.’s as follows.
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THEOREM 12

Let X1, Xy, ..., X, be iid. r.v’s with d.f. F. The jth order statistic of
X1, X, ..., X, is denoted by X(;), or Y; for easier writing, and is defined as
follows:

Y; =jth smallest of the X1, Xp, ..., X,,, Jj=1,...,1

(that is, for each s € S, look at X;(s), Xz2(s), ..., Xu(s), and then Y;(s) is de-
fined to be the jth smallest among the numbers X;(s), Xa(s), ..., Xn(s), j =
1,2,...,n). Itfollows that Y; < Y3 < -.- <Y, and, in general, the Y;’s are not
independent.

We assume now that the X;’s are of the continuous type with p.d.f. f such
that f(x) > 0, (—oo=<)a < x < b(<o0)and zero otherwise. One of the problems
we are concerned with is that of finding the joint p.d.f. of the Y;’s. By means
of Theorem 6, it will be established that:

If X1, ..., X, are ii.d. r.v.'s with p.d.f. f which is positive fora < x < b
and 0 otherwise, then the joint p.d.f. of the order statistics Y3, ..., ¥, is
given by:

@) - (W), a< <Yo<---<Yp<b

9, -, Yn) = 27
. {0, otherwise.

PROOF The proof is carried out explicitly for n = 3, but it is easily seen,
with the proper change in notation, to be valid in the general case as well. In
the first place, since for @ # j,

b )
Peti=x)= [ /( Sy = [ raosenazias =o

and therefore P(X; = X; = X)) = O for 7 # j # k, we may assume that
the joint p.d.f., f(, -, -), of X, X», X3 is zero, if at least two of the arguments
x1, X2, x3 are equal. Thus, we have:

S@)f (@) f(ws3), a<x #x2#23<Db

@, 2, 05) = {0, otherwise.
Therefore f(xy, x2, x3) is positive on the set S, where

S={(, 22, 23) €N’ a<mz<b, =123 x,s x;all different}.
Let Sjj; C Sbe defined by:

Sije = {1, 22, 23); a<x<x; <, <b), 4,5,k=123 1#j#k.

Then we have that these six events are pairwise disjoint and (essentially)

S = Si23 U Si32 U S213 U Sa31 U S312 U S3a1.



6.5 Order Statistics 195

Now on each one of the S;j;’s there exists a one-to-one transformation from
the x;’s to the y;’s defined as follows:

S =X, Y2 =22, Y3 =23

Sis2: Y = X1, Y2 = X3, Y3 = L2

So13 1 Y1 = X2, Y2 = X1, Y3 = X3

So31 1 Y = X2, Y2 = X3, Y3 = 11

S3121 Y1 = X3, Y2 = X1, Y3 = X2

Sso1 1 Y1 = X3, Y2 = X2, Y3 = 21.

Solving for the x;’s, we have then:

S1e3 121 = Y1, T2 = Y2, X3 = Y3
S132 121 = Y1, Y2 = Y3, X3 = Y2
So13 101 = Yo, X2 = Y1, X3 = Y3
So31 11 = Y3, X2 = Y1, X3 = Y2
S312 1 X1 = Yo, X2 = Y3, X3 = Y1

Sso1: X1 = Y3, X2 = Y2, X3 = Y1.

The Jacobians are thus given by:

1 0 0 0 0 1

Siez: Jis=10 1 0]=1, Sogi: bz =11 0 0]=1,
0 01 010
1 00 010

Sizz: Jizz=10 0 1j=-1, Szp: Hp=(0 0 1 =1,
010 100
010 0 0 1

8213 : J213 =1 0 0= —1, S321 : J321 =0 1 0/=-1
0 0 1 1 0 0

Hence |Ji23| = - - - = |J321] = 1, and Theorem 6 gives

S S W) S W) + S ) S W) S (2) + S ) S () S (ys)

+ W) S ().f (y2) + f (y2).f (ya) S () + f (s).f (w2).f (),
9, Y2, Y3) = a<y<yo<ys<b

0, otherwise.
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I EXAMPLE 8

THEOREM 13

That is,

(S (W) S (y3), a<y <y2<ys<b

9, Y2, Y3) =
{0, otherwise. A

Notice that the proof in the general case is exactly the same. One has 7!
regions forming S, one for each permutation of the integers 1 through n. From
the definition of a determinant and the fact that each row and column contains
exactly one 1 and the rest all 0, it follows that the n! Jacobians are either 1 or —1
and the remaining part of the proof is identical to the one just given except
that one adds up n! like terms instead of 3!.

The theorem is illustrated by the following two examples.

Let X, ..., X, beii.d. r.v’s distributed as N(u, 02). Then the joint p.d.f. of the
order statistics Y7, ..., ¥, is given by

1 \" 1 )
U) exp [—ﬁ;(%—u)],

if —oo <y < -+ < Yy < 00, and zero otherwise.

g(yl,.-.,yn)=n!(

Let Xy, ..., X, beii.d. r.v.’s distributed as U(«, B). Then the joint p.d.f. of the
order statistics Y7, ..., ¥, is given by

n!

9, -, Yn) = m,

ifaa <y <--- <y, < B, and zero otherwise.
From the joint p.d.f. in (27), it is relatively easy to derive the p.d.f. of ¥; for

any j, as well as the joint p.d.f. of ¥; and Y for any 1 <4 < j < n. We restrict
ourselves to the derivation of the distributions of ¥; and Y,, alone.

Let X3, ..., X,, be ii.d. r.v.’s with d.f. F and p.d.f. f which is positive
and continuous for (—oco<)a < x < b(<00) and zero otherwise, and let
Yi, ..., Y, be the order statistics. Then the p.d.f.’s g; and g,, of ¥; and Y,,,
respectively, are given by:

L= F@I" ' (), a<wy<b
91y = !0, otherwise, (28)
and
[ F@) T (W), a<yn<b
9ulyn) = {0, otherwise. 29
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PROOF  First, derive the d.f.’s involved and then differentiate them to obtain
the respective p.d.f.’s. To this end,

Gn(yn) = P(Y,, < yp) = Plmax(Xy, ..., Xy) < ¥]
=P@I Xy, ..., Xy < yu) = P(X1 < Yn, ..., X = Y)
=P(Xi < yn) - P(X, <y, (bytheindependence of the X;’s)
= [F(y)]".

That is, G, (yn) = [F(yx)]", so that

d d
In(Yn) = d_Gn(yn) = n[F(y )" ——F(yn) = n[F YD f (W)
Yn Ay,

Likewise,
1-Gi(yn) = P(Y1 > ) = P[min(Xy, ..., Xy) > u]
=P@lXy,..,X,>y=PX1>wy,...,Xn>wy)
= P(X;>wy) --P(X,>wy) (bytheindependence of the X;’s)
=[1-PXi <=yl [1-PX1 <=yl =[1-F(yl"

Thatis, 1 — G1(y1) = [1 — F(y)]", so that
d d
—g1(y) = 21 = Gu(y)] = nll - F(y)l" ' —I[1 — F(y)]
hn dy

= n[l = F)I" ' [-f(y)] = —nll — Fu)I"™' f (),

and hence
g =n1 - F)I" ' f(n). A

As an illustration of the theorem, consider the following example.

Let the independent r.v.'s Xi, ..., X,, be distributed as U(0, 1). Then, for
O<y,y<1:

g =nd—y)"" and gu(yn) =ny] "

DISCUSSION Here, for0 < x < 1, f(x) = 1 and F(x) = «. Therefore
relations (28) and (29) give, for 0 < 1, ¥y, < 1:

g =nd—y)" ' 1=nl-y)"" and g,(yn) =ny ",

as asserted.
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As a further illustration of the theorem, consider the following example,
which is of interest in its own right.

If X1, ..., X, are independent r.v.’s having the Negative Exponential distribu-
tion with parameter X, then Y] has also the Negative Exponential distribution
with parameter n\.

DISCUSSION  Here f(x) = Ae* and F(x) = 1 — e " for x > 0. Then,
for y > 0, formula (28) yields:

1) = n(e )" x AT = (mA)e DM = (ma)e P,
as was to be seen.

(1) In a complex system, n identical components are connected serially, so
that the system works, if and only if all » components function. If the
lifetime of said components is described by a r.v. X with d.f. F and p.d.f.
S, write out the expression for the probability that the system functions
for at least ¢ time units.

(i) Do the same as in part (i), if the components are connected in parallel,
so that the system functions, if and only if at least one of the components
works.

(iii) Simplify the expressions in parts (i) and (ii), if f is the Negative Expo-
nential with parameter A.

DISCUSSION
(i) Clearly, P(system works for at least ¢ time units)
=PXi>t...,X, >0 (where X; is the lifetime of the
ith component)
=P >t (where Y7 is the smallest order statistic)
o0
= / g1(y)dy (where g, is the p.d.f. of ¥7)
t
o0
= / n[l— FI" "' f(y)dy  (by (28)). (30)
t
(i) Here

P(system works for at least ¢ time units)

= P(atleastone of X1, ..., X,, > 1)

=P, >1) (where Y, is the largest order statistic)

= / gn(y) dy (where g, is the p.d.f. of ¥},)
t

_ / T HF@P )y (by (29)). 31)

t
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(iii) Here F(y) = 1 — e * and f(y) = Ae " (y > 0) from Example 11. Also,
from the same example, the p.d.f. of Y7 is g1(y) = (mA)e~ ¥, so that (30)

gives:
o.¢]
P(Yy>1) = / (e " dy
t
=— /Oode_("’\)ydy
t
— _e—(nA)y|;’° — e—nu)
and, by (31),

o0
PY,>1t)= / n(1 — e )y e dy.
t
For example, for n = 2, this last probability is equal to:

o0 [o¢] o0
/ 21 —e e dy =2 / re Y dy — f 2xe” P dy
t t

t

o0 o0
= -2 f de Y + / de MY
t t

= 2 e

— 2e—M _ e—ZM

5.1 Let X, ..., X,, be independent r.v.'s with p.d.f. f(x) = ca D x >
1(¢>0),andsetU =Y, =min(Xy, ..., X,), V=Y, =max (Xy, ..., Xy).
(i) Determine the d.f. F' corresponding to the p.d.f. f.
(ii) Use Theorem 13 to determine the p.d.f’s fy and fy.

5.2 Refer to Example 10 and calculate the expectations EY; and EY,, and
also determine the lim F'Y,, as n — oo.

5.3 Let Y; and Y, be the smallest and the largest order statistics based on a
random sample X1, ..., X,, from the U(«, B8) (o < B) distribution.
(i) For n = 3 and n = 4, show that the joint p.d.f. of ¥; and Y, is given,
respectively, by:

3x2
93y, ¥3) = ——Ws—y), o<y <ys<ph,
(B —a)
4x3
91, Y1) = ———= W — ), @ <y <y <B.
(B —a)
(ii) Generalize the preceding results and show that:
nn—1) _
9, ¥) = —— W — )", @ <y <y < B

(B —a)
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Hint: For part (ii), all one has to do is to calculate the integrals:

Yn Yn—1 Y 3]
/ / e / / dyzdyg e dyn—Zdyn—lr
Y Y hn hn

which is done one at a time; also, observe the pattern emerging.

5.4 Let Y7 and Y, be the smallest and the largest order statistics based on a
random sample X7, ..., X,, from the U(0, 1) distribution. Then show that:

1

CO'U(YI, YTL) = m

Hint: Use the joint p.d.f. taken from Exercise 5.3(ii) for « = 0 and
B =1

5.5 If Y1 and Y, are the smallest and the largest order statistics based on a
random sample Xj, ..., X, from the U (0, 1) distribution:
(i) Show that the p.d.f. of the sample range R = Y,, — Y] is given by:

fr@) =nn—Dr" 21 —-7r), 0<7r<]l.
(ii) Also, calculate the expectation E'R.

5.6 Refer to Example 11 and set Z = nY;. Then show that Z is distributed as
the Xi’S.

5.7 The lifetimes of two batteries are independent r.v.’s X and Y with the
Negative Exponential distribution with parameter A. Suppose that the
two batteries are connected serially, so that the system works if and only
if both work.

(i) Use Example 11 (with n = 2) to calculate the probability that the
system works beyond time ¢ > 0.
(i) What is the expected lifetime of the system?
(iii) What do parts (i) and (ii) become for A = 1/3?

5.8 Let Y7 and Y, be the smallest and the largest order statistics based on a
random sample Xj, ..., X, from the Negative Exponential distribution
with parameter 1. Then, by Example 11, g;(y1) = (rA)e" 0% 4 > 0.
(i) Use relation (29) (with @ = 0 and b = o0) to determine the p.d.f. g,

of ther.v. ¥,
(i) Calculate the EY,, forn=2andn = 3.

(n7 1)

(n—r)y

nn—l
EY,=-) ()" !
V=32 D

(ii) Apply part (i) for n = 2 and n = 3 to recover the values found in
Exercise 5.8 (ii).
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Hint: Consider the binomial expansion: (a+b)f = 3"
and apply it to: (1 —e™¥)" 1 fora =1, b = —e ™Y, and k = n — 1.
Then carry out the multiplications indicated and integrate term by

term.

5.10 Let X1, ..., X,, be arandom sample of size n of the continuous type with
d.f. Fand p.d.f. f, positivein —oco <a < x < b < oo, and let Y; and Y,, be
the smallest and the largest order statistics of the X;’s. Use relation (27)
in order to show that the joint p.d.f. g1, of the r.v.’s Y7 and Y, is given by

the expression:

911, Yu) =1 — DIF (yn) — Fy)I" > £ @) W),

Hint: The p.d.f. g1, is obtained by integrating g(yi, . .

r=0

with respect to ¥,_1, Yn_2, ..., Y2 as indicated below:

Yn Yn

91(Y1, Yn) = 1 f (). S (Yn)

However,

Yn
S Wn-DAYn1 = F(yp) — F(Yn—2) =

Yn—2
b [F(yy) — F(yn2))*
/yn_g[ = 1! W) S WYn—2) AYn—
U [F(yn) = F(yn-2)]'
- _/ S dIF ()
Yn—3 .
_F(?Jn—z)] =

2!

Yn-3

and continuing on like this, we finally get:

" [P(y) ~ Pl
[ sy,

L[

B K (?’L - 3)!

% Yn-3 Y Yn-2
o S(Y2)dYn—1dYn—2 - - - dys.

Yn

[F(Yn) — F(yn-2)1*

1!

)

_Fw) = Fyn2)P " [Fyn) = F(@us)P’

2!

d[F(yn) — F(y2)]

_ Py = FI" 2" _ [Fya) — Fyl"

(n—2)!

Y

Since (n%;), = n(n — 1), the result follows.

(n—2)!

L (ar

a<Y <Yp<b.

- Yn) I (27)

S Wn-1)S WYn-2) x

’



Chapter 7

Some Modes
of Convergence
of Random Variables,
Applications

The first thing which is done in this chapter is to introduce two modes of con-
vergence for sequences of r.v.’s, convergence in distribution and convergence
in probability, and then to investigate their relationship.

A suitable application of these convergences leads to the most important
results in this chapter, which are the Weak Law of Large Numbers and the
Central Limit Theorem. These results are illustrated by concrete examples,
including numerical examples in the case of the Central Limit Theorem.

Inthe final section of the chapter, it is shown that convergence in probability
is preserved under continuity. This is also the case, in a limited sense, for
convergence in distribution. These statements are illustrated by two general
results and a specific application.

The proofs of some of the theorems stated are given in considerable detail,
in some cases, only a rough outline is presented, whereas in other cases, we
restrict ourselves to the statements of the theorems alone.

7.1 Convergence in Distribution or in Probability and their Relationship

202

In all that follows, X, ..., X, are ii.d. r.v.’s, which may be either discrete
or continuous. In applications, these r.v.’s represent n independent observa-
tions on a r.v. X, associated with an underlying phenomenon which is of im-
portance to us. In a probabilistic/statistical environment, our interest lies in
knowing the distribution of X, whether it is represented by the probabilities
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Figure 7.1

P(X € B), B C N, or the d.f. F of the X;’s, or their p.d.f. f. In practice,
this distribution is unknown to us. Something then that would be desir-
able would be to approximate the unknown distribution, in some sense, by
a known distribution. In this section, the foundation is set for such an
approximation.

DEFINITION 1

Let Y1, ..., Y, be r.v.’s with respective d.f’s. Fy, ..., F,. The r.v.'s may
be either discrete or continuous and need be neither independent nor
identically distributed. Also, let Y be a r.v. with d.f. G. We say that the
sequence of r.v.’s {¥,}, n > 1, converges in distribution to the r.v. Y as
n — oo and write Y, v Y, if F,(xv) =2 G (x) for all continuity points x
of G.

The d.f. Represented by
the Solid Curve Is
Approximated by the
d.f.’s Represented by the

e e e e e s e 0 — o — o — o

true d.f.

F(x)

approximating d.f’s

0 5
25 -2 -15 -1 -05 0 05 1 15 2 25

The following example illustrates the definition.

m For n > 1, let the d.f.’s F}, and the d.f. G be given by:

0, ifx<1-1
0, ifr<l1

F,(x)= ,
() n 1, ifx>1,

and discuss whether or not F,(x) converges to G(x) as n — oo.
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Figure 7.2
The d.f. G Is F,(x) G(x)
Approximated by the ) F,
d.f.’s F,, at all Points : 1 |
1 |
¥#l el S |
1 1 |
Jy | 1 x " x
0 L bl 0 1

DISCUSSION The d.f. G is continuous everywhere except for the point
x=1Forx < 1letng > 1/(1—x). Thenx < 1 — ;- andalsox < 1 — 1
for all n > ng. Thus, F,(x) = 0,n > ng. For x > 1,let ny > 1/(x — 1). Then
x> 1+ and also x > 1+ for all n > ny, so that F,,(x) = 1, n > ny. Thus, for
x # 1, Fn(x) — G(x), so, 1f Y,and Y arer.v’s such that ¥, ~ F,and Y ~ G,

then Y, m Y.

REMARK 1 Theexample alsoillustrates the point that, if xis a discontinuity
point of G, then F,(x) need not converge to G (x). In Example 1, F;,(1) = % for
alln, and G(1) = 1.

The idea, of course, behind Definition 1 is the approximation of the (pre-
sumably unknown) probability P(Y < x) = G(x) by the (presumably known)
probabilities P(Y,, < x) = F,(x), for large enough n. Convergence in distribu-
tion also allows the approximation of probabilities of the form P(x < Y < y)
by the probabilities P(x < Y,, < y), for x and y continuity points of G. This is
so because

Plx<Y, =y =PX, =y — P, =x)=F(y) — Fu(x)

—GY)—-G@)=Plx <Y <y).

n—o0
Whereas convergence in distribution allows the comparison of certain
probabilities, calculated in terms of the individual r.v.'s Y, and Y, it does
not provide evaluation of probabilities calculated on the joint behavior of Y,
and Y. This is taken care of to a satisfactory extent by the following mode of
convergence.

DEFINITION 2
The sequence of r.v.’s {¥,},n > 1, converges in probability to the r.v.
Y as n— oo, if, for every ¢>0, P(|Y,—Y|>¢) =2 0; equivalently,

P(|Y, — Y| < &) —> 1. The notation used is: ¥, —> Y.
N—00 Nn—00

Thus, if the event A,(¢) is defined by: A,(e)={s € S;Y(s) — e < Y, (s) <
Y(s) + ¢}, (that is, the event for which the r.v. ¥, is within ¢ from
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the r.v. V), then P(A,(¢)) =2 1 for every ¢ > 0. Equivalently, P(A{(¢)) =
P({s e S;Y,(s) < Y(s)—corY,(s) > Y(s)+¢}) ROO.

The probability that Y, lies within a small neighborhood around Y, such as
(Y, — ¢, Y, +¢), is as close to 1 as one pleases, provided n is sufficiently large.

It is rather clear that convergence in probability is stronger than con-
vergence in distribution. That this is, indeed, the case is illustrated by the
following example, where we have convergence in distribution but not in
probability.

Let S={1, 2, 3, 4}, and on the subsets of S, let P be the discrete uniform
probability function. Define the following r.v.’s:

X,(H)=X,2)=1, X,3)=X,4) =0, n=12...,

and

XD)=X2)=0, XB)=X4)=1.

DISCUSSION Then

| Xn(s) — X(s)]=1 forallseS.

Hence X,, does not converge in probability to X, as n — oco. Now,

0, <0 0, <0
F() =13 0<x<l  G@w=13 0=<x<l
1, x>1 1, x>1,

so that F,,(x) =G (x) for all x € gt. Thus, trivially, F,(x) =2 G () for all conti-
nuity points of G; that is, X, v X, but X,, does not converge in probability
to X.

The precise relationship between convergence in distribution and conver-
gence in probability is stated in the following theorem.
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THEOREM 1

THEOREM 2

Let {¥,}, » > 1, be a sequence of r.v.’s and let Y be a r.v. Then ¥, é Y

always implies Y, 1%0 Y. The converse is not true in general (as illus-

trated by Example 2). I;llowever, it is truePif P(Y=c)=1, where c is a

constant. That is, ¥, —> ¢ implies ¥,, —> ¢, so that ¥,, —> ¢ if and
. d n—>o0 n—o0 n—o0

only if Y, S C

PROOF (outline) ThatY, 7%0 Y implies ¥, 7%0 Y is established by employ-
ing the concepts of liminf (limit inferior) and lim sup(limit superior) of a
sequence of numbers, and we choose not to pursue it. For the proof of
the fact that Y, 7%0 ¢ implies Y, 7%0 ¢, observe that F'(x) =0, for x < ¢ and
F(x)=1for x > ¢, where F'is the d.f. of ¢ so that ¢ — ¢ and ¢ + ¢ are continuity
points of F for all ¢ > 0. But P(|Y, —¢c| <¢) = Plc—¢ <Y, <c+¢) =
PY, <c+¢e)— PY, <c—¢) = F(c+¢e) — P(Y, < ¢ — ¢). However,
Fn(c—l—s)n_)—go land PY, <c—e) < P, <c—¢)= Fn(%— e)n_)—gOO, so that
Py, < c—g)mo. Thus, P(|Y,, —c¢| < s)ml orY, —c. A

According to Definition 1, in order to establish that Y, n—> Y, all one
has to do is to prove the (pointwise) convergence F,(x) = F(x) for ev-
ery continuity point x of F. As is often the case, however, deﬁmtlons do not
lend themselves to checking the concepts defined. This also holds here. Ac-
cordingly, convergence in distribution is delegated to convergence of m.g.f.’s,
which, in general, is a much easier task to perform. That this can be done is
based on the following deep probabilistic result. Its justification is omitted
entirely.

(Continuity Theorem) Forn = 1,2, ..., let Y,, and Y be r.v.’s with
respective d.f.’s F,, and F, and respective m.g.f.’s M,, and M (which are
assumed to be finite at least in an interval (—c, ¢), some ¢ > 0). Then:

) If F,(w) e F(x) for all continuity points x of F, it follows that
My (1) brvd M) forallt € (—c, c).

(ii) Let M,,(t) bvd g(®), t € (—c, c¢), some function g, which is con-
tinuous at ¢ = 0. Then g is, actually, a m.g.f. and let F' be the corre-
sponding d.f. It follows that F,(x) v F(x) for all continuity points x
of F.

Thus, according to this result, Y, 1%0 Y or, equivalently, F,(x) =2
F(x) for all continuity points x of F, if and only if M,,(t) =M @), t € (—c,0),
some ¢ > 0. The fact that convergence of m.g.f.’s implies convergence of the
respective d.f.’s is the most useful part from a practical viewpoint.
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1.1 Forn=1,2, ..., let X,, be ar.v. with d.f. F,, defined by: F,,(x) =0 for x < n,
and F,(x) =1 for x = n. Then show that F,,(x) —> F(x), which is identi-
cally 0 in )t and hence it is not a d.f. of ar.v.

1.2 Let {X,,}, n > 1, be r.v.’s with X, taking the values 1 and 0 with respective
probabilities p, and 1 — p,;i.e., P(X, =1) = p,and P(X,, =0) =1 — p,.
Then show that X,, —> 0, if and only if p, —> 0.

1.3 Forn=12, ..., let X, be ar.v. distributed as B(n, p,) and suppose that
Pn —2 A € (0,00). Then show that X, 7%2 X, where X is a r.v. dis-
tributed as P(1), by showing that My, (?) =2 Mx(t), t € R.

1.4 Let Y7, and Y,, ,, be the smallest and the largest order statistics based on
the random sample X, ..., X,, from the U(0, 1) distribution. Then show
that:

. P .. P
(1) Yl,n ,,E)O O; (11) Yn,n njo)o 1.

Hint: For ¢ > 0, calculate the probabilities: P(|Y7 ,| > ¢) and P(|Y,,,, —

1| > &) and show that they tend to 0 as n — oco. Use the p.d.f.’s of Y} ,,
and Y,, , determined in Example 10 of Chapter 6.

1.5 Refer to Exercise 1.4 and set: U,, =nY1,, V,=n(1 — Y, ,), and let U and
V be r.v.’s having the Negative Exponential distribution with parameter
A = 1. Then:
(i) Derive the p.d.f.’s of the r.v.’s U,, and V,,.
(ii) Derive the d.f’s of the r.v.’s U, and V,, and show that U, 7%)0 U by
showing that

Fy,(w) — Fu(w), ueR.

Likewise for V,,.

1.6 We say that a sequence {X,},n > 1, of r.v.s converges to a r.v. X in
quadratic mean and write

X, X or X, %X, itEX,- X —0.

Now, if X, ..., X, are i.i.d. r.v.’s with (finite) expectation u and (finite)
. 2 S q.m.
variance o“, show that the sample mean X, =2 M

1.7 In Theorem 1 of Chapter 4, the following, version of the Cauchy—Schwarz
inequality was established: For any two r.v.’s X and Y with EX=FEY =0
and Var(X) = Var(Y)=1, it holds: |[E(XY)| < 1. (This is, actually, part
only of said inequality.) Another more general version of this inequality
is the following: For any two r.v.’s X and Y with finite expectations and
variances, it holds: |[E(XY)| < E|XY| < EY?|X? x EV?|Y|?.
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(i) Prove the inequality in this setting.
(ii) For any r.v. X, show that |EX| < E|X| < EV2|X)?.

Hint: Forpart (i), use the obvious result (v+y)? = x2+y2+2xy > 0in
order to conclude that +xy < 1(x% + y*) and hence |xy| < L(x*+y?).
Next, replace x by X/EY?|X|?, and y by Y/E'?|Y|?> (assuming, of
course, that E|X|?> > 0, E|Y|?> > 0, because otherwise the inequal-
ity is, trivially, true), and take the expectations of both sides to arrive
at the desirable result.

1.8 Let {X,,} and {Y,,}, n > 1, be two sequences of r.v. s such that: X, —> X,
some r.v,, and X,, — ¥, ﬂ 0. Then show that Y, —> X.
Hint: Use appropriately the Cauchy—Schwarz inequality discussed in

Exercise 1.7.

7.2 Some Applications of Convergence in Distribution: The Weak Law of Large Numbers

and the Central Limit Theorem

THEOREM 3

As a first application of the concept of convergence in distribution, we have
the so-called Weak Law of Large Numbers (WLLN). This result is stated and
proved, an interpretation is provided, and then a number of specific applica-
tions are presented.

(Weak Law of Large Numbers, WLLN) Let X, X5, ... beiid. r.v’s
with (common) finite expectation y, and let X,, be the sample mean of

Xi, ..., X,. Then X, 1%() u, or (on account of Theorem 1) X, 1&0 .

PROOF The proof is a one-line proof, if it happens that the X;’s also have
a (common) finite variance o2 (which they are not required to have for the
validity of the theorem). Since EX,, = u and Var(X,) = "—nz, the Tchebichev
inequality gives, for every & > 0, P( X, — ul > &) < % x % —=2 0, so that
Xn 730 M.

Without reference to the variance, one would have to show that M () =
M, (t) (fort € (—c, ¢),some ¢ > 0). Let M stand for the (common) m.g.f. of the
X;’s. Then use familiar properties of the m.g.f. and independence of the X;’s in

order to obtain:

- (2) - o () - [2)]

Consider the function M(z), and expand it around z=0 according to
Taylor’s formula up to terms of first order to get:

1! dz
=1+ 2zu + R@),

M=) = M@O)+ —iM(z)|z o+ R() (éR(z) —0asz— 0>
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since M(0)=1 and d%M (®)|:=0 = EX| = u. Replacing z by t/n, for fixed ¢, the
last formula becomes:

t t [4 [4
M(—) =14 —-u+ R(—), where nR(—) — 0 asn — oo.
n n n n
Therefore

yn
My, @) = [1 i) +ZR(")] :

and this converges to e, as n — oo, by Remark 2 below. Since e*! is the
m.g.f. of (the degenerate r.v.) i, we have shown that M (¢) —> M, (1), as was
tobeseen. A

REMARK 2 For every z € )i, one way of defining the exponential function
e*is: e = lim,, (1 + 2)". It is a consequence of this result that, as n — oo,
also (1 + )" — e* whenever 2, — z.

The interpretation and most common use of the WLLN is that, if x is an
unknown entity, which is typically the case in statistics, then ;« may be approx-
imated (in the sense of distribution or probability) by the known entity X, for
sufficiently large n.

-I 7.2.1 Applications of the WLLN

1. If the independent X;’s are distributed as B(1, p), then EX; = p and there-
fore X, 1%0 P.

2. If the independent X;’s are distributed as P(1), then EX; = A and therefore
X, s

3. If the independent X;’s are distributed as N(u, o2), then EX; = u and
therefore X, éo .

4. Ifthe independent X;’s are distributed as Negative Exponential with param-

eter A, f(x)=xre™** x > 0, then EX; = 1/A and therefore X, 7:}}0 1/x.

A somewhat more involved application is that of the approximation of
an entire d.f. by the so-called empirical d.f. To this effect:

5. Let X1, X5, ..., X, beiid. r.v's with d.f. F', and define the empirical d.f. F,,
as follows. For each x € )i and each s € S,

1
Fy(x,s) = %[number of X1(s), ..., Xyu(s) < x].

From this definition, it is immediate that, for each fixed x € R, F,,(«x, s)is a
r.v. as afunction of s, and for each fixed s € S, F,(«x, s)isad.f. as a function of x.
Actually, if we set Y;(x, s) = 1 when X;(s) < «, and Y;(x, s) =0 when X;(s) > «,
then Y;(x, -), ..., Yi(x, -) are r.v.’s which are independent and distributed as
B(1, F(x)), since P[Y;(x, )=1]=P(X; < ax)=F(x). Also, EY;(x, -)=F(x).
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THEOREM 4

Then F,(x, s) may be rewritten as:
1 n
F.(x,s) = " Z Yi(x, s), the sample mean of Y;(x, s), ..., Yu(x, s).
i=1

By omitting the sample point s, as is usually the case, we write F,(x) and
Yi(x),i=1, ..., n rather than F,(x, s) and Y;(x, s),t=1, ..., n, respectively.
Then F,(x) 7%0 F(x) for each x € M. Thus, for every x € N, the value of F(x)
of the (potentially unknown) d.f. F' is approximated by the (known) values
F,(x) of the r.v.’s F,(x).

REMARK 3 Actually, it can be shown that the convergence F),(x) 7%0 F(x)
is uniform in x € N. This implies that, for every ¢ > 0, there is a positive
integer N(e) such that F,,(x) — ¢ < F(x) < F,(x) + ¢ with probability as close
to 1 as one pleases simultaneously for all x € 9%, provided n > N(¢).

As another application of the concept of convergence in distribution, we
obtain, perhaps, the most celebrated theorem of Probability Theory; it is the
so-called Central Limit Theorem (CLT), which is stated and proved below.
Comments on the significance of the CLT follow, and the section is concluded
by applications and numerical examples.

(Central Limit Theorem, CLT) Let X}, X5, ...beii.d.r.v.’s with finite
expectation u and finite and positive variance o2, and let X,, be the sample
mean of X1, ..., X,. Then:

X.—EX, X,— X, —
n n_ An sz/ﬁ(n M)n_)_dOZZNN(O;l)y

VVar(X,) %L o

or

P|:\/%(Xn — ) - z]

—> D(2) =/ zdx, z e N @))
o

—e
n—>o00 —69 /2n
(Also, see Remark 4(iii).)

REMARK 4
(i) Denote by S,, the partial sum Y " | X;, S, = > i, X;, so that ES,, = nu
and Var(S,) = no?. Then:

Sn—E’Sn:Sn—n,u _)_(n—u _ (X, — )

VVar(S,) oyn  ol/n o
Therefore, by (1):

Sy —nu .
(Although the notation S, has been used before (relation (12) in Chapter
5) to denote the sample standard deviation of X1, ..., X, there should be
no confusion; from the context, it should be clear what S,, stands for.)
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(i) An interpretation of (1) and (2) is that, for sufficiently large n:

P|:\/7L(Xn_:“') Sz] =P<S"_nﬂ 53) ~ PR), zeR B
o on

Often this approximation is also denoted (rather loosely) as follows:

\/%(Xn — W)
o

2
~ N@©,1) or X,=~ N(,u, %) or S, =~ N(nu,no>)
€Y
(iii) Actually, it can be shown that the convergence in (1) or (2) is uniform in
z € M. That is to say, if we set

o oJn
then
F.(2) =2 ®(2) uniformlyinz € . (6)

To be more precise, for every ¢ > 0, there exists a positive integer N(g)
independent of z € N, such that

|[Fo(2) — ®(2)] <e forn> N(¢)andall z € N. )

(iv) The approximation of the probability F},(2) by ®(2), provided by the CLT,
is also referred to as Normal approximation for obvious reasons.

(v) On account of (3), the CLT also allows for the approximation of probabil-
ities of the form P(a < S,, < b) for any a < b. Indeed,

P(a <8, =b)=P(S, <b)—-P(S, = a)

:P(Sn—nu - b—n,u) _P<Sn—7m - a—nu)

o/n T on o/n T on
Sy — nu Sy — nu
=P|————<b')|-P| —— < a
( N ") ( END ‘“")’
where
L oa—nu . b—mnu
= d b= . 8
n o and On o/ ®
By (3),
S —np * % S — Ny * *
P(’;7 < bn> ~ @b} and P(’(L77 < an) ~ d(al),
so that
P(a < S, < b) = (b)) — ®(a,). )

The uniformity referred to in Remark 3(iii) is what, actually, validates
many of the applications of the CLT. This is the case, for instance, in
Remark 3(v).
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(vi) So, the convergence in (i) is a special case of the convergence depicted in
Figure 7.1, where the limiting d.f. is ® and F, is the d.f. of *“%«=1) This
convergence holds for all x € ) since & is a continuous function in M.

From a large collection of bolts which is known to contain 3% defective bolts,
1,000 are chosen at random. If X is the number of the defective bolts among
those chosen, what is the (approximate) probability that X does not exceed
5% of 1,000?

DISCUSSION With the selection of the ith bolt, associate the r.v. X; to take
the value 1, if the bolt is defective, and 0 otherwise. Then it may be assumed
that the r.vi’s X;, 7 = 1, ..., 1,000 are independently distributed as B(1, 0.03).
Furthermore, it is clear that X = Z;’:O{) 0 X;. Since 5% of 1,000 is 50, the required
probability is: P(X < 50). Since EX; = 0.03, Var(X;) = 0.03 x 0.97 = 0.0291,
the CLT gives:

P(X <50) = P(0 < X < 50) = P(—0.5 < X < 50)
= P(X < 50) — P(X < —0.5) ~ &(b}) — ®(a}),

where ot — —05-1,000x003 305 _ 305 _ 65
" J1,000 x 0.03x 0.97 /291 5394 7
-1 . 2 2
b 50 — 1,000 x 0.03 0 0 371

n = /1,000 x 0.03 x 0.97 - V291 5394
so that

P(X < 50) ~ ®(3.71) — &(—5.65) = ®(3.71) = 0.999896.

A certain manufacturing process produces vacuum tubes whose lifetimes in
hours are independent r.v.’s with Negative Exponential distribution with mean
1,500 hours. What is the probability that the total life of 50 tubes will exceed
80,000 hours?

DISCUSSION If X; is the r.v. denoting the lifetime of the ith vacuum tube,
then X;,7 = 1,...,50 are independent Negative Exponentially distributed
with EX; = % = 1,500 and Var(X;) = l% = 1,500%. Since nEX; = 50 x 1,500 =
75,000, o./n = 1,5004/50, if we set S50 = 320, X;, then the required probability
is:

80,000 — 75,000
P(S50 > 80,000) =1 — P(S50 < 80,000) ~ 1 — @(;)

1,5004/50
=1- ¢<§) ~1— &(0.47)

=1-0.680822 = 0.319178 =~ 0.319.

The proof of the theorem is based on the same ideas as those used in the
proof of the WLLN and goes as follows.
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PROOF OF THEOREM § ~ Set Z; = 2 so that Z,, ..., Z, are i.id. r.vs with
EZ; =0and Var(Z;) = 1. Also,

1 ¢ 1 V(X — 1)

— Zi=——(Sy —nu) = ——=.

With F,, defined by (5), we wish to show that (6) holds (except for the unifor-

mity assertion, with which we will not concern ourselves). Its justification is

provided by Lemma 1, pages 206-207, in the book “A Course in Mathematical

Statistics,” 2nd edition (1997), Academic Press, by G. G. Roussas. By Theorem
2, it suffices to show that, for all z,

2
M jicxsyyo () —> Mz(0) =€ 2. (11)

n—o0

(10)

By means of (10), and with M standing for the (common) m.g.f. of the Z;’s, we
have:

t
M s, —pyo@ =M 15 7,(1) = My, 7, (ﬁ)

~TD(G) - [M(F)] o

Expand the function M (z) around 2z = 0 according to Taylor’s formula up to
terms of second order to get:

M@ = MO + 2 L M@0+ 2L M) + B

1'dz 2! dz?

2
4
=1+2EZ + §EZ§ + R(2)

2
1
=1+ % + R(z), where ?R(z) —-0 asz— 0.

In this last formula, replace z by t/+/n, for fixed ¢, in order to obtain:

()=t fn(), (L) 0w

Therefore (12) becomes:

P n
2 LT g[l + %R(—fn)]
«/W(Xn—u)/ﬂ( ) [ + om + <ﬁ>:| + n ’

and this converges to e'’/2, as n — oo, by Remark 2. This completes the proof
of the theorem. A

-I 7.2.2 Applications of the CLT

In all of the following applications, it will be assumed that 7 is sufficiently
large, so that the CLT will apply.

1. Let the independent X;’s be distributed as B(1, p), set S,, = 2?21 X;, and
let a, b be integers such that 0 < a < b < n. By an application of the CLT, we
wish to find an approximate value to the probability P(a < S,, < b).
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If p denotes the proportion of defective items in a large lot of certain
items, then S,, is the number of actually defective items among the 7 sampled.
Then approximation of the probability P(a < S < b) is meaningful when the
Binomial tables are not usable (either because of p or because of n or, perhaps,
because of both).

Here EX; = p, Var(X;) = pq (g = 1 — p), and therefore by (9):

— b—
P(a < S, < b) ~ &b} — b)), wherea’ = - n";’, b = n”;’. (13)

REMARK 5 If the required probability is of any one of the forms: P(a <
S, <b)or Pla <SS, <b)or Pla < S, <b), then formula (9) applies again,
provided the necessary adjustments are first made; namely, P(a < S,, < b) =
Pla-1<8,<b),Pla<8S,<b)=Pa—-1<S,<b—-1),Pla<S8S,<b)=
P(a < S, < b—1). However, if the underlying distribution is continuous, then
Pla<S,<b)=Pa<8S,<b)=Pa=<8S,<b)=Pla<S, <b),and no
adjustments are required for the approximation in (9) to hold.

(Numerical) For n = 100 and p = % or p = 1—%, find the probability P(45 <
S, < bb).

DISCUSSION

@) For p = %, it is seen (from tables) that the exact value is equal to: 0.7288.
For the Normal approximation, we have: P(45 < S,, <55)=P(44 < S,, <
55) and, by (13):

L_M-100x5 6, . 5-10x5 5

100xLxi 5 J100x Ll 9

Therefore ®(b*) — ®(a*) = ®(1) — &(=1.2) = (1) + d(1.2) — 1 =
0.841345 + 0.884930 — 1 = 0.7263. So:

Exact value: 0.7288, Approximate value: 0.7263,

a

and the exact probability is underestimated by 0.0025, or the approximat-
ing probability is about 99.66% of the exact probability.

(ii) For p = %, the exact probability is almost 0; 0.0000. For the approximate
probability, we find a* = 2.75 and b* = 4.15, so that ®(b*) — ®(a*) =

0.0030. Thus:
Exact value: 0.0000, Approximate value: 0.0030,

and the exact probability is overestimated by 0.0030.

2. If the underlying distribution is P(}), then ES,, = Var(S,) = ni and
formulas (8) and (9) become:

— nA b —ni
P(a < S, < b) ~ &%) — d(a)), a;;zam_’;, b= \/n_’;

The comments made in Remark 4 apply here also.
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m (Numerical) In the Poisson distribution P(1), let n and A be so that ni = 16
and find the probability P(12 < S,, < 21)(= P(11 < §,, < 21)).

DISCUSSION The exact value (found from tables) is: 0.7838. For the
Normal approximation, we have:

11-16 5 21-16 5
fo = =125 b= =2 =125
V16 4 J16 4
sothat ®(b*) — d(a*) = ®(1.25) — d(—1.25) =2d(1.25) — 1 =2 x 0.894350 — 1

= (.7887. So:
Exact value: 0.7838, Approximate value: 0.7887,

and the exact probability is overestimated by 0.0049, or the approximating
probability is about 100.63% of the exact probability.

-l 7.2.3 The Continuity Correction

When a discrete distribution is approximated by the Normal distribution, the
error committed is easy to see in a geometric picture. This is done, for instance
in Figure 7.3, where the p.d.f. of the B(10, 0.2) distribution is approximated
by the p.d.f. of the N(10 x 0.2, 10 x 0.2 x 0.8) = N(2, 1.6) distribution (see
relation (4)). From the same figure, it is also clear how the approximation may
be improved.

Figure 7.3

Exact and 03k
Approximate Values

for the Probability 0.2F
P(a<8,<b,)=

Pla—1<8S,< 017
b)=P(1<S5,<3) 0

Now
P(1<8,<3)=P2=<5,<3)= @+ fu(3)
= shaded area,

while the approximation without correction is the area bounded by the Normal
curve, the horizontal axis, and the abscissas 1 and 3. Clearly, the correction,
given by the area bounded by the Normal curve, the horizontal axis, and the
abscissas 1.5 and 3.5, is closer to the exact area.
To summarize, under the conditions of the CLT, and for discreter.v.’s, P(a <
Sy < b) =~ ®(b*)— ®(a*), where a* = % and b* = b(;}%“ without continuity
correction, and P(a < S, < b) >~ &) — &(a’), where a' = ‘”g'% and
b = b+05—nu
oyn

with continuity correction.
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For integer-valued r.v.’s and probabilities of the form P(a < S, < b), we
first rewrite the expression as follows:

Pla<S,=b)=Pla—-1<8,=<b),
and then apply the preceding approximations in order to obtain:

Pla<S,<b)>~ ") — d(a*), where

_ a—1l-nu _ b—npu . . . .
at = = T and b* = = 7, Without continuity correction, and P(a < S, <

b) ~ ®(b") — d(a'), where o/ = W and b’ = W with continuity
correction. Similarly for the intervals [a, ) and (a, ).

The improvement brought about by the continuity correction is demon-
strated by the following numerical examples.

(continued)

DISCUSSION
(i) For p = 1, we get:

’

_ 44+405-100x % 55

1 1
100X§X§

_ 55+05-100x % 55 L1
= _?z i

b/

:

100 x % X %
so that:
o) - ()=o) - o(-1.1)=20(1.1) -1
=2 x 0.864334 — 1 = 0.7286.

Thus, we have:

Exact value: 0.7288,
Approximate value with continuity correction: 0.7286,

and the approximation underestimates the probability by only 0.0002, or
the approximating probability (with continuity correction) is about 99.97%

of the exact probability.
(ii) For p = 1%’ we have ' = 2.86,b' = 5.23 and ®(b") — ®(a’) = 0.0021.
Then:

Exact value: 0.0000,
Approximate value with continuity correction: 0.0021,

and the probability is overestimated by only 0.0021.
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TN (continued)

DISCUSSION Here:

g = 11 F05-16 +j%_ 16 _ —% _ 115,y = 22H05716 +3%_ 16 _ 5; — 1.375,
so that:

D) — d(a) = ©(1.375) — ®(—1.125) = ©(1.375) + ®(1.125) — 1 = 0.7851.
Thus:

Exact value: 0.7838,
Approximate value with continuity correction: 0.7851,

and the approximation overestimates the probability by only 0.0013, or the
approximating probability (with continuity correction) is about 100.17% of the
exact probability.

2.1 Let Xy, ..., X, be ii.d. r.v’s, and for a positive integer k, suppose that
EXY is finite. Form the kth sample mean X® defined by

_ 1 &
el Z X%
no 7_’& i=1 i

Then show that:
S P
X — EX].
2.2 Let X be ar.v. with p.d.f. fx(x) =ca”,x=0,1,...(0 < @ < 1). Then
¢ = 1 — a by Exercise 2.8 in Chapter 2.
(i) Show that the m.g.f. of X is: Mx(t) = 11_;;‘6” t < —loga.
(ii) Use the m.g.f. to show that EX = *-.
(iii) If Xy, ..., X,, is a random sample from fy, show that the WLLN
holds by showing that

M)‘(n(t) =2 et/—e) — Mgx(t), t< —loga.

Hint: Expand e’ around 0 up to second term, according to Taylor’s
formula, ¢! = 1 + ¢t + R(t), where %R(t)t_)—g 0, replace t by 1%, and
use the fact that (1 + 2)" — e”, if v, — xasn — oo.

2.3 Let the r.v. X be distributed as B(150, 0.6). Then:
(i) Write down the formula for the exact probability P(X < 80).
(i) Use the CLT in order to find an approximate value for the above
probability. (Do not employ the continuity correction.)
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2.4 A binomial experiment with probability p of a success is repeated in-
dependently 1,000 times, and let X be the r.v. denoting the number of
successes. For p = % and p = i, find:

(i) The exact probability P(1,000p — 50 < X < 1,000p + 50)
(ii) Use the CLT to find an approximate value for this probability.

2.5 Let X, ..., Xj90 be independent r.v.’s distributed as B(1, p). Then:
(i) Write out the expression for the exact probability P(Z}g]l X; = 50).
(ii) Use of CLT in order to find an approximate value for this probability.
(iii) Whatisthe numerical value of the probability in part (ii) for p = 0.5?

Hint: For part (ii), first observe that P(X = 50) = P(49.5 < X < 50),
and then apply the CLT.

2.6 Fifty balanced dice are tossed once, and let X be the r.v. denoting the
sum of the upturned spots. Use the CLT to find an approximate value of
the probability P(150 < X < 200).

Hint: With the 7th die, associate the r.v. X; which takes on the values
1 through 6, each with probability 1/6. These r.v.’s may be assumed to
be independent and X = >"7° X;.

2.7 One thousand cards are drawn (with replacement) from a standard deck
of 52 playing cards, and let X be the r.v. denoting the total number of
aces drawn. Use the CLT to find an approximate value of the probability
P(65 < X <90).

2.8 From a large collection of bolts which is known to contain 3% defec-
tive bolts, 1,000 are chosen at random, and let X be the r.v. denoting
the number of defective bolts among those chosen. Use the CLT to find
an approximate value of the probability that X does not exceed 5% of
1,000.

Hint: With the 7th bolt drawn, associate the r.v. X; which takes on
the value 1, if the bolt drawn is defective, and 0 otherwise. Since the
collection of bolts is large, we may assume that after each drawing, the
proportion of the remaining defective bolts remains (approximately)
the same. This implies that the independent r.v.’s X1, ..., Xj oo are
distributed as B(1, 0.03) and that X = Y"1 X; ~ B(1,000, 0.3).

2.9 A manufacturing process produces defective items at the constant (but
unknown to us) proportion p. Suppose that n items are sampled inde-
pendently, and let X be the r.v. denoting the number of defective items
among the n, so that X ~ B(n, p). Determine the smallest value of the
sample size n, so that

(i

< 0.05‘/pq> >095 (q=1-1p)
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(i) By utilizing the CLT.
(ii) By using the Tchebichev inequality.
(iii) Compare the answers in parts (i) and (ii).

2.10 Suppose that 53% of the voters favor a certain legislative proposal. How
many voters must be sampled so that the observed relative frequency of
those favoring the proposal will not differ from the assumed frequency
by more than 2% with probability 0.99?

Hint: With the 7th voter sampled, associate the r.v. X; which takes
on the value 1, if the voter favors the proposal, and 0 otherwise. Then
it may be assumed that the r.v.’s X, ..., X,, are independent and their
common distribution is B(1, 0.53). Furthermore, the number of the
voters favoring the proposal is X = )"} | X;. Use the CLT in order to
find the required probability.

2.11 In playing a game, you win or lose $1 with probability 0.5, and you play
the game independently 1,000 times. Use the CLT to find an approximate
value of the probability that your fortune (i.e., the total amount you won
or lost) is at least $10.

Hint: With the ¢th game, associate the r.v. X; which takes on the
value 1 if $1 is won, and —1 if $1 is lost. Then the r.v.'s X1, ..., X 000
are independent, and the fortune X is given by Z;’:OIOO X;.

2.12 Ttis known that the number of misprints in a page of a certain publication
isar.v. X having the Poisson distribution with parameter A. If X5, ..., X,
are the misprints counted in n pages, use the CLT to determine the (ap-
proximate) probability that the total number of misprints is:

(i) Not more than An.
(ii) At least An.
(iii) Between An/2 and 3in/2.
(iv) Give the numerical values in parts (i)—(iii) for An = 100 (which may
be interpreted, e.g., as one misprint per 4 pages (A = 0.25) in abook
of 400 pages).

2.13 Let the r.v. X be distributed as P(100). Then:
(i) Write down the formula for the exact probability P(X < 116).
(ii) Use the CLT appropriately in order to find an approximate value for
the above probability. (Do not use the continuity correction.)

Hint: Select n large and A small, so that n. = 100 and look at X as
the sum 2?21 X; of n independent rv.'s Xj,..., X, distributed
as P().

2.14 A certain manufacturing process produces vacuum tubes whose life-
times in hours are independently distributed r.v.’s with Negative Expo-
nential distribution with mean 1,500 hours. Use the CLT in order to find an
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approximate value for the probability that the total life of 50 tubes will
exceed 80,000 hours.

2.15 The lifespan of an electronic component in a (complicated) system is a
r.v. X having the Negative Exponential distribution with parameter X.

(i) What is the probability that said lifespan will be at least ¢ time
units?

(ii) Iftheindependentr.v.’s Xy, ..., X, represent the lifespans of nspare
items such as the one described above, then ¥ = > ! | X; is the
combined lifespan of these n items. Use the CLT in order to find
an approximate value of the probability P(t; < Y < t2), where
0 < t; < ty are given time units.

(iii) Compute the numerical answer in part (i), if ¢ = —10g(0.9)/A.

(iv) Do the same for part (ii), if A = 1/10, n = 36, {; = 300, and ¢, = 420.

2.16 Let the independent r.v.’s X7, ..., X,, be distributed as U(0, 1).
(i) Use the CLT to find an approximate value for the probability P(a <
X <b)(a<b).
(ii) What is the numerical value of this probability for n = 12, a = 7/16,
and b = 9/16?

2.17 If the independent r.v.’s X, ..., X are distributed as U(0, 6) (6 > 0),
use the CLT to show that the probability P(% <X< 3{) is approximately
equal to 0.9973.

2.18 Refer to Exercise 3.42 in Chapter 3 and let X;, 7 = 1, ..., n be the di-
ameters of n ball bearings. If EX; = © = 0.5 inch and s.d. (X;) = 0 =
0.0005 inch, use the CLT to determine the smallest value of n for which
P(|X — u| <0.0001) = 0.99, where X is the sample mean of the X;’s.

2.19 Theii.d.r.v.s X1, ..., Xio have (finite) mean x and variance o = 4. Use
the CLT to determine the value of the constant ¢ for which P(|X — u| <
¢) = 0.90, where X is the sample means of the X;’s.

2.20 Let X, ..., X, be ii.d. r.v.’s with (finite) expectation x© and (finite and
positive) variance o2, and let X,, be the sample mean of the X;’s. Deter-
mine the smallest value of the sample size n, in terms of k and p, for
which P(|X,, — | < ko) > p, where p € (0, 1), k > 0. Do so by using:

(i) The CLT.
(ii) The Tchebichev inequality.
(iii) Find the numerical values of nin parts (i) and (ii) for p = 0.90, 0.95,
0.99 and k = 0.50, 0.25, 0.10 for each value of p.

2.21 Refer to Exercise 3.41 in Chapter 3, and suppose that the r.v. X consid-
ered there has EX = 2,000 and s.d.(X) = 200, but is not necessarily Nor-
mally distributed. Also, consider another manufacturing process produc-
ing light bulbs whose mean lifespan is claimed to be 10% higher than the
mean lifespan of the bulbs produced by the existing process; it is assumed
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that the s.d. remains the same for the new process. How many bulbs
manufactured by the new process must be examined to establish the
claim of their superiority (should that be the case) with probability
0.95?

Hint: Let Y be the r.v. denoting the lifespan of a light bulb man-
ufactured by the new process. We do not necessarily assume that
Y is Normally distributed. If the claim made is correct, then FY =
2,000 + 10% x 2,000 = 2,200, whereas s.d.(Y") = 200. A random sample
from Y produces the sample mean Y, for which EY,, = 2,200 (under
the claim) and Var(Y,) = 200%/n, and we must determine 7, so that
P(Y, > 2,000) = 0.95. If the new process were the same as the old
one, then, for all sufficiently large n, P(¥, > 2,000) ~ 0.50. So, if
P(Y, > 2,000) = 0.95, the claim made would draw support.

2.22 (i) Consider the i.i.d. r.v.’s X1, ..., X,, and Y3, ..., ¥, with expectation
w and variance o2, both finite, and let X,, and Y,, be the respective
sample means. Use the CLT in order to determine the sample size n,
so that P(|1X,, — ¥,,| < 0.250) = 0.95.
(ii) Lettherandomsamples X1, ..., X,and Yy, ..., ¥, beasinpart (i), but
we do not assume that they are coming from the same distribution.
We do assume, however, that they have the same mean and the same
variance o2, both finite. Then determine 7 as required above by using
the Tchebichev inequality.

Hint: Set Z; = X; — ¥; and then work as in Exercise 2.20(ii) with the
iid. rv’s Zy, ..., Z,. Finally, revert to the X;’s and the Y¥;’s.

223 Let X;, i=1,...,nY;, i =1,..., nbeindependent r.v.’s such that the
X;’s are identically distributed with EX; = w1, Var(X;) = o2, both finite,
and the Y¥;’s are identically distributed with EY; = p and Var(Y;) = o2,
both finite. If X,, and Y, are the respective sample means of the X;’s and
the ¥;’s, then: )
(1) Show that E(X, — Yy,) =1 — pe, Var(X, — Y,) = 2%
(ii) Usethe CLT in order to show that ﬁ”[(X"_I; )[; (-1l 5 asymptotically

distributed as N(0, 1).

Hint: Set Z; = X; — Y; and work with the i.i.d. r.v.’s Z1, ..., Z,; then
revert to the X;’s and the ¥;’s.

2.24 An academic department in a university wishes to admit 20 first-year
graduate students. From past experience, it follows that, on the average,
40% of the students admitted will, actually, accept the admission offer. It
may be assumed that acceptance and rejection of admission offers by the
various students are independent events, and let Y,, be the r.v. denoting
the number of those students, actually, accepting admission.
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(i) Use the CLT in order to determine 7, so that the probability

P(|Y, — 20| < 2) is maximum. Use a rough geometric argument.

(ii) Compute the (approximate) probability P(|Y,, — 20| < 2) once n is

determined.

(iii) Derive in a more rigorous way a relation through which » is to

be determined subject to the maximization of the probability
P(|Y, — 20| <2).

Hint: With each one of the n students offered admission, associate
a r.v. X;, which takes on the value 1, if the ith student accepts the
offer, and 0 otherwise. Then the r.v.’s X, ..., X,, are independent, and
also assume that they have the same distribution; i.e., P(X; = 1) =
p(= 0.40 here) for all i’s. Then the X;’s are distributed as B(1, p) and
Y, = Y1, X;. Then, for part (i), draw the N(0, 1) p.d.f. curve, and
by symmetry and geometric considerations conclude that seemingly
(but not precisely) the required probability is minimized for the value
of n for which 18 — np = —(22 — mp). (Do not use any continuity
correction.)

For part (iii), pretend that n is a continuous variable, differentiate
with respect to it, and equate to 0 in order to arrive at the following
relationship, after some cancellations and modifications:

80— L6n | 0dn+22
02an C%04n+ 18

Remark: The problem may also be posed by replacing 20, 2, and 40%
by c, d, and 100p%, say.

7.3 Further Limit Theorems

THEOREM 5

Convergence in probability enjoys some of the familiar properties of the usual
pointwise convergence. One such property is stated below in the form of a
theorem whose proof is omitted.

@) Forn > 1, let X,, and X be r.v.’s such that X, n?Po’o X, and let g be

(i) Forn > 1,letX,, ¥,, X,and Y ber.v.ssuchthat X, —> X, ¥, —> Y,

a continuous real-valued function; that is, g : & — 9 continuous.
Then the r.v.’s g(X,,), n> 1, also converge in probability to g(X); that

is, g(Xy) n—_P)go 9(X). More generally:
n—->00

and let g be a continuous real-valued function; that is, g : %> — N
continuous. Then the rv.’s. g(X,, ¥,),n > 1, also converge in

probability to g(X, ¥); that is, g(Xu, ¥,) — g(X, ¥). (This part

n—>0o00
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THEOREM 6

also generalizes in an obvious manner to k sequences {Xg)},
n>141=1,...,k)

To this theorem, there is the following important corollary.

COROLLARY 1fX, —> XandY, —> ¥, then:

() aX,+0bY, négo aX + bY, where a and b are constants; and, in particular,
Xo+ Y, = X+ V.

(i) XY, —> XY.

P .
(iii) )Y% =% }—;, provided P(Y,, #0)=P(Y #0) = 1.
PROOF  Although the proof of the theorem was omitted, the corollary can be
proved. Indeed, all one has to do is to take: g : %2 — 9 as follows, respectively,
for parts (i)—(iii) and observe that it is continuous: g(x, ¥) = ax + by (and, in
particular, g(x, y) = ¥+ y); 9(x, Y =xy; 9(x, Y =x/y, y#0. A

Actually, a special case of the preceding corollary also holds for conver-
gence in distribution. Specifically, we have

(Slutsky) Let X, njdgo X and let Y, n—_d)go ¢, a constant ¢ rather than a
(proper) r.v. Y. Then:

DX, +Y, > X+c () X, Y, — eX; (i) 2 5 X provided P(Y, #
0)=1andc # 0.

In terms of d.f.’s, these convergences are written as follows, always
as n—o00 and for all z € N for which: 2 — ¢ is a continuity point of Fx
for part (i); z/c is a continuity point of Fx for part (ii); cz is a continuity
point of Fx for part (iii):

P(X,+Y, <2 >PX+c<2)=P(X<z—c), or
Fx,+v,(2) = Fx(z - ¢);

PX<2), ¢>0

P(X>%), ¢<0’
Fx(3), c>0
1 - P(X < 2)(=1- Fx(3), if Fx is continuous), ¢ <0;

<Xn ) (X ) P(X <cz), ¢c>0
Pl —<z|—>P|—<z|= , or
Y. c P(X >cz), c¢<0

P(X,Y,<2) > P(cX<2)= { or

Fx,y,(2) — {
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THEOREM 7

Fx(cz), c>0

Fx,(2) > . . .
Yo 1 — P(X < c3)(=1 — Fx(cz), if Fx is continuous), ¢ <0.

The proof of this theorem, although conceptually not complicated, is, nev-
erthe}l)ess, long and is omitted. Recall, however, that Y, 7%30 c if and only if
Y, =20 and this is another way the convergence of Y, is stated.

As a simple concrete application of Theorem 5, consider the following
example.

Suppose X, LN X ~ N(u, 02), and let ¢, ¢, d,, and d be constants such that
¢n — ¢ and dy, — d. Then ¢, X, + dy — ¥ ~ N(cp + d, c20?).

DISCUSSION Trivially, ¢, - ¢ and d,, - d, so that, by Theorem 6(ii),
cnXn LN cX, and by Theorem 6(i), ¢, X,, + d, LN cX + d. However, X ~
N(u, %) implies that ¢X +d ~ N(cp+d, c?2). Thus, ¢, X, +dy, —> cX +d =
Y ~ N(cp +d, c?o?).

The following result is an application of Theorems 5 and 6 and is of much
use in statistical inference. For its formulation, let X3, ..., X,, be i.i.d. r.v.’s
with finite mean y and finite and positive variance o2, and let X,, and S2 be
the sample mean and the “adjusted” (in the sense that p is replaced by X,,)
sample variance (which we have denoted by S2 in relation (13) of Chapter 5);
thatis, X, = 13" X;, 82 =151 (X, — X,)%

Under the assumptions just made and the notation introduced, it holds:

@ 8% 2> o% ) LE L, 7~ N(O, D).

PROOF (i) Recall that 7 | (X; — X,)? = Y., X? — nX?, so that S2 =
15" X? — X2 Since EX?=Var(X;) + (EX;)* = o* + u the WLLN ap-
pliestothe iid rv’s X2,..., X2 and gives: 1 le .n—>a 2 4+ u?. Also,

X, —> w, by the WLLN again, and then X2 2 —> w? by Theorem 5(i). Then,
by Theorem 5(ii),

- ZXZ X2 (O' +M2) H’ — 0_2
which is what part (i) asserts.

(ii) Part (i) and Theorem 5(i) imply that S, —> o, or % 1. By
Theorem 4, ‘F(X" D) i> Z ~ N(0,1). Then Theorem 6(iii) apphes and
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THEOREM 8

gives:

VX — o nXn— 1)

d
Z~N@O1). A
Su/o S, o R

REMARK 6 Part (ii) of the theorem states, in effect, that for sufficiently large
n, o may be replaced in the CLT by the adjusted sample standard deviation S,,
and the resulting expression still has a distribution which is close to the N (0, 1)
distribution. p

The WLLN states that X, vl % which, for a real-valued continuous func-
tion g, implies that

9(X) > g(w). (14)

n—00

On the other hand, the CLT states that:

X, — _
VX =) a, NO,1) or a(X,—p) -5 N,
o n—-oo n—oo

The question then arises what happens to the distribution of g(X,,). In other
words, is there a result analogous to (14) when the distribution of g(X,,) is
involved? The question is answered by the following result.

Let X1, ..., X, beii.d. r.v.’s with finite mean x and variance o € (0, c0),
and let g :  — N be differentiable with derivative g’ continuous at .
Then:

ValgX) — 9] — N(O, [og' GO1). (15)

n—>00

The proof of this result involves the employment of some of the theorems
established in this chapter, including the CLT, along with a Taylor expansion.
The proof itself will not be presented, and this section will be concluded with
an application to Theorem 8. The method of establishing asymptotic normality
for g(X,,) is often referred to as the delta method, and it also applies in cases
more general than the one described here.

APPLICATION  Let the independent r.v.’s Xi, ..., X,, be distributed as
B(1, p). Then:

S S d
VX, (1 - X)) — pgl — NO, pg(1—2p)") (@=1-p). (16)
PROOF Here u = p, 0> = pq, and g(x) = 2(1 — x), so that g’'(x) = 1 — 2x

continuous for all . Since g(X,) = X,,(1 — X,)), g(n) = p(1 — p) = pq, and
g'(n) =1 — 2p, the convergence in (15) becomes as stated in (16). A
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3.1 Let Xy, ..., X, be iid. r.v.’s with finite EX; = u, and Var(X;) = o2 €
(0, 00) so that the CLT holds; that is,

VX, — ) a - 1
e S 2N, Wherean;L;Xi.

Then use Theorem 6 in order to show that the WLLN also holds.



Chapter 8

An Overview of
Statistical Inference

A review of the previous chapters reveals that the main objectives throughout
have been those of calculating probabilities or certain summary characteristics
of a distribution, such as mean, variance, median, and mode. However, for
these calculations to result in numerical answers, it is a prerequisite that the
underlying distribution be completely known. Typically, this is rarely, if ever,
the case. The reason for this is that the parameters which appear, for example,
in the functional form of the p.d.f. of a distribution are simply unknown to us.
The only thing known about them is that they lie in specified sets of possible
values for these parameters, the parameter space.

It is at this point where statistical inference enters the picture. Roughly
speaking, the aim of statistical inference is to make certain determinations
with regard to the unknown constants ( parameters) figuring in the underlying
distribution. This is to be done on the basis of data, represented by the ob-
served values of a random sample drawn from said distribution. Actually, this
is the so-called parametric statistical inference as opposed to the nonpara-
metric statistical inference. The former is applicable to distributions, which
are completely determined by the knowledge of a finite number of parame-
ters. The latter applies to distributions not determined by any finite number of
parameters.

The remaining part of this book is, essentially, concerned with statistical
inference and mostly with parametric statistical inference. Within the frame-
work of parametric statistical inference, there are three main objectives, de-
pending on what kind of determinations we wish to make with regard to the
parameters. If the objective is to arrive at a number, by means of the avail-
able data, as the value of an unknown parameter, then we are talking about
point estimation. If, on the other hand, we are satisfied with the statement
that an unknown parameter lies within a known random interval (that is, an
interval with r.v.’s as its end-points) with high prescribed probability, then we

227
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are dealing with interval estimation or confidence intervals. Finally, if the
objective is to decide that an unknown parameter lies in a specified subset of
the parameter space, then we are in the area of testing hypotheses.

These three subjects — point estimation, interval estimation, and testing
hypotheses — are briefly discussed in the following three sections. In the sub-
sequent three sections, it is pointed out what the statistical inference issues are
in specific models —a regression model and two analysis of variance mod-
els. The final section touches upon some aspects of nonparametric statistical
inference.

8.1 The Basics of Point Estimation

The problem here, briefly stated, is as follows. Let X be a r.v. with a p.d.f. f
which, however, involves a parameter. This is the case, for instance, in the
Binomial distribution B(1, p), the Poisson distribution P(}), the Negative Ex-
ponential f(x) = Ae™** x > 0 distribution, the Uniform distribution U (0, o),
and the Normal distribution N(u, 02) with one of the quantities x and o2
known. The parameter is usually denoted by 6, and the set of its possible val-
ues is denoted by Q2 and is called the parameter space. In order to emphasize
the fact that the p.d.f. depends on 6, we write f(:; ). Thus, in the distributions
mentioned above, we have for the respective p.d.f.’s and the parameter spaces:

f;0)=0"A-0"" 2=0,1, 6eQ2=(0,1).

The situations described in Examples 5, 6, 8, 9, and 10 of Chapter 1 may be
described by a Binomial distribution.

—Opx

0
f(x;@):ex', x=01,..., 6eQ=(0,00).

The Poisson distribution can be used appropriately in the case described in
Example 12 of Chapter 1.

f;0)=0e% x>0, 6eQ=/(000).

é, O<x<@6
flx;0)= ) 0 € Q= (0, 00).
0, otherwise,
f(x;0) ! e_(rz_ig)z xeNR, OHeQ=N 2 known
> = 207, Jb = Ji o )
V2emo
and
1 @=?
f(x;0) = e . xed, 0e=(000), wpknown.
N2

Normal distributions are suitable for modeling the situations described in
Examples 16 and 17 of Chapter 1.

Our objective is to draw a random sample of size n, X, ..., X, from the
underlying distribution, and on the basis of it to construct a point estimalte
(or estimator) for 6, that is, a statistic § = 6(Xy, ..., X,,), which is used for
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estimating 6, where a statistic is a known function of the random sample
X1, ..., X, Ifxy, ..., 2, are the actually observed values of ther.v.’s X1, ..., X,
respectively, then the observed value of our estimate has the numerical value
@(xl, ..., Zy). The observed values xy, . . ., x, are also referred to as data. Then,
onthe basis of the available data, it is declared that the value of 6 is 9(961 Yoy Xp)
from among all possible points in 2. A point estimate is often referred to just as
an estimate, and the notation @ is used indiscriminately, both for the estimate
6(Xy, ..., X») (which is ar.v.) and for its observed value §(x, . . ., 4,) (which
is just a number).

The only obvious restriction on 6(xi, ..., x,) is that it lies in Q for all
possible values of X7, ..., X,,. Apart from it, there is any number of estimates
one may construct — thus, the need to assume certain principles and/or invent
methods for constructing 6. Perhaps, the most widely accepted principle is
the so-called principle of Maximum Likelihood (ML). This principle dictates
that we form the joint p.d.f. of the x;’s, for the observed values of the X;’s,
look at this joint p.d.f. as a function of 6 (and call it the likelihood function),
and maximize the likelihood function with respect to 6. The maximizing point
(assuming it exists and is unique) is a function of «y, ..., x,, and is what we
call the Maximum Likelihood Estimate (MLE) of 6. The notation used for the
likelihood function is L(6 | xy, . . ., x,). Then, we have that:

The MLE will be studied fairly extensively in Chapter 9.

Another principle often used in constructing an estimate for 6 is the prin-
ciple of unbiasedness. In this context, an estimate is usually denoted by
U=U(Xy, ..., X,). Then the principle of unbiasedness dictates that U should
be constructed so as to be unbiased; that is, its expectation (mean value)
should always be 6, no matter what the value of 6 in Q2. More formally, £y U = 6
for all 6 € Q. (In the expectation sign F, the parameter 6 was inserted to indi-
cate that this expectation does depend on 6, since it is calculated by using the
p.d.f. f(-; 6).) Now, it is intuitively clear that, in comparing two unbiased esti-
mates, one would pick the one with the smaller variance, since it would be more
closely concentrated around its mean 6. Envision the case that, within the class
of all unbiased estimates, there exists one which has the smallest variance (and
that is true for all 6 € Q). Such an estimate is called a Uniformly Minimum
Variance Unbiased (UMVU) estimate and is, clearly, a desirable estimate. In
the next chapter, we will see how we go about constructing such estimates.

The principle (or rather the method) based on sample moments is another
way of constructing estimates. The method of moments, in the simplest case,
dictates to form the sample mean X and equate it with the (theoretical) mean
Ey X. Then solve for 6 (assuming it can be done, and, indeed, uniquely) in order
to arrive at a moment estimate of 0.

A much more sophisticated method of constructing estimates of 6 is the
so-called decision-theoretic method. This method calls for the introduction of
a host of concepts, terminology, and notation, and it will be taken up in the
next chapter.
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Finally, another relatively popular method (in particular, in the context of
certain models) is the method of Least Squares (LS). The method of LS leads
to the construction of an estimate for 6, the Least Squares Estimate (LSE) of
6, through a minimization (with respect to 6) of the sum of certain squares.
This sum of squares represents squared deviations between what we actually
observe after experimentation is completed and what we would expect to have
on the basis of an assumed model. Once again, details will be presented later
on, more specifically, in Chapter 13.

In all of the preceding discussion, it was assumed that the underlying p.d.f.
depended on a single parameter, which was denoted by 6. It may very well be
the case that there are two or more parameters involved. This may happen, for
instance, in the Uniform distribution U(«, B8), —00 < a < 8 < o0, where both «
and B are unknown; the Normal distribution, N(u, o), where both 1 and o
are unknown; and it does happen in the Multinomial distribution, where the
number of parameters is k, py, ..., px (or more precisely, k — 1, since the kth
parameter, for example, py = 1 — p; — - - - — pi_1). For instance, Examples 20
and 21 of Chapter 1 refer to situations where a Multinomial distribution is ap-
propriate. In such multiparameter cases, one simply applies to each parameter
separately what was said above for a single parameter. The alternative option
to use the vector notation for the parameters involved does simplify things in
a certain way but also introduces some complications in other ways.

8.2 The Basics of Interval Estimation

Suppose we are interested in constructing a point estimate of the mean p in
the Normal distribution N(i, 0%) with known variance; this is to be done on
the basis of a random sample of size n, X1, . .., X, drawn from the underlying
distribution. This amounts to constructing a suitable statistic of the X;’s, call
itV =V(Xy,..., X,), which for the observed values x; of X;, 1 = 1,...,nis
a numerical entity, and declare it to be the (unknown) value of w. This looks
somewhat presumptuous, since from the set of possible values for , —oco <
1 < 00, just one is selected as its value. Thinking along these lines, it might
be more reasonable to aim instead at a random interval which will contain the
(unknown) value of u with high (prescribed) probability. This is exactly what
a confidence interval does.

To be more precise and in casting the problem in a general setting, let
X1, ..., X, be a random sample from the p.d.f. f(:;60), 6 € Q C %, and let
L=LX,...,Xp)and U = U(Xy, ..., X,) be two statistics of the X;’s such
that L < U. Then the interval with end-points L and U, [L, U], is called a
random interval. Let o be a small number in (0, 1), such as 0.005, 0.01, 0.05,
and suppose that the random interval [L, U] contains 6 with probability equal
to 1 — « (such as 0.995, 0.99, 0.95) no matter what the true value of 6 in Q is.
In other words, suppose that:

P(L<0<U)=1—qa forallfecQ. )
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If relation (1) holds, then we say that the random interval [L, U] is a confidence
wnterval for 6 with confidence coefficient 1 — «.

The interpretation of the significance of a confidence interval is based on
the relative frequency interpretation of the concept of probability, and it goes
like this: Suppose n independent r.v.’s are drawn from the p.d.f. f(-; ), and let
xi, ..., Xy, be their observed values. Also, let [L1, U] be the interval resulting
from the observed values of L = L(Xy, ..., X,)and U = U(Xjy, ..., X,); that
is, L1 = L(xy, ..., xp)and Uy = U(ay, .. ., y). Proceed to draw independently
a second set of n r.v.’s as above, and let [Ly, Us] be the resulting interval.
Repeat this process independently a large number of times, N, say, with the
corresponding interval being [Ly, Uy]. Then the interpretation of (1) is that,
on the average, about 100(1 — @)% of the above N intervals will, actually,
contain the true value of 6. For example, for « = 0.05 and N = 1,000, the
proportion of such intervals will be 95%; that is, one would expect 950 out
of the 1,000 intervals constructed as above to contain the true value of 6.
Empirical evidence shows that such an expectation is valid.

We may also define an upper confidence limit for 6, U = U(Xy, ..., X»),
and a lower confidence limit for 6, L = L(X;, ..., X,), both with confidence
coefficient 1 — «, if, respectively, the intervals (—oo, U] and [L, co) are confi-
dence intervals for 6§ with confidence coefficient 1 — «. That is to say:

P(~00<0<U)=1-a, P(L<6<o0)=1—0a foralldeQ. (2)

Confidence intervals and upper and/or lower confidence limits can be sought,
for instance, in Examples 5, 6, 8, 9, and 10 (Binomial distribution), 12 (Poisson
distribution), and 16 and 17 (Normal distribution) in Chapter 1.

There are some variations of (1) and (2). For example, when the underlying
p.d.f. is discrete, then equalities in (1) and (2) rarely obtain for given « and
have to be replaced by inequalities >. Also, except for special cases, equalities
in (1) and (2) are valid only approximately for large values of the sample size
n (even in cases where the underlying r.v.’s are continuous). In such cases, we
say that the respective confidence intervals (confidence limits) have confidence
coefficient approximately 1 — o.

Finally, the parameters of interest may be two (or more) rather than one,
as we assumed so far. In such cases, the concept of a confidence interval is
replaced by that of a confidence region (in the multidimensional parameter
space 2). This concept will be illustrated by an example in Chapter 10. In the
same chapter, we will also expand considerably on what was briefly discussed
here.

8.3 The Basics of Testing Hypotheses

Often, we are not interested in a point estimate of a parameter 6 or even a
confidence interval for it, but rather whether said parameter lies or does not
lie in a specified subset w of the parameter space 2. To clarify this point, we
refer to some of the examples described in Chapter 1. Thus, in Example 5, all
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we might be interested in is whether Jones has ESP at all or not and not to
what degree he does. In statistical terms, this amounts to taking n independent
observations from a B(1, #) distribution and, on the basis of these observations,
deciding whether 6 € w = (0, 0.5] (as opposed to 6 € w® = (0.5, 1)); here 6
is the probability that Jones correctly identifies the picture. The situation in
Example 6 is similar, and the objective might be to decide whether or not
0 € w = (6y, 1); here 0 is the true proportion of unemployed workers and 6 is
a certain desirable or guessed value of 0. Examples 8, 9, and 10 in Chapter 1
fall into the same category.

In Example 12, the stipulated model is a Poisson distribution P(6) and, on
the basis of n independent observations, we might wish to decide whether or
not 6 € (bp, 00), where 6 is a known value of 6.

In Example 16, the stipulated underlying models may be Normal distribu-
tions N(u1, o) and N(uz, o'2) for the survival times X and Y, respectively, and
then the question of interest may be to decide whether or not ps < u1; o2 may
be assumed to be either known or unknown. Of course, we are going to arrive
at the desirable decision on the basis of two independent random samples
drawn from the underlying distributions. Example 17 is of the same type.

In Example 20, the statistical problem is that of comparing two Multino-
mial populations, by making appropriate statements about the probabilities
DAE, Paa, Pap and Dgg, Dpa, Pep; here pag is the probability that any one of the
80 infants, subjected to diet A, is of “excellent” health, and similarly for the
remaining probabilities. Example 21 is of a similar type.

On the basis of the preceding discussion and examples, we may now pro-
ceed with the formulation of the general problem. To this effect, let X7, ..., X,
be ii.d. r.v’s with p.d.f. f(;0),0 € Q C %", r > 1, and by means of this ran-
dom sample, suppose we are interested in checking whether 6 € w, a proper
subset of 2, or @ € »°, the complement of w with respect to 2. The statements
that 8 € w and 0 € ° are called (statistical) hypotheses (about @), and are
denoted thus: Hy : 6 € w, Hy : 0 € o°. The hypothesis H is called a null hy-
pothesis and the hypothesis H, is called alternative (to Hy) hypothesis. The
hypotheses Hy and H4 are called simple, if they contain a single point, and
composite otherwise. The procedure of checking whether H, is true or not, on
the basis of the observed values a1, ..., x, of X1, ..., X,, is called testing the
hypothesis Hj against the alternative H4.

In the special case that Q C 9, some null hypotheses and the respective
alternatives are as follows:

Hy:60 =0yagainst Hy : 0 > 6y; Hy:0 = 6y against Hy : 0 < 6p;
Hy:0 <06 against Hy:0 > 6o; Hy:0 > 6, against Hy:0 < 6o;
Hy:0 =06, against Hy:0 #* 0.

The testing is carried out by means of a function ¢ : 2" — [0, 1] which is
called a test function or just a test. The number ¢(xi, ..., x,) represents the
probability of rejecting Hy, giventhat X; = x;, 7 = 1, ..., n. Inits simplest form,
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g istheindicator of aset Bin )", which is called the critical or rejection region;
its complement B is called the acceptance region. Thus, (%1, ..., x,) = 1 if
X1, ...,%, arein B, and ¢(xy, ..., x,) = 0, otherwise. Actually, such a test is
called anonrandomized test as opposed to tests which also take values strictly
between 0 and 1 and are called randomized tests. In the case of continuous
distributions, nonrandomized tests suffice, but in discrete distributions, a test
will typically be required to take on one or two values strictly between 0 and 1.

By using a test ¢, suppose that our data xy, . . ., &, lead us to the rejection of
Hj. This will happen, for instance, if the test ¢ is nonrandomized with rejection
region B, and the x;’s lie in B. By rejecting the hypothesis Hj, we may be doing
the correct thing, because H, is false (that is, 8 ¢ ). On the other hand, we
may be taking the wrong action because it may happen that Hj is, indeed, true
(that is, 8 € w), only the test and the data do not reveal it. Clearly, in so doing,
we commit an error, which is referred to as type I error. Of course, we would
like to find ways of minimizing the frequency of committing this error. To put it
more mathematically, this means searching for arejection region B, which will
minimize the above frequency. In our framework, frequencies are measured
by probabilities, and this leads to a determination of B so that

P(of type I error) = P(of rejecting Hy whereas H is true)
= Py(Xy, ..., X, liein B whereas 0 € w)
= Py(Xy, ..., Xy liein B| 6 € 0) & @(6) is minimum.  (3)

Clearly, the probabilities «(@) in (3) must be minimized for each 6 € w, since
we don’t know thiecfh value in w is the true 6. This will happen if we minimize
the maxge, () = «. This maximum probability of type I error is called
the level of significance of the test employed. Thus, we are led to selecting the
rejection region B so that its level of significance « will be minimum. Since
a > 0, its minimum value would be 0, and this would happen if (essentially)
B = (. But then (essentially) the x;’s would always be in B = R, and this
would happen with probability

Py(X1,..., X, in%") =1 forall . 4)

This, however, creates a problem for the following reason. If the rejection
region B is @, then the acceptance region is )1"; that is, we always accept H,.
As long as H is true (that is, 8 € w), this is exactly what we wish to do, but
what about the case that H is false (that is, 8 € »“)? When we accept a false
hypothesis Hj, we commit an error, which is called the type II error. As in (3),
this error is also measured in terms of probabilities; namely,

P(of type II error) = P(of accepting Hy whereas H is false)
= Py(Xy, ..., X, liein B® whereas 0 € %)
= Pg(Xl, ey X, liein Bc|0 S wc)

def

= B(0). (5)
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According to (5), these probabilities would be 1 for all 8 € ¢ (actually,
for all 0 € ), if B = (. Clearly, this is undesirable. The preceding discussion
then leads to the conclusion that the rejection region B must be different from
@ and then « will be > 0. The objective then becomes that of choosing B so
that o will have a preassigned acceptable value (such as 0.005, 0.01, 0.05) and,
subject to this restriction, the probabilities of type II error are minimized. That
is,

B(0) = Py(Xy, ..., X, lie in B) is minimum for each 6 € °. (6)

Since Py(X1, ..., X, liein BY) = 1 — Py(Xj, ..., X, lie in B), the minimization
in (6) is equivalent to the maximization of

Py(Xy, ..., Xpliein B)y=1— Py(Xy, ..., X, liein B°) forall 6 € o°.
The function 7 (60), 0 € »°, defined by:
w(0) = Py(Xy, ..., Xy liein B), 0 € o, )

is called the power of the test employed. So, power of a test = 1— probability
of atype Il error, and we may summarize our objective as follows: Choose a test
with a preassigned level of significance «, which has maximum power among
all tests with level of significance < «. In other words, if ¢ is the desirable test,
then it should satisfy the requirements:

The level of significance of ¢ is «, and its power, to be denoted by ,(8), 8 € ¢,
satisfies the inequality m,(0) > m,+(0) for all € »° and any test ¢* with level
of significance < «.

Such a test ¢, should it exist, is called Uniformly Most Powerful (UMP) for
obvious reasons. (The term “most powerful” is explained by the inequality
7,(0) > my+(0), and the term “uniformly” is due to the fact that this inequality
must hold for all 8 € »°.) If ®° consists of a single point, then the concept of
uniformity is void, and we talk simply of a Most Powerful (MP) test.

The concepts introduced so far hold for a parameter of any dimensionality.
However, UMP tests can be constructed only when 6 is areal-valued parameter,
and then only for certain forms of Hy and H,4 and specific p.d.f.’s f(:; 6). If the
parameter is multidimensional, desirable tests can still be constructed; they
are not going to be, in general, UMP tests, but they are derived, nevertheless,
on the basis of principles which are intuitively satisfactory. Preeminent among
such tests are the so-called Likelihood Ratio (LR) tests. Another class of tests
are the so-called goodness-of-fit tests, and still others are constructed on the
basis of decision-theoretic concepts. Some of the tests mentioned above will
be discussed more extensively in Chapters 11 and 12. Here, we conclude this
section with the introduction of a LR test.

On the basis of the random sample Xj, ..., X, with p.d.f. f(;;0), 8 € Q C
N", r > 1, suppose we wish to test the hypothesis Hj : 8 € w (aproper) subset
of Q. It is understood that the alternative is Hy : 6 €  but in the present
framework it is not explicitly stated. Let «y, ..., x, be the observed values
of X1, ..., X, and form the likelihood function L(0) = L0 |xy,...,x,) =
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[T, f(x; 6). Maximize L(6) and denote the resulting maximum by L(Q).
This maximization happens when 6 is equal to the MLE 0= 9(951, .oty Xn), SO
that L() = L(é). Next, maximize the likelihood L(0) under the restriction
that @ € w, and denote the resulting maximum by L(®). Denote by 8,, the MLE
of @ subject to the restriction that @ € w. Then L(&) = L(6,,). Assume now
that L(@) is continuous (in €), and suppose that the true value of 6, call it
0y, is in w. It is a property of a MLE that it gets closer and closer to the true
parameter as the sample size n increases. Under the assumption that 8y € w,
it follows that both 6 and 9w will be close to 6y and therefore close to each
other. Then, by the assumed continuity of L(8), the quantities L(8) and L(8.,)
are close together, so that the ratio

A@i, ..., 2n) = A = L(8,,)/L(B) 8)

(which is always <1) is close to 1. On the other hand, if 8, € »°, then fand b,
are not close together, and therefore L(@) and L(@w) need not be close either.
Thus, the ratio L(@w) /L(é) need not be close to 1. These considerations lend
to the following test:

Reject Hy when A < Ay, Where ¢ is a constant to be determined.  (9)

By the monotonicity of the function y = log x, the inequality A < Ag is equiva-
lentto —2log A(X1, ..., X)) > C(= —2log X¢). It is seen in Chapter 11 that an
approximate determination of C is made by the fact that, under certain condi-
tions, the distribution of —2log A(X1, ..., X,,) is x7, where f = dimension of
2 — dimension of w. Namely:

Reject Hy when —2log1 > C, where C =~ x7. . (10)

In closing this section, it is to be mentioned that the concept of P-value is
another way of looking at a test in an effort to assess how strong (or weak)
the rejection of a hypothesis is. The P-value (probability value) of a test is
defined to be the smallest probability at which the hypothesis tested would
be rejected for the data at hand. Roughly put, the P-value of a test is the
probability, calculated under the null hypothesis, when the observed value of
the test statistic is used as if it were the cut-off point of the test. The P-value of
a test often accompanies a null hypothesis which is rejected, as an indication
of the strength or weakness of rejection. The smaller the P-value, the stronger
the rejection of the null hypothesis, and vice versa. More about it in Chapter 11.

8.4 The Basics of Regression Analysis

In the last three sections, we discussed the general principles of point esti-
mation, interval estimation, and testing hypotheses in a general setup. These
principles apply, in particular, in specific models. Two such models are Regres-
ston models and Analysis of Variance models.

Aregression model arises in situations such as those described in Examples
22 and 23 in Chapter 1. Its simplest form is as follows: At fixed points x4, . . ., Xy,
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respective measurements v, . . ., ¥, are taken, which may be subject to an as-
sortment of random errors ey, ..., e,. Thus, the y;’s are values of r.v.'s Y;’s,
which may often be assumed to have the structure: Y; = g1 + fox; +€;, 1 =
1, ..., m; here 8; and Bs are parameters (unknown constants) of the model. For
the random errors ¢;, it is not unreasonable to assume that Ee; = 0; we also
assume that they have the same variance, Var (¢;) = 0% € (0, o). Furthermore,
it is reasonable to assume that the e;’s are i.i.d. r.v.’s, which implies indepen-

dence of the r.v.’s 17, .. ., Y,,. It should be noted, however, that the Y;’s are not
identically distributed, since, for instance, they have different expectations:
EY; = 1 + Box;, © = 1, ..., n. Putting these assumptions together, we arrive

at the following simple linear regression model.
Y; = B1 + Box; +¢;, thee;’sareiid. with Fe; = 0 and
Var(e) =02 i=1,...,n (11)

The quantities S, 82, and o2 are the parameters of the model; the Y;’s are in-
dependent but not identically distributed; also, EY; = 81 + fax; and Var (Y;) =
o2i=1,...,n

The term “regression” derives from the way the Y;’s are produced from the
x;’s, and the term “linear” indicates that the parameters 8; and S» enter into
the model raised to the first power.

The main problems in connection with model (11) are to estimate the pa-
rameters 1, B2, and o2; construct confidence intervals for ; and f; test hy-
potheses about f; and Bs; and predict the expected value EY;, (or the value
itself Y;,) corresponding to an x;,, distinct, in general, from x, . .., x,. Esti-
mates of B and B3, the Least Squares Estimates (LSE’s), can be constructed
without any further assumptions; the same for an estimate of o2. For the
remaining parts, however, there is a need to stipulate a distribution for the
e;’s. Since the e;’s are random errors, it is reasonable to assume that they are
Normally distributed; this then implies Normal distribution for the Y;’s. Thus,
model (11) now becomes:

Y, = B1 + B2x; +¢e;, the e;’s are independently
distributed as N(0,0%), i=1,...,n (12)

Under model (12), the MLE’s of B, B2, and o2 are derived, and their distri-
butions are determined. This allows us to pursue the resolution of the parts of
constructing confidence intervals, testing hypotheses, and of prediction. The
relevant discussion is presented in Chapter 13.

8.5 The Basics of Analysis of Variance

Analysis of Variance (ANOVA) is a powerful technique, which provides the
means of assessing and/or comparing several entities. ANOVA can be used
effectively in many situations; in particular, it can be used in assessing and/or
comparing crop yields corresponding to different soil treatments; crop yields
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corresponding to different soils and fertilizers; for the comparison of a certain
brand of gasoline with or without an additive by using it in several cars; the
comparison of different brands of gasoline by using them in several cars; the
comparison of the wearing of different materials; the comparison of the effect
of different types of oil on the wear of several piston rings, etc.; the comparison
of the yields of a chemical substance by using different catalytic methods;
the comparison of the strengths of certain objects made of different batches
of some material; the comparison of test scores from different schools and
different teachers, etc.; and identification of the melting point of a metal by
using different thermometers. Example 24 in Chapter 1 provides another case
where ANOVA techniques are appropriate.

Assessment and comparisons are done by way of point estimation, interval
estimation, and testing hypotheses, as these techniques apply to the specific
ANOVA models to be considered. The more factors involved in producing an
outcome, the more complicated the model becomes. However, the basic ideas
remain the same throughout.

For the sake of illustrating the issues involved, consider the so-called one-
way layout or one-way classification model. Consider one kind of gasoline,
for example, unleaded regular gasoline, and suppose we supply ourselves with
amounts of this gasoline, purchased from I different companies. The objective
is to compare these I brands of gasoline from yield viewpoint. To this end, a
car (or several but pretty similar cars) operates under each one of the I brands
of gasoline for J runs in each case. Let ¥;; be the number of miles per hour
for the jth run when the 7th brand of gasoline is used. Then the Y;;’s are r.v.'s
for which the following structure is assumed: For a given ¢, the actual number
of miles per hour for the jth run varies around a mean value p;, and these
variations are due to an assortment of random errors ¢;;. In other words, it
makes sense to assume that Y;; = p; + e;;. It is also reasonable to assume
that the random errors e;; are independent r.v.’s distributed as N (0, 0?), some
unknown variance o2. Thus, we have stipulated the following model:

Yij = wi + ey, where the e;;’s are independently
~N(@©,06%), i=1,...,1(z2), j=1,...,J(=2). (13)
The quantities u;,7 = 1, ..., I, and o2 are the parameters of the model.

It follows that the r.v.s ¥;; are independent and Y;; ~ N(u;, 0%),j =
1,...,J,i=1,...,1.

The issues of interest here are those of estimating the u;’s (mean number
of miles per hour for the ith brand of gasoline) and o'. Also, we wish to test the
hypothesis that there is really no difference between these I different brands of
gasoline; in other words, test Hy : 1 = - - - = (= u, say, unknown). Should
this hypothesis be rejected, we would wish to identify the brands of gasoline
which cause the rejection. This can be done by constructing a confidence
interval for certain linear combinations of the w;’s called contrasts. That is,
Zle c; i, where ¢y, .. ., ¢ are constants with 2{21 ¢; =0.

Instead of having one factor (gasoline brand) affecting the outcome (num-
ber of miles per hour), there may be two (or more) such factors. For example,
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there might be some chemical additives meant to enhance the mileage. In this
framework, suppose there are J such chemical additives, and let us combine
each one of the I brands of gasoline with each one of the J chemical additives.
For simplicity, suppose we take just one observation, Y;;, on each one of the
1J pairs. Then it makes sense to assume that the r.v. ¥;; is the result of the
following additive components: A basic quantity (grand mean) ., the same
for all 7 and j; an effect «; due to the ith brand of gasoline (the ith row effect);
an ¢ffect B; due to the jth chemical additive (the ith column effect); and, of
course, the random error e;; due to a host of causes. So, the assumed model
is then: Y;; = p + o; + B; + €;5. As usually, we assume that the e;;’s are inde-
pendent ~ N(0, o) with some (unknown) variance o2, which implies that the
Y;;’s are independent r.v.’s and Y;; ~ N(u + o; + B, o?). We further assume
that some of «; effects are > 0, some are < 0, and on the whole 21{:1 a; = 0;
and likewise for the g; effects: ijl B; = 0. Summarizing these assumptions,
we have then:

Yij =+ o;+ Bj+ey, where the e;;’s are independently

~ N(0, 6%, t=1,...,I(z2), j=1,...,J(=2),
I J
> i =0, > Bi=0 (14)
i=1 j=1
The quantities u, o, 2 =1,..., 1, 8;, 5 =1,...,J and o2 are the parameters

of the model.

As already mentioned, the implication is that the r.v.’s Y;; are independent
and YV;j ~ N(u+oa; + Bj,02),i=1,..., L j=1,...,J.

The model described by (14) is called two-way layout or two-way classi-

JSication, as the observations are affected by two factors.

The main statistical issues are those of estimating the parameters involved
and testing irrelevance of either one of the factors involved —that is, testing
Hyp:a1=---=a; =0, Hyp: p1 = -- = By = 0. Details will be presented in
Chapter 14. There, an explanation of the term “ANOVA” will also be given.

8.6 The Basics of Nonparametric Inference

All of the problems discussed in the previous sections may be summarized as
follows: On the basis of a random sample of size n, X1, ..., X, drawn from the
p.df. f(;; 0), 0 € Q C N, construct a point estimate for 6, a confidence interval
for 6, and test hypotheses about 6. In other words, the problems discussed were
those of making (statistical) inference about 6. These problems are suitably
modified for a multidimensional parameter. The fundamental assumption in
this framework is that the functional form of the p.d.f. f(:; #) is known; the
only thing which does not render f(:; ) completely known is the presence of
the (unknown constant) parameter 6.

In many situations, stipulating a functional form for f(-; 0) eitheris dictated
by circumstances or is the product of accumulated experience. In the absence
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of these, we must still proceed with the problems of estimating important
quantities, either by points or by intervals, and testing hypotheses about them.
However, the framework now is nonparametric, and the relevant inference is
referred to as nonparametric inference.

Actually, there have been at least three cases so far where nonparametric
estimation was made without referring to it as such. Indeed, if X3, ..., X, are
iid. r.v’s with unknown mean p, then the sample mean X,, may be taken as
an estimate of u, regardless of what the underlying distribution of the X;’s is.
This estimate is recommended on the basis of at least three considerations.
First, it is unbiased, EX,, = u no matter what the underlying distribution is;
secor_ld, X, is the moment estimate of 1; and third, by the WLLN, X, 2% My SO
that X, is close to i, in the sense of probability, for all sufficiently large n. Now
suppose that the X;’s also have (an unknown) variance o € (0, co). Then the
sample variance S,% can be used as an estimate of 2, because it is unbiased
(Section 8.1) and also S> njpgo o2, Furthermore, by combining X,, and SZ and
using Theorem 7(ii) in Chapter 7, we have that /n(X,, — 1)/S, ~ N(0, 1) for
large n. Then, for such n, [X,, — 242 :j—% s X+ 202 j—%] is a confidence interval for
u with confidence coefficient approximately 1 — «.

Also, the (unknown) d.f. F' of the X;’s has been estimated at every point
x € N by the empirical d.f. F}, (see relation (1) in Chapter 7). The estimate F,
has at least two desirable properties. ForPall x € N and regardless of the form
of the d.f. F: EF,(x) = F(x) and F(x) ;=3 F(2).

What has not been done so far is to estimate the p.d.f. f(x) at each x € N,
under certain regularity conditions, which do not include postulation of a
functional form for f. There are several ways of doing this; in Chapter 15, we
are going to adopt the so-called kernel method of estimating f. Some desirable
results of the proposed estimate will be stated without proofs.

Regarding testing hypotheses, the problems to be addressed in Chapter 15
will be to test the hypothesis that the (unknown) d.f. F' is, actually, equal to a
known one Fy; that is Hy : F' = Fp, the alternative H4 being that F'(x) # Fy(x)
for atleast one x € N. Actually, from a practical viewpoint, it is more important
to compare two (unknown) d.f.’s F' and G, by stipulating H, : F' = G. The alter-
native can be any one of the following: Hy: F # G, H, : F > G, H; : F < G,
in the sense that F(x) > G(x) or F(x) < G(x), respectively, for all x € %, and
strict inequality for at least one x. In carrying out the appropriate tests, one
has to use some pretty sophisticated asymptotic results regarding empirical
d.f’s. An alternative approach to using empirical d.f.’s is to employ the concept
of a rank test or the concept of a sign test. These things will be discussed
to some extent in Chapter 15. That chapter is concluded with the basics of
regression estimation but in a nonparametric framework. In such a situation,
what is estimated is an entire function rather than a few parameters. Some
basic results are stated in Chapter 15.



Chapter 9

Point Estimation

In the previous chapter, the basic terminology and concepts of parametric
point estimation were introduced briefly. In the present chapter, we are going
to elaborate extensively on this matter. For brevity, we will use the term es-
timation rather than parametric point estimation. The methods of estimation
to be discussed here are those listed in the first section of the previous chap-
ter; namely, maximum likelihood estimation, estimation through the concepts
of unbiasedness and minimum variance (which lead to uniformly minimum
variance estimates), estimation based on decision-theoretic concepts, and es-
timation by the method of moments. The method of estimation by way of the
principle of least squares is commonly used in the so-called linear models.
Accordingly, it is deferred to Chapter 13.

Before we embark on the mathematical derivations, it is imperative to keep
in mind the big picture; namely, why do we do what we do? A brief description
is as follows. Let X be a r.v. with p.d.f. f(;; 8), where 6 is a parameter lying
in a parameter space 2. It is assumed that the functional form of the p.d.f. is
completely known. So, if & were known, then the p.d.f. would be known, and
consequently we could calculate, in principle, all probabilities related to X, the
expectation of X, its variance, etc. The problem, however, is that most often in
practice (and in the present context) 6 is not known. Then the objective is to
estimate 6 on the basis of a random sample of size n from f(:; 0), Xj, ..., X,.
Then, replacing 6 in f(-; 6) by a “good” estimate of it, one would expect to
be able to use the resulting p.d.f. for the purposes described above to a satis-
factory degree.

9.1 Maximum Likelihood Estimation: Motivation and Examples

The following simple example is meant to shed light to the intuitive, yet quite
logical, principle of Maximum Likelihood Estimation.

240
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Let Xy, ..., Xj0 be ii.d. r.v.’s from the B(1, #) distribution, 0 <6 < 1, and let
a1, ...,210 be the respective observed values. For convenience, set (=
X1 + - - - + x10. Further, suppose that in the 10 trials, 6 resulted in successes,
so that ¢ = 6. Then the likelihood function involved is: L(6 | x) = 8%(1 — 0)?,
0<6<1,x=(x,...,2x0) Thus, L(0 | x) is the probability of observing ex-
actly 6 successes in 10 independent Binomial trials, the successes occurring
on those trials for which x; = 1, 7 = 1, ..., 10; this probability is a function of
the (unknown) parameter 6. Let us calculate the values of this probability for
6 ranging from 0.1 to 0.9. We find:

Values of &  Values of L(6 | x)

0.1 0.000006656
0.2 0.000026200
0.3 0.000175000
0.4 0.000531000
0.5 0.000976000
0.6 0.003320000
0.7 0.003010000
0.8 0.000419000
0.9 0.000053000

We observe that the values of L(6 | x) keep increasing, it attains its maximum
value at 6 = 0.6, and then the values keep decreasing. Thus, if these 9 values
were the only possible values for & (which they are not!), one would reason-
ably enough choose the value of 0.6 as the value of 6. The value 6 = 0.6 has
the distinction of maximizing (among the 9 values listed) the probability of
attaining the 6 already observed successes.

We observe that 0.6 = 1—% = % , Where 7 is the number of trials and ¢ is the
number of successes. It will be seen in Example 2 that the value %, actually,
maximizes the likelihood function among all values of 6 with 0 < 6 < 1. Then
L will be the Maximum Likehood Estimate of 6 to be denoted by ;ie., 0 = L
In a general setting, let X7, ..., X, be i.i.d. r.v.’s with p.d.f. f(-; ) with 8 € Q,
and let x, .. ., 2y, be the respective observed values and x = («y, . .., x,). The
likelihood function, L(6 | x), is given by L(6 | x) = [}, f(x;; 0), and a value
of @ which maximizes L(0 | x) is called a Maximum Likelihood Estimate
(MLE) of 6. Clearly, the MLE depends on x, and we usually write 0 = é(x).
Thus,

L0 | x) = max{L(0 | x); 0 € Q). )

The justification for choosing an estimate as the value of the parameter which
maximizes the likelihood function is the same as that given in Example 1,
when the r.v.’s are discrete. The same interpretation holds true for r.v.’s of
the continuous type, by considering small intervals around the observed
values.
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Once we decide to adopt the Maximum Likelihood Principle (i.e., the prin-
ciple of choosing an estimate of the parameter through the process of maxi-
mizing the likelihood function), the actual identification of an MLE is a purely
mathematical problem; namely, that of maximizing a function. This maximiza-
tion, if possible at all, often (but not always) is done through differentiation.
Examples to be discussed below will illustrate various points.

Before embarking on specific examples, it must be stressed that, whenever
a maximum is sought by differentiation, the second-order derivative(s) must
also be examined in search of a maximum. Also, it should be mentioned that
maximization of the likelihood function, which is the product of » factors, is
equivalent to maximization of its logarithm (always with base e), which is the
sum of 7 summands, thus much easier to work with.

REMARK 1 Let us recall that a functlon y = g(x) attains a maximum at a
point x = xy, if % 729(@®)|y=x, = 0 and Wg(x)u_xo < 0.

In terms of a random sample of size n, X1, ..., X,, from the B(1, 6) distribution
with observed values xy, ..., x,, determine the MLE 6 = 6(x) of 6 < (0, 1),
x= (21, ..., XTn).

DISCUSSION Since f(x;; 0) = 6%(1 —0)"% a; =0or1,i=1,...,n,
the likelihood function is

L®|x)= ]ﬁ[f(xi; ) =0"1—0)" t=a14 -+

sothatt=0,1,...,n. Hence log L(6 | x) = tlogh + (n—t)log(l — 0). From

the lzkelzhood equatwn log LO | x) = é - ?T 0, we obtain 6 =
Next, 2 302 logL(® | x) = 92 - (1” 9')2, Wthh is negative for all 6 and hence for
0 = t/n. Therefore, the MLE of § is 6 = L = Z.

Determine the MLE § = 6(x) of 6 € (0, c0) in the P(#) distribution in terms of
the random sample X1, ..., X,, with observed values xy, . .., Z.

DISCUSSION Here f(x;;0) = o x;=0,1,..., i=1,...,n sothat

‘T/i! ’

log L6 | X) = log (ﬁ e’o 1) log< ~n6 ]_[ - )

i=1

—nf + (log o) qu — log (l_[ xb')
i=1 i=1
n
= —nf + (nlog /) — log (]‘[ xi!).

i=1

Hence 710g L(0 | x) = —n+ "—” = 0, which gives # = %, and -2 392 logL(0 | x) =

—’;—? < 0 for all & and hence for 0 = &. Therefore the MLE of § is § = .
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Determine the MLE 6 = A(x) of 6 € (0, 00) in the Negative Exponential distri-
bution f(x; 0) = 8e %, x > 0, on the basis of the random sample X1, ..., X,,
with observed values a7, ..., 2.

DISCUSSION Since f(x;;0) =0e %%, x; >0, i=1,...,n wehave
log L(0 | x) = log(0"e "%") = nlogd — nxH, so that

log LO|x)=%—nx=0, and hence 6 =1/2. Furthermore, ae?
— gz < 0forall 9 and hence for 6 = 1/z. It follows that § = 1/.

log L(0 | x)=

Let X1, ..., X,, be arandom sample from the N(u, o) distribution, where only
one of the parameters is known. Determine the MLE of the other (unknown)
parameter.

DISCUSSION Withuay, ..., x, being the observed values of X1, ..., X,,, we
have:

(i) Let u be unknown. Then
log L x)=1o —exp| ——— X; — 2
gL | %) g{gma p[ 307 2 u)“
= —nlog (V2ro) — Z(xl w)?, so that

3 log L(p | x)= "@UQ D 0, and hence x = Z. Furthermore, - W log L(n | x) =
—a—"z < 0 for all u and hence for © = . It follows that the MLE of u is
=X

(ii) Let 0% be unknown. Then

u 1
log L(c? | x) = log {E Nz exp |: 21: M)Z:H

=—— log(Zn) - = loga Z — )%, so that
=1

2z log L(cr2 | X) = — 3% + 51 > (@i — w)* = 0,and hence 0% = 1 31| (; —
M)Z set 130 (i — M)Z = s Then
2

3(02)

7;>

n 2n 1
logL(o* | x) = 552 9561 Z( Xi P«)Q
_oon n
- 2(62)2 2(02)3

log L(0? | %)|,2—e = z(s’g)z — 245 = — 4% < 0. It follows that the MLE of

s?, so that
32
3(0—2)2
olis6* =131 (x; —

In all of the preceding examples, the MLE’s were determined through
differentiation. Below is a case where this method does not apply because,
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simply, the derivative does not exist. As an introduction to the problem, let
X ~U(0,0) (6 > 0), so that the likelihood function is L(# | x) = 51[079](.%')
where it is to be recalled that the indicator function I, is defined by I4(x) = 1
ifre A and I4(x) = 0if x € A°. The picture of L(- | x) is shown in Figure 9.1.

Figure 9.1

L(6lx) [0 o<z
L) =119 g5

1

X

|

|

|

|

|
L 0

0 x

Let X1, ..., X, be a random sample from the Uniform U(«, 8) (a < ) distri-
bution, where only one of « and $ is unknown. Determine the MLE of the
(unknown) parameter.

DISCUSSION

(i) Let a be unknown. Since

1
Sy o) = ﬂ—l[a,,g]({)’}i), t=1,...,n, it follows that
-«

1 n 1
L | X)) = ——— | | i, 1) = ——— 110, s)(@0)) L[, 1 (X)),
(ﬁ_a)ng Lo pIEE) = gy e I e ] X(n)
where x1) = min(xi, . .., X,), Xy = max(x, ..., Ly,); Or
1
Mol = (B — o) Ti,00) (X)) (00,1 (H))- @)

Maximization of L(« | x) with respect to « means two things: maximization of
Iio, 00)(2(1y) and maximization of 1/( — «)". The maximum value of the former
quantity is 1 and occurs as long as o < a1). The latter quantity gets larger and
larger as o gets closer and closer to 8. But always o < 21y < B, and « is subject
to the restriction o < 2;1). Thus, « gets closest to 8, if « = a{1). In other words,
the MLE of « is & = a1).

(ii) Let B be unknown. Relation (2) then becomes

1
LB |x)= WI[a,oo)(x(l))l(—oo,ﬂ](x(n))v

whereas always o < 23, < B. Then, arguing as in the first case, we have that
the MLE of g is B = 2.
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l EXAMPLE 8

In the examples discussed so far, there was a single parameter to be esti-
mated. In the examples presented below, the parameters to be estimated will
be two or more. If the maximization is to be done through differentiation, then
the following remark reminds us how this method is implemented.

REMARK 2 The function y = g(ay, ..., x;) attains a maximum at a point
(o1, - - -, Xox), if the point (xoy, . . ., o) satisfies the system of the k equations
%g(xl, ...,x,) =0, 7 =1,...,k, and, in addition, the pozint (xo1, -+, Xok)
renders the k x k matrix of the second-order derivatives (()xa_é)x] g(xy, ..., xx),
1,7 = 1,..., k, negative definite. What is meant by the term “negative def-
inite” is that the real-valued quantity below is <0 for all nonzero vectors
A1, ey Ag) ()»% + -+ A% # 0); namely,
2 M

: < 0.

g(xl, "'vxk)

()Ll,~-~,)\k)<a 5 > :
xi xj (1‘1 ..... 1‘]0:(1‘01 ..... _Z‘Qk) )\'k

Refer to Example 5 and suppose that both i and o2 are unknown. Determine
their MLE’s.

DISCUSSION Here
n n 1 &
log L(u, 0% | X) = — log@m) — 5 logo? — 53 ;(x — 1),

and then the two likelihood equations produce the unique solution © = & and

o? = 1% (% — @7 which we may denote by s*. Next, the 2 x 2 matrix of

. _ -5 0 .
the second-order derivatives, evaluated at (I, s*), becomes ( 52 " ), which
Tt

isnegative definite (see Exercise 1.2below). Thus, i = Z and 62 = 7% Yo (-
Z)? are the MLE’s of i and o2, respectively.

A Multinomial experiment is carried out independently » times, so that the
likelihood function is

n! i
L(py,...,0r | %)= ﬁpfl "'pfr,
X1 Xy

where x; > 0, ¢ = 1,...,r integers, withx; +---+ 2, = n,and 0 < p; < 1,
1=1,...,rwith p; +--- 4+ p, = 1. Determine the MLE's of p;, 2 =1, ..., 7.

DISCUSSION The number of independent parameters is r — 1, since, for

example, p, = 1 — p; — --- — p,_1. Looking at the log L(py, ..., pr | X) and
taking partial derivatives with respectto p;, ¢ =1, ..., — 1 (and remember-
ing that p, =1— p; —--- — p,_1) We obtain
1 1
xi——a,— =0, i=1,...,r—1.
i Dr

From these relations, the unique solution p; = %, 1=1,...,r follows.
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Next, the ( — 1) x (r — 1) matrix of the second-order derivatives, evaluated

at p; =x;/n, 1 =1,...,7,is given by
_n_ _n _n _n
X1 Xy Xy X X
_n _n_ _n _n
Xy X2 Xy Xy Xy
)
_n _w U A N
Ly Xy Xy Xy—1 Xy

which is seen to be negative definite. Consequently, the MLE'’s of p;, i =

1,...,rare p; = %, 1=1,...,7. (Also, see Exercise 1.3 below.)

m Refer to Example 6, assume that both « and 8 are unknown, and determine
their MLE’s.

DISCUSSION Expression (1) becomes here as follows:

1
L(e, B | x) = WI[a,oo)(x(l))f(—oo,ﬁl(x(n)) 3
Since always o < %) < %y =< B, the right-hand side of (3) is maximized
if I[%oo)(x(l)) = 1 and I(_Ooyﬂ](x(n)) = 1, which happen if o < X(1); X(m) < ,3
and also if @ and 8 are as close together as possible. Clearly, this happens for
o = xq) and B = Z(y). In other words, the MLE’s of o and g are @ = x() and
ﬁ = {L'(n).

1.1 Refer to Example 6(ii) and justify the statement made there that x, is,
indeed, the MLE of .

1.2 Show that the matrix (772)/32 _n(/)2 84) in Example 7 is, indeed, negative

definite.

1.3 In reference to Example 8, show that:
i) pi = %, 1=1,...,7,is, indeed, the unique solution of the system of
equations considered there.
@ii) The (»r — 1) x (r — 1) matrix exhibited there is the matrix of the
second-order derivatives as stated.
(iii) The matrix in part (ii) is negative definite.

1.4 In reference to Example 18 below, show that Vary(S?) = 5%41 as stated

there.
1.5 If Xy, ..., X, are independent r.v.’s distributed as B(k, ), 6 € 2 = (0, 1),
with respective observed values x4, ..., &,, show that § = % is the MLE

of 6, where Z is the sample mean of the x;’s.
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1.6 If the independent r.v.’s. X1, ..., X,, have the Geometric p.d.f. f(x;0) =
01 —0)1 x=1,2,...,0 € Q = (0, 1), and respective observed values
X1, ..., Iy, then show that 6 = 1/Z is the MLE of 6.

1.7 On the basis of a random sample of size n from the p.d.f. f(x; 6) =
@+Dx, 0<x <1, eQ=(-1,00),derive the MLE of 6.

1.8 On the basis of a random sample of size n from the p.d.f. f(x; 0) =
x’ 1, 0 < <1, 6 eQ=(0,00),derive the MLE of 6.

1.9 (i) Show that the function f(x;0) = 5-e7/ x e %, 6 € @ = (0, 00) is
ap.d.f. (the so-called Double Exponential p.d.f.), and draw its picture.
(i) On the basis of a random sample from this p.d.f., derive the MLE

of 6.

1.10 (i) Verify that the function f(x; 6) = 0%xe %, x > 0, 0 € Q = (0, 00)
is a p.d.f., by observing that it is the Gamma p.d.f. with parameters

a=2 B=1/6.
(i) On the basis of a random sample of size n from this p.d.f., derive the
MLE of 6.

1.11 (i) Show thatthe function f(x;«, B) = ée‘('”‘“)/ﬁ, x>a, aeR, >0,
is a p.d.f., and draw its picture.
On the basis of a random sample of size n from this p.d.f., deter-
mine the MLE of:
(ii) o when 8 is known.
(iii) p when « is known.
(iv) « and B8 when both are unknown.

1.12 Refer to the Bivariate Normal distribution discussed in Chapter 4,
Section 5, whose p.d.f. is given by:

1
fX,Y(x) y) = —ei(Z/z, X, Y e m,

211094/ 1 — p?

where

() () () () ]
—-p o1 o o2 o
w1, w2 € N, 0, 02 > 0and —1 < p < 1 are the parameters of the distri-
bution. The objective here is to find the MLE’s of these parameters. This
is done in two stages, in the present exercise and the exercises following.
For convenient writing, set 8 = (w1, i2, 02, 02, p), and form the like-

lihood function for a sample of size n, (X;, ¥;), ¢ = 1,...,n, from the
underlying distribution; i.e.,

1 " 1
LO|xy=|——""—) exp|—3) @),
277010'2w/ 1-— ,02 2 1;
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where

1 x; — 1\ i —pr\ [ Yi — K2 Yi — 2\’
q = 1 5 —-2p + ,
—p o1 o1 02 lop)
andx = (x1,...,2%), Y = (Y, - .., Yn), the observed values of the X;’s
and the Y;’s. Also, set

MO) =10 | x,y)=1log L(O | x, y)
n n n 1&
= —nlog27) — E1ogof — 51og022 — 51og(1 — = 5 ;qi.

(i) Show that the first order partial derivatives of q given above are
provided by the following expressions:

9¢ _ 2—p) | 2p(yY— p2)

dp of(1—p%)  aioa(l —p?)’

9 2y —p2) 20— 1)

dptz oi(1—p?)  o109(1 —p?)

9 (- ) p@— )y — pm2)
dol ot(1—p?) oloa(l1—p2)
90 —m)l | p—pu)y—pe)
dol oy(1—p?) o101 —p2)

)
oo~ a2 "o o
onf X — M1 Y— 2
_(1+p)< o1 >< 02 >}

(ii) Use the above obtained expressions and A(8) in order to show that:

ro) n @ — pup) — np (- 12)

o ot MY T e YT
RO np

bz o2(1— p2)(y H2) o109l — p2)(x 1),
ey __n Y@ —p)® 3 — )i — pe)
do? 20} 20} (1 — p?) 20003(1 — p?) ’
020) __ m  Yiai—w)  p Y@ — k)W = p)
dos 207 204(1 — p?) 20103(1 — p?) ’
@O _ mp _p Y@ —m)* p L (Y — pe)?

do 11— p? of(1—p?) o3(1 — p?)

N A+ D)X @ — n)(Wi — 12)
o109(1 — p?)? '
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(iii) Setting %? = %? = 0, and solving for ©; and 2, show that there
is a unique solution given by: fi; = ¥ and 12 = ¥.

(iv) By setting 3;7(‘.’;) = % = “8—;@ = 0 and replacing 1 and s by the
respective exf)ressionzs Z and ¥, show that we arrive at the equations:

Sy Y Sxy

S 08,
o2 o0 =1-r% _g_ ~ =1-p%
1 102 05 0102
2
5,8 rSy .
of 03 00102

where S,=1%" (x; -2 S,=iY" (vi—%* and Sy=
LY@ — By — B)-

(v) Inthe equations obtained in part (iv), solve for 012, 022, and p in order
to obtain the unique solution:

60=8, 63=8, p=25y/S"S)"

1.13 The purpose of this exercise is to show that the values /i, fis, 62, 65, and
p are actually the MLE'’s of the respective parameters. To this end:
(i) Take the second-order partial derivatives of 1(@), as indicated below,
and show that they are given by the following expressions:

*A(O) N der *rO) np def g
- - 11, - - b
ol of(1—p?) dpurdps  oro9(l — p?)
PO m@—p) | mp(F— p2) et
Ay do? of(1—p2)  20702(1 — p?) 1
9%1(0) np(Y — 2)  def
5 = 3 B = d14,
opy doy 20105 (1 — p?)
*1(60) _ 2pn(@ — 1) n(+ p*)(F — 12) der dis
dui1dp o1 — p2)? o102(1 — p?)? '
(i) In dy;,7 = 1,...,5, replace the parameters involved by their re-

spective estimates, and denote the resulting expressions by d;, i =
1, ..., 5. Then show that:

. nSy . NSy
du=—-co o %2=g5 o
SpSy — Sy SpSy — Sg,
where S, S, and S, are given in Exercise 1.12(iv).
(iii) Work as in part (i) in order to show that:

def 82)»(0) _ 82)»(9) _d def azk(e) _ n
T Buedm  dmdnz 0 2T o o2(1—p?)
der 9°A(O)  mp(T — 1)

© Az dol 2000(1—p2)

diz =dy =di5 =0,

21

23
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o % 9%1.(0) _ g —p2) np(x— wy)
ouzooy  op(1—pd)  2005(1— pD)’
e P0) _ 2on(g— i) _ L+ 0@ — i)
duzdp  o3(l— p2)? o109(1 — p?)?
(iv) Inpart (iii),~ replace the parameters by their respective estimates and
denoteby ds;, 7 = 1, ..., btheresulting expressions. Then, show that:
dot =dp, dop = —#%S%y, and das = doy = dos = 0.
(v) Work as in parts (i) and (iii), and use analogous notation in order to
obtain:
0L —BZA(G) —dy, dp¥ —82)(0) = dg3
do By ’ do? dus ’
L MO m o Y@ —w)? | 8p 3 (e — m)(yi — )
o2 208 of(1—p?) 402051 — p2) ’
et PO p 3 (B — (Wi — )
dol do 4o} 031 — p?) ’
aer °1(0) _ p i@ —pa)® (A4 Y @ — m) (Wi —pe2)
P T 902op  old-p22 20303(1 — p2)2 '

(vi) Work as in parts (ii) and (iv), and use analogous notation in order to
obtain: ds; = dsz = 0, and

y n(2S,S, - S%,) . nSz,

dys = ——— v 0= By
4Sx (SxSy - Sxy) 4S”Sy(SxSy - Sxy)

_ nSy2S,

dss —

" 2850%(s,5, - 82,)

(vii) Work as in part (v) in order to obtain:

9%1(0) 9%1(0 9%1(0
dy & 2—( —du, dp¥ # —dyy, diE % =d3s,
doy Ay 0oy g doy do7]
def RG] _n i1 (i — pe)? N 30 Y iy (i — n) (Wi — 12)
T80T 206 oS- pd) do102(1 — p?) ’
aer °2(0) _ p Y (Wi — ) A+ 0% 3L @i — 1) (Wi — 12)
© 7 902 ap o (1 — p2)? 20103 (1 — p2)? '

(viii) Work as in part (vi) in order to get:
dy =dp =0, dy=ds,and
7 n(ZSxSy - Sa?y) 7 nS;ﬂSxy
U= T o oy M5 = .
483(S.S, — 83, 28Y/2(S,S, — S2,)
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(ix) Work as in part (v), and use analogous notation in order to get:

ds; =di5, dsz =dzs5, dsz=dss5, dsy =dys5, and

n(l+p%) 14302 [ 1 & 2, 1y 2
der = — —E(x‘—pb)—i- E(y—ﬂ)
B A2 (= p2p o2 v ! 0f o

208+ pY)
i o109(1 — p2)3 izzl(xi —n)Wi — Mz)i|.

(x) Work as in part (vi) in order to obtain:
dsi =dis5, dsz=dos, dsz=ds, ds=dys, and
nS,Sy (SxSy + Sf.y)
(SWSZJ - Sa?y)z '

1.14 In this exercise, it is shown that the solution values of fi; = &, fis = ¥,
62=8,,62=S,and p=S,,/Sy zSgl/~ % are, indeed, the MLE'’s of the respec-
tive parameters. To this effect, set D for the determinant

dss =

d 11 d~12 d 13 d~14 d 15
le CZ'22 dZS CZ'24 d25
JSI d~32 JSS d~34 J35 ’
d41 d42 d43 d44 d45
d51 d52 d53 d54 d~55

!
Il

and let D; be the determinants taken from D by eliminating the last

5—14, i¢=1,...,5rows and columns; also, set Dy = 1. Thus,
~ - ~ dip dp
Dy =dy, D= |. . |,
dor  dap
B - . diy diz dig du
dii di dis - - - -
. - - ~ ~ dor do daz doy
D3 = |da1 do2 do3|, Dy=|. = - = |5
- - - ds1 ds2 dsz ds
ds1 dz  dss

dy dig dig dy
and D;=D.

(i) Use parts (ii), (iv), (vi), (viii), and (x) in Exercise 1.13 in order to
conclude that the determinants D(=D5) and D;, i = 1, ..., 4 take
the following forms:

dll dlz 0 0 0
ng dzz 0 0 0
0 0 ds ds dss)
0 0 diz du dsgs
0 0 dss dss dss

D=
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~ - - dy dip
Dy =dy, D2=|. = |
dor  da2
B diu diz 0 0
dn diz 0 - 5
. - ~ doy d22 0 0
D3 =|day dz2 0|, Dy= - - |-
- 0 0 d33 ds
0 0 dss

0 0 d43 d44

(ii) Expand the determinants D;, i = 1, ..., 4, and also use parts (iv)
and (viii) of Exercise 1.13 in order to obtain:

Dy =dy, Ds=dnds— (di)’, Ds=dssDs,
Dy = [ds3das — (d34)*] Ds.
(iii) Expand the determinant D5(=D), and also use parts (viii) and (x)
of Exercise 1.13 in order to get:
D5 = Dy(ds3 A — dsaB + d350),
where
A =duds; — (dss)?, B=dsudss — dasdss, C = dsdss — dudss.

(iv) For convenience, set: S, = «, S, = B, Sy, = y, and S,.S, — S2, =
apf — y%2=34, so that o, g > 0 and also § > 0 by the Cauchy—Schwarz
inequality (see Theorem 1(ii) in Chapter 4). Then use parts (ii),
(vi), and (viii) in Exercise 1.13 in order to express the determinants
D;, i=1,...,4inpart (ii) in terms of o, B, y, and § and obtain:

L O S . ek W LR D)
) 5 40252 4252
4
Dy=-"
4aBs?

(v) Use the deﬁnition~ of A, B, and C in part (iii), as well as the expres-
sions of ds4, dss, d44, d45, and ds5 given in parts (vi), (viii), and (x) of
Exercise 1.13, in conjunction with the notation introduced in part
(iv) of the present exercise, in order to show that:

o3 B afy’n? alyp?

T Toss 0 T T T T oss 0 T T aplese

(vi) Use parts (iii) and (v) here, and parts (ii) and (iv) in Exercise 1.13 in
order to obtain:

- < - - . [ apn® afn’
Ds=D A—dsB =—|(- =— .
5 = Da(dss A — d3u B + d3sC) = ~ ( 15 ) 15t
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(vii) From parts (iv) and (vi) and the fact that Dy = 1, conclude that:
D~0>O, ﬁ1<0, ﬁ2>0, ﬁ3<0, ﬁ4>0, and ﬁ5<0.

Then use a calculus result about the maximum of a function in more
than one variable (see, e.g., Theorem 7.9, pages 151-152, in the book
Mathematical Analysis, Addison-Wesley (1957), by T. M. Apostol)
in order to conclude that /i1, [is, 63, 63, and g are, indeed, the MLE'’s
of the respective parameters; i.e.,

p=3, fa=8 6i=S, 65=215, p==5u/SS

where
1 . 1 ¢ e
Sx=—§(x7:—x), Sy=—§(yi—y),
n ni:l
n

1
Sey =~ 3 @i = B)Yi — 1).

i=1

9.2 Some Properties of Maximum Likelihood Estimates

THEOREM 1

Refer to Example 3 and suppose that we are interested in estimating the prob-
ability that 0 events occur; that is, Py(X = 0) = efg!"o = e callit g;(9). Thus,
the estimated quantity is a function of 6 rather than 6 itself. Next, refer to
Example 4 and recall that, if X ~ f(x; 0) = 6e %%, x > 0, then E; X = 1/6.
Thus, in this case it would be, perhaps, more reasonable to estimate 1/6 and
call it g2(0), rather than 6. Finally, refer to Examples 5(ii) and 7, and consider
the problem of estimating the s.d. o = ++/02 rather than the variance o2. This
is quite meaningful, since, as we know, the s.d. is used as the yardstick for
measuring distances from the mean. In this last case, set g3(o) = +o2.

The functions g1, g2, and gs have the common characteristic that they
are one-to-one functions of the parameter involved. The estimation problems
described above are then formulated in a unified way as follows.

Letd = 6(x)be the MLE of 6 on the basis of the observed values i, . . ., Z»
of the random sample Xj, ..., X, fromthe p.d.f. f(;;0), 6 € Q C N. Also,
let 6* = g(0) be a one-to-one function defined on 2 onto Q2* C NR. Then
the MLE of 6*, 6*(x), is given by 6*(x) = g[d(x)].

PROOF  The equation 6* = g(0) can be solved for 6, on the basis of the as-
sumption made, and let = g~!(6*). Then

L | x) = L[g~'(0") | x] = L*(6* | x), say.
Thus,
max{L(0 | x); 0 € Q}=max{L*(0*|x); 0* e Q*}. 4
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THEOREM 2

Since the left-hand side in (4) is maximized for § = 6(x), clearly, the right-hand
side is maximized for 6* = g(6). A

REMARK 3 On the basis of Theorem 1, then, we have: The MLE of exp(—6)
is exp(—); the MLE of 1/6 is 1/&; and the MLE of o is [ Y| (&; — 1)*]V/? for
Example 5(ii), and [1 Y7 | (@; — £)*]"/? for Example 7.

However, in as simple a case as that of the B(1, 0) distribution, the function
¢ in Theorem 1 may not be one-to-one, and yet we can construct the MLE of
0* = g(0). This is the content of the next theorem.

Letd = 6(x)be the MLE of § on the basis of the observed values i, . . .,
of the random sample X, ..., X, from the p.d.f. f(:;0),0 € Q C N. Also,
let 6* = g(0) be an arbitrary function defined on €2 into Q* C N, where,
without loss of generality, we may assume that Q* is the range of g, so
that the function g is defined on  onto Q*. Then the MLE of 6*, *(x), is
still given by 6*(x) = g[/(x)].

PROOF For each 6* € Q*, there may be several 6 in 2 mapped to the same
0* under g. Let Q4+ be the set of all such 6’s; i.e.,

Qo =1{0 € Q; g(0) = 0*}.
On Q*, define the real-valued function L* by:
L*(0%) = sup{L(0); 0 € Qq-}.

The function L* may be called the likelihood function induced by g. Now,
since g is a function, it follows that g(f) = 6* for a unique 6* in Q*, and
L*(0*) = L(0) from the definition of L*. Finally, for every 6* € Q*,

L*(0™) = sup{L(0); 0 € Qp+} < max{L(0); 0 € Q} = L) = L*(6").
This last inequality justifies calling 6* = g(9) the MLE of 6*. A

(Theorem 2 was adapted from a result established by Peter W. Zehna in the
Annals of Mathematical Statistics, Vol. 37 (1966), page 744.)

Refer to Example 2 and determine the MLE §(6) of the function g(6) = 6(1—6).

DISCUSSION Here the function g: (0, 1) — (0, }1) is not one-to-one. How-
ever, by Theorem 2, the MLE §(0) = Z(1 — &), since § = Z.

REMARK 4 Theorem 1 is, of course, a special case of Theorem 2. A suitable
version of Theorem 2 holds for multidimensional parameters. This property
of the MLE is referred to as the invariance property of the MLE for obvious
reasons.

Reviewing the examples in the previous section, we see that the data
a1, ..., X, are entering into the MLE’s in a compactified form, more, precisely,
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as a real-valued quantity. From this point on, this is all we have at our dis-
posal; or, perhaps, that is all that was revealed to us by those who collected
the data. In contemplating this situation, one cannot help but wonder what we
are missing by knowing, for example, only Z rather than the complete array
of data xy, ..., x,. The almost shocking fact of the matter is that, in general,
we are missing absolutely nothing, in terms of information carried by the data
X1, ..., Xn, provided the data are condensed in the right way. This is precisely
the concept of sufficiency to be introduced below. For a motivation of the
definition, consider the following example.

In Example 1, each x;,7 = 1, ..., 10 takes on the value either 0 or 1, and
we are given that # = 0.6. There are 2!° = 1,024 arrangements of 10 0’s or
1’s with respective probabilities given by 6%(1 — )% for each one of the
1,024 arrangements of 0’s and 1’s. These probabilities, of course, depend on 6.
Now, restrict attention to the (%) = 210 arrangements of 0’s and 1's only, which
produce asum of 6 or an average of 0.6; their probability is 21005(1—6)*. Finally,
calculate the conditional probability of each one of these arrangements, given

that the average is 0.6 or that the sum is 6. In other words, calculate

10
P(X;=x,1=1,...,10| T = 6), T:ZXi. 5)
i=1
Suppose that all these conditional probabilities have the same value, which,
in addition, is independent of 6. This would imply two things: First, given
that the sum is 6, all possible arrangements, summing up to 6, have the same
probability independent of the location of occurrences of 1’s; and second, this
probability has the same numerical value for all values of 6 in (0, 1). So, from
a probabilistic viewpoint, given the information that the sum is 6, it does not
really matter either what the arrangement is or what the value of 9 is; we can
reconstruct each one of all those arrangements giving sum 6 by choosing each
one of the 210 possible arrangements, with probability 1/210 each. It is in this
sense that, restricting ourselves to the sum and ignoring or not knowing the
individual values, we deprive ourselves of no information about 6.

We proceed now with the calculation of the probabilities in (5). Although we
can refer to existing results, let us derive the probabilities here.

Py(X; =y, i=1,...,10 | T=6)=Py(X;=x;,i=1, ..., 10, T=6)/P;(T =6)
=PXi=x;, 1=1,...,10)/P;(T = 6)
(since X; = x;, 1 =1, ..., 10 implies T' = 6)

=651 - 9)4/<160)96(1 —6)* (since T ~ B(10, 6))

- 1/(160) — 1/210 (= 0.005).

Thus, what was supposed above is, actually, true.
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THEOREM 3

This example and the elaboration associated with it lead to the following def-
inition of sufficiency.

DEFINITION 1

Let X1, ..., X,, be a random sample with p.d.f. f(-;0), 6 € Q C N, and
let T = T'(Xy, ..., X,) be a statistic (i.e., a known function of the X;’s).
Then, if the conditional distribution of the X;’s, given T = ¢, does not
depend on 6, we say that T is a sufficient statistic for 6.

REMARK 5 1If g is a real-valued one-to-one function defined on the range
of T, it is clear that knowing T is equivalent to knowing 7™ = ¢(7"), and vice
versa. Thus, if T is a sufficient statistic for 6, so is 7. In particular, if 7 =
S Xpor 13 (X — w)? (or 1370 (X; — X)?) is a sufficient statistic for 6
sois Xor) ' (X; — u)? (or I (X — X)?).

REMARK 6 The definition given for one parameter also applies for more
than one parameter, but then we also need a multidimensional sufficient statis-
tic, usually, with dimensionality equal to the number of the parameters. In all
cases, we often use simply the term “sufficient” instead of “sufficient statis-
tic(s) for 0,” if no confusion is possible.

As is often the case, definitions do not lend themselves easily to identifying
the quantity defined. This is also the case in Definition 1. A sufficient statistic
is, actually, found by way of the theorem stated below.

(Fisher-Neyman Factorization Theorem) Let Xi,..., X, be aran-
dom sample with p.d.f. f(;60), 6 € Q C W, andlet T = T(Xy, ..., X,)
be a statistic. Then 7 is a sufficient statistic for 6, if and only if the joint
p.d.f. of the X;’s may be written as follows:

le,...,Xn(xly sy Iy 9) = g[T(xly ceey xn); G]h(xl’ DR xn) (6)

The way this theorem applies is the following: One writes out the joint p.d.f.
of the X;’s and then one tries to rewrite it as the product of two factors, one
factor, g[T(xy, ..., x,); 6], which contains the x;’s only through the function
T(x1, ..., 2x,) and the parameter 6, and another factor, k(xy, ..., x,), which
involves the x;’s in whatever form but not 6 in any form.

REMARK 7 Thetheorem just stated also holds for multidimensional param-
eters 0, but then the statistic 7" is also multidimensional, usually of the same
dimension as that of 6. A rigorous proof of the theorem can be given, at least
for the case of discrete X;’s, but we choose to omit it.
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In all of the Examples 2-10, the MLE’s are, actually, sufficient statistics or
functions thereof, as demonstrated below. This fact should certainly reinforce
our appreciation for these MLE’s.

APPLICATION In Example 2, the p.d.f. is written as follows in a compact
form f(x;; 0) = 0% (1 — )% Ijo,1;(;), so that the joint p.d.f. becomes:

n n
LO |0 =0'A-0)" x[]loy@), t=) .
=1 =1

Then g[T(xy, ..., 2,); 0] = 01 — 0)!, and h(xy, .. .,
follows that 7 = ", X; is sufficient and so is £ = X.
Examples 3 and 4 are treated similarly.
In Example 5(i),

2% — 1 " 1 &
- [M ] (Y o)

so that X is sufficient for . Likewise, in Example 5(ii),

1 " 1 &
L(o® | x) = <\/ﬁ> €xp [_ﬁ Zl(xq - M)2:| x 1

so that Y1 | (X; — w)* is sufficient for o2 and sois 2 3% | (X; — )%
Example 6 is treated similarly.
In Example 7,

L(p, 0% | x) = («/27117) eXp|: 557 Z(xl ) — Ln(yc ,u)z:|

because Y | (x; —pn)* = Y1 (0 — D)+ (@ — )] = Y1 (0 — 2+ (T — ).
It follows that the pair of statistics (X, Y I, (X; — X )?) is sufficient for the pair
of parameters (i1, 0'2).

Examples 8, 9, and 10 are treated similarly.

) = [Tz Doy @) It

REMARK 8 Under certain regularity conditions, it is always the case that a
MLE is only a function of a sufficient statistic.

Here is another example, in four parts, where a sufficient statistic is deter-
mined by way of Theorem 3.

On the basis of a random sample of size n, X, ..., X,,, from each one of the
p.d.f’s given below with observed values x, ..., x,, determine a sufficient
statistic for 6.

@ f(x; 9)_x9+1, x>1 6¢e€Q=(0,00).

(i) fl;0)=2e /% x>0, 6eQ=(0,00)

(i) f(x; 9)_(1—1—0)96 O<x<l1l 6eQ=(-1,00).
(V) fr;0) =%, =6, 6ecQ=(0,00).
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DISCUSSION 1In the first place, the functions given above are, indeed,
p.d.f’s (see Exercise 2.12). Next, rewriting each one of the p.d.f.’s by using the
indicator function, we have:

@) S(@;0) = =i 1[1,00(®@), sO that:

n n

n 9 n
nf(xi,; 0) = ————7 ¥ Hl[l,oo)(xi) =
[l ) i=1

” a1 X Ii,00 (X)),
i=1 ( i=1%i

o

and therefore [, X; is sufficient for 6.
(i) f(x;0) = Ze*"/% [, 00)(2), S0 that:

n 1 n " . n
[Tr@se= 5 [Tae s =2 [T Io @)
i=1 i=1 i=1

1 1 2 n
=gt ” Lia T (]_[xl) 1(0,00) (1),
=1

and therefore ) " | X? is sufficient for 6.
(iii) f(x;0) = 1+ 0)x’ Io,1)(%), so that

n n 6 n
[]/@;6)=a+06) (]‘[ x) [ ] Zon@d
i=1 = =1

=1

0
n
=1+ 9)" (l_[ .Z‘Z) X I(()y 1)({,}7(1))1(()7 1)(1‘@)),
i=1
and therefore [];_; X; is sufficient for 6.
(iv) f(x;0) = %I[e,oo)(x), so that:

n n

0 1
< | | L16,000@) = 0" L}, 00)(X (1)) X T=7—5»
(H;;l xf) i=1 o h (H;lezz)

and therefore X 1) is sufficient for 6.

[[s@i;0)=
=1

This section is concluded with two desirable asymptotic properties of a
MLE. The first is consistency (in the probability sense), and the other is asymp-
totic normality. However, we will not bother either to list the conditions needed
or to justify the results stated.

THEOREM 4
Let 6, = 0,(X1, ..., X,) be the MLE of 6 € Q C % based on the ran-
dom sample X7, ..., X, with p.d.f. f(:, #). Then, under certain regularity
conditions, {f,} is consistent in the probability sense; that is, §,, — 6 in
Py-probability as n — oo.
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The usefulness of this result is, of course, that, for sufficiently large n, 0, is
as close to (the unknown) 6 as we please with probability as close to 1 as we
desire. The tool usually employed in establishing Theorem 4 is either the Weak
Law of Large Numbers (WLLN) or the Tchebichev inequality. In exercises at
the end of this section, the validity of Theorem 4 is illustrated in some of the
examples of the previous section.

THEOREM 5
Inthe notation of Theorem 4, and under suitable regularity conditions, the
MLE 6,, is asymptotically normal. More precisely, under P,-probability,

V0, —6) -5 N(0,02), asn— oo,

2
where 092 =1/I(0)and I(0)=Ey [% log (X, 0)] , X~ f(;60). (7

To state it loosely, 6, ~ N(, 092 /m) for sufficiently large n. That is, the
MLE 6, is approximately Normally distributed around 6, and therefore various
probabilities related to it may be approximately calculated in principle. The
justification of the theorem is done by using a Taylor expansion of the derivative
L 1og L(6 | X) up to terms of third-order, employing the fact that -2 log L(0 |
X) lg—s, = 0, and suitably utilizing the WLLN and the Central Limit Theorem
(CLT). For some applications of this theorem, see, e.g., Example 21, page 324,
ofthebook A Course in Mathematical Statistics, 2nd edition, Academic Press
(1977), by G. G. Roussas.

REMARK 9 The quantity I(0) is referred to as the Fisher information
carried by the random sample Xj, ..., X, about the parameter 6. A justification
for the “information” stems by the fact that 092 = 1/1(0), so that the larger 1(0)
is the smaller the variance o/ is, and therefore the more concentrated @ is
about 6. The opposite happens for small values of 1(6).

2.1 Let Xy, ..., X,,beii.d. r.v.’'s with the Negative Exponential p.d.f. f(x;60) =
Be %% x>0, 0 € Q= (0, 00). Then:
(i) Show that 1/X is the MLE of 6.
(i) Use Theorem 1 in order to conclude that the MLE of 6* in the
parameterized form f(x; 6%) = Le %, x> 0,is X.

2.2 Let X be ar.v. denoting the life span of an equipment. Then the reliability
of the equipment at time x, R(x), is defined as the probability that X > x;
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i.e., R(x) = P(X > x). Now, suppose that X has the Negative Exponential

p.df. f(x;0)=1e % x>0, 6 € Q= (0, 00). Then:

(i) Calculate the reliability R(x; 6) based on this r.v. X.

(i) Use Theorem 1 in order to determine the MLE of R(x; 0), on the basis
of arandom sample X7, ..., X,, from the underlying p.d.f.

2.3 Let X be ar.v. describing the lifetime of a certain equipment, and suppose
that the p.d.f. of X is f(x;0) =0e ™, x>0, 8 € Q = (0, 0).
(i) Show that the probability that X is greater than or equal to ¢ time
units is g(8) = e,
(ii) We know (see Exercise 2.1) that the MLE of 6, based on a random
sample of size n from the above p.d.f.,, is & = 1/X. Then determine
the MLE of g(0).

2.4 Considertheindependentr.v.’s X1,. .., X, with the Weibullp.d.f. f(x;60) =
Lar~lexp(—a7 /0), x>0, 6 € Q= (0,00), y > 0 known, and:
() Show that & = (37, X!)/nis the MLE of 6.
(ii) Take y = 1 and relate the result in part (i) to the result in Exercise
2.1(ii).

2.5 Let X1, ..., X, be a random sample of size n from the N(u, o'2) distribu-
tion, where both x and o2 are unknown. Set @ = (u, o) and let p be a
(known) number with 0 < p < 1. Then:

(i) Show that the point ¢ for which Py(X < ¢) = pis given by: ¢ =
it 207 (D).
(ii) Given that the MLE’s of y and o2 are, respectively, i = X and 62
§% =15 (X; — X)? determine the MLE of ¢, call it ¢.
(iii) Express ¢ in terms of the X;’s, if n = 25 and p = 0.95.
2.6 (i) Show that the function f(x;6) =02 @D, x>1, 6 € Q = (0, 00) is
ap.df.
(ii) On the basis of a random sample of size n from this p.d.f., show
that the statistic X - -- X, is sufficient for 0, and so is the statistic
Z?:l log X;.

2.7 Let X be a r.v. having the Geometric p.d.f. f(x; 0) = 0(1 —0)* !, o =
1,2,...,0 € Q2 =(0,1). Then show that X is sufficient for 6.

2.8 In reference to Exercise 1.9, show that >, |X;| is a sufficient statistic
for 6.

2.9 (i) Inreference to Example 3, use Theorem 3 in order to find a sufficient
statistic for 6.
(i) Do the same in reference to Example 4.
(iii) Do the same in reference to Example 6(i), (ii).

2.10 Same as in Exercise 2.9 in reference to Examples 8 and 9.

2.11 Refer to Exercise 1.11, and determine:
(i) A sufficient statistic for « when g is known.
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(ii) Also, a sufficient statistic for § when « is known.
(iii) A set of sufficient statistics for « and 8 when they are both unknown.

2.12 Show that the functions (i)—(iv) given in Example 12 are, indeed, p.d.f.’s.

9.3 Uniformly Minimum Variance Unbiased Estimates

Perhaps the second most popular method of estimating a parameter is that
based on the concepts of unbiasedness and variance. This method will be
discussed here to a certain extent and will also be illustrated by specific

examples.
To start with, let X1, ..., X,, be arandom sample with p.d.f. f(-;60), 6 € Q C
N, and let us introduce the notation U =U(Xj, ..., X,) for an estimate of 6.
DEFINITION 2

The estimate U is said to be unbiased if E,U = 6 for all 6 € Q.

Some examples of unbiased estimates follow.

m Let X, ..., X,, be having any one of the following distributions:

(1) B(,¥6), 6 € (0, 1). Then the sample mean X is an unbiased estimate of 6.
(ii) P(0),6 > 0. Then again X is an unbiased estimate of 6. Here, since Ey X; =
Vary(X;) = 0, X is also an unbiased estimate of the variance,
(iii) N0, 02), 0 € R, 0 known. Then, once again, X is an unbiased estimate
of 6.
(iv) N(u, 0), u known, 0 > 0. Then the sample variance % Yo (Xi— w)? is an
Xi—

unbiased estimate of 6. This is so because Y (7)2 ~ xZ2, so that

E, [z”: (Xi/_;)z} —n or E [% Zn:(Xi - u)z} —0.

i=1 i=1

(v) Gamma with @ = 6 and 8 = 1. Then X is an unbiased estimate of §. This
is so because, in the Gamma distribution, the expectation is @, so that
fora =0 and 8 =1, E;X; =6 and hence E; X = 6.

(vi) Gamma with « = 1 and 8 = 0, 6 > 0 (which gives the reparameterized
Negative Exponential distribution). Then X is an unbiased estimate of 6
as explained in part (v).

m Let X, ..., X, be a random sample from the U(0, 8) (6 > 0). Determine an

unbiased estimate of 6.

DISCUSSION LetY, = max(Xy, ..., X,); ie., the largest order statistic of
the X;’s. Then, by (29) in Chapter 6, the p.d.f. of ¥, is given by:

g(y) =n[F)" 1 f(y), for0 < y < 6 (and 0 otherwise),
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Figure 9.2

(a) p.d.f. of U; (for a
Fixed 0); (b) p.d.f. of Us
(for a Fixed 0)

where:
0, =<0

1
SW=5 0<y<9, F@= 4, 0<y<#
1, y=>=o0.

Then, for0 <y <0, g(y)= n(g)"_1 (3) = 2y" !, so that

) n [ n 0 n
E = J— n_ld = —/ nd — oyt = —0.
oY /0 oy =g | vy = e v =

It follows that E, (“11Y,) = 6, so that 1Y}, is an unbiased estimate of 6.

The desirability of unbiasedness of an estimate stems from the interpreta-
tion of the expectation as an average value. Typically, one may construct many
unbiased estimates for the same parameter 6. This fact then raises the question
of selecting one such estimate from the class of all unbiased estimates. Here is
where the concept of the variance enters the picture. From two unbiased es-
timates U; = U;(Xy, ..., X,) and Us = Us(X4, ..., X,,) of 6, one would select
the one with the smaller variance. This estimate will be more concentrated
around 6 than the other. Pictorially, this is illustrated by Figure 9.2.

hy(u; 0) ho(u; 6)

>

@ ()

The next natural step is to look for an unbiased estimate which has the
smallest variance in the class of all unbiased estimates, and this should happen
for all 6 € Q. Thus, we are led to the following concept.

DEFINITION 3

The unbiased estimate U = U(Xy, ..., X;) of 0 is said to be Uniformly
Minimum Variance Unbiased (UMVU), if for any other unbiased esti-
mate V = V(Xy, ..., X)), it holds that:

Varg(U) < Varg(V) foralld e Q.

That a UMVU estimate is desirable is more or less indisputable (see, how-
ever, Exercise 3.18). The practical question which then arises is how one goes
about finding such an estimate. The process of seeking a UMVU estimate is
facilitated by the Cramér-Rao inequality stated next. First, this inequality is
stated, and then we describe how it is used.
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THEOREM 6

(Cramér-Rao inequality) Let X, ..., X, be a random sample with
p.df. f(;; 0), 8 € Q C N, and suppose certain regularity conditions are
met. Then, for any unbiased estimate U = U(X}, ..., X,) of 9, it holds
that:

Varg(U) = 1/nl(0), forallf € Q, ©))

where

2
10)= B 5108106 0)| X~ sC50). ®

REMARK 10 The unspecified conditions mentioned in the formulation of
the theorem include the assumption that the domain of x in the p.d.f. f(x; 6)
does not depend on 6; thus, the U(0, 6) distribution, for example, is left out.
Also, the conditions include the validity of interchanging the operations of
differentiation and integration in certain expressions. The proof of Theorem 6
is relatively long and involves an extensive list of regularity conditions. It may
be found in considerable detail in Subsection 12.4.1 of Chapter 12 of the book
A Course in Mathematical Statistics, 2nd edition, Academic Press (1997),
by G. G. Roussas. Actually, in the reference just cited what is proved is a
generalized version of Theorem 6, where the estimated function is areal-valued
function of 6, g(0), rather than 6 itself.

REMARK 11 It can by shown that, under suitable conditions, the quantity
1(0) in (9) may also be calculated as follows:

2
1(0) = —E, [% log f(X; 9)]. (10)

This expression is often easier to calculate.
The Cramér-Rao inequality is used in the following way.

(i) Calculate the Fisher information either through (9) or by way of (10).
(i) Form the Cramér-Rao (C-R) lower bound figuring in inequality (8).
(iii) Try to identify an unbiased estimate whose variance is equal to the C-R
lower bound (for all 6 € ®). If such an estimate is found,
(iv) Declare the estimate described in (iii) as the UMVU estimate of 6.

In connection with steps (i)—(iv), it should be noted that it is possible that
a UMVU estimate exists and yet such an estimate is not located through this
process. The reason for such a failure is that the C-R inequality provides,
simply, a lower bound for the variances of unbiased estimates, which may be
strictly smaller than the variance of a UMVU estimate. It is, nevertheless, a
good try!

The use of the inequality will be illustrated by two examples; other cases
are left as exercises.
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Im Refer to Example 2 and seek a UMVU estimate of 6 through the C-R inequality.
DISCUSSION Here f(x;0) =6%1—60)""% 2 =0, 1,so that:
@) log f(X;0) = X1og6 + (1 — X)log(1 — 0),

3 X 1-X 92 X 1-X

g log [ 0)="2— ——— 2 og f(X:0)=—= — — =
08 S 0) =7 — 7 and T log f(Xi0) =75 — o,

I1(0)=—EF, o log f(X; 0)|= 1-0 1 since Ey X =0,
=TH0 50208 taCeE T ea_gy Smeeled=t

(ii) The C-R lower bound = 7%(9) =0(1—0)/n.

(iii) Consider U = X. Then E; X = 6, so that X is unbiased, and next 6 (X) =
(1 —6)/n=1/nl(9), since o; (X) =6(1-0).

(iv) The estimate X is UMVU.

m Refer to Example 4 and use the following parameterization:
1 x
X~ f(x;0) = G¢ 0 x> 0, sothat B, X =6, o2(X)=6"
Then seek a UMVU estimate for 6 through the C-R inequality.

DISCUSSION Here
@) log f(X; 6) = —logf — %,

i log f(X; 0) = ! -+ X and o log f(X; ) = 12X
89 g ) 9 92 892 g ) — 92 93,
9 1 20 1

2
(i) The C-R lower bound = M(g) =0%/n.

(iii) Consider U = X. Then ExU = 6, so that X is unbiased, and 62(X) = % =
1/nl(0).
(iv) The estimate X is UMVU.

There is an alternative way of looking for UMVU estimates, in particular,
when the approach by means of the Cramér-Rao inequality fails to produce
such an estimate. This approach hinges heavily on the concept of sufficiency al-
ready introduced and also an additional technical concept, so-called complete-
ness. The concept of completeness is a technical concept, and it says, in effect,
that the only unbiased estimate of 0 is essentially the 0 statistics. More techni-
cally, if T is ar.v. with p.d.f. f7(;; 0), 60 € @ C N, the family { fr(:; 0); 6 € Q}(or
the r.v. T) is said to be complete if, for h : & — N, Egh(T) = 0 for all 0 € Q
implies h(t) is, essentially, equal to 0. For the precise definition and a num-
ber of illustrative examples, the reader is referred to Section 11.2 of Chapter
11 in the reference cited in Remark 10 here. The concepts of sufficiency and
completeness combined lead constructively to a UMVU estimate by means



9.3 Uniformly Minimum Variance Unbiased Estimates 265

THEOREM 7

of two theorems, the Rao-Blackwell and the Lehmann—Scheffé theorem. The
procedure is summarized in the following result.

(Rao-Blackwell, Lehmann-Scheffé) Let Xi,..., X,, be a random
sample with p.d.f. f(;60), 6 € Q C R, andlet T = T(Xy, ..., X,) be
a sufficient statistic for 6 (which is complete). Let U = U (X4, ..., X,,) be
any unbiased estimate of 6, and define the statistic ¢(7") by the relation:

o(T) = Es(U | ). 1L

Then ¢(T") is unbiased, Varg[¢(T)] < Varg(U) for all 6 € 2, and, indeed,
¢(T) is a UMVU estimate of 6. If U is already a function of T only, then
the conditioning in (11) is superfluous.

PROOF (ROUGH OUTLINE)  That ¢(T)isindependent of 6 (and hence a statis-
tic), despite the fact that we use quantities depending on 6 in forming the con-
ditional expectation, is due to the sufficiency of T'. Recall that sufficiency of
T means that the conditional distribution of U, given T, is independent of 9,
and hence so is the expectation of U formed by using this conditional distribu-
tion. That ¢(T) is unbiased is due to a property of the conditional expectation
(namely, for two r.v’s X and Y: E[E(X | Y)] = EX), and the inequality in-
volving the variances is also due to a property of the variance for conditional
expectations (namely, Var[E(X | Y)] < Var(X)). The concept of complete-
ness guarantees, through the Lehmann—Scheffé theorem, that no matter which
unbiased estimate U we start out with, we end up (essentially) with the same
UMVU estimate ¢(7") through the procedure (11), which is known as Rao—
Blackwellization. A

REMARK 12 This theorem also applies suitably to multidimensional pa-
rameters 6, although, it must be stated here that a version of the Cramér-Rao
inequality also exists for such parameters.

The following examples illustrate how one goes about applying Theorem 7
in concrete cases.

Determine the UMVU estimate of 6 on the basis of the random sample X1, ...,
X, from the distribution P(0).

DISCUSSION Perhaps, the simplest unbiased estimate of 0 is X, and we
already know that T = X; + --- + X,, is sufficient for 6. For the Rao—
Blackwellization of X, we need the conditional distribution of X1, given T’ = ¢.
It is known, however (see Exercise 2.10(ii), in Chapter 5), that this condi-
tional distribution is B(z, 1); that is, Py(X; = 2 | T = 1) = (L)(2)*(1 - Ly~
It follows that Eo(X; | T =t) = L, sothat o(T) = Eo(X; | T) = L = X.
It so happens that the conditions of Theorem 7 hold (see Exercise 3.17) and
therefore X is the UMVU estimate of .
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I EXAMPLE 18

A well-known case where Theorem 7 works whereas Theorem 6 does not
(or more properly, their suitable versions for two parameters do or do not) is
illustrated by the following example.

Let X1, ..., X, be arandom sample from the N(u, o) distribution, where both
u and o are unknown.

By an application of either theorem, it is seen that X is the UMVU estimate
of ;1. Working with the Cramér-Rao inequality regarding o2 as the estimated
parameter, it is seen that the C-R lower bound is equal to 20*/n. Next,

Theorem 7 leads to the UMVU estimate of 02, $? = L. 3" | (X; — X )2 Fur-

thermore, it has been seen (Exercise 1.4) that Var,:(S?) = 5%41, which is strictly
larger than # This is the reason the Cramér-Rao inequality approach fails.
For a little more extensive discussion on this example, see, e.g., Example 9,

pages 299-301, in the reference cited in Remark 10.

3.1 If X is a r.v. distributed as B(n, 6),0 € Q = (0, 1), show that there is no
unbiased estimate of 1/6.

Hint: If 2(X) were such an estimate, then Eyh(X) = % for all 6(e
(0, 1)). Write out the expectation, set 1’%0 = {, and by expanding the
right-hand side, conclude that (Zﬂ)(z 1) = 0, which, of course, is a
contradiction.

3.2 Let X, ..., X, be independent r.v’s with p.d.f. f(x;6) = fe % x >
0, 6 € 2 = (0, 00), and let ¥; be the smallest order statistic of the X;’s.
Then, by Example 11 in Chapter 6, the p.d.f. of Y; is g;(y) = (n@)e~ ",
y> 0.

(i) Show that both X and nY; are unbiased estimates of 1/6.
(ii) Onthe basis of variance considerations, which of these two estimates
would you prefer?

3.3 Let X1, ..., X,,be arandom sample of size nfrom the U (0, 6) distribution,
0 € Q = (0, 00), and let Y, be the largest order statistic of the X;’s. Then:
(i) Employ formula (29) in Chapter 6 in order to obtain the p.d.f. of Y,,.
(ii) Usepart (i) in order to construct an unbiased estimate of & depending
only on Y,,.

(iii) By Example 6 here (with « =0 and 8 =0) in conjunction with
Theorem 3, show that the unbiased estimate in part (ii) depends

only on a sufficient statistic for 6.

3.4 Let X1, ..., X,, be a random sample of size n from the U (6, 62) distri-
bution, 0; < 6, and let Y7 and Y,, be the smallest and the largest order
statistics of the X;’s.

(i) Use formulas (28) and (29) in Chapter 6 to obtain the p.d.f.’s of Y7 and
Y,, and then, by calculating the E,Y; and E,Y,, construct unbiased
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estimates of the mean (6; + 62)/2 and of the range 6, — 6; depending
only on Y7 and Y,,.

(ii) Employ Example 6 here (with « =6, and 8 =6>) in conjunction with
Theorem 3 and Remark 7 in order to show that the unbiased estimates
in part (i) depend only on a set of sufficient statistics for (61, 65).

3.5 Let X1, ..., X,, be a random sample of size n from the U (6, 20) distri-
bution, 6 € Q = (0, c0), and set:

n+1 n+1
1y ad e=gmm @h+ 1,

where Y] and Y,, are the smallest and the largest order statistics, respec-
tively, of the X;’s.
(i) Use relations (28) and (29) in Chapter 6 in order to obtain the p.d.f.’s
g1 and g, of Y7 and Y, respectively.
(ii) By using part (i), show that:

n+2 2n+1
E)Yi = —60 E)Y, = 0.
EEPANTE R o 1

(iii) By means of part (ii), conclude that both U; and U, are unbiased
estimates of 6.

U,

3.6 Refer to Exercise 3.5, and show that:

. 2 _ wW+bn+8 p2 _ n 2
W Eo¥Y =5 nern?  Vare (M) = Grpaan?™
. 2 2!2n2+4n+1 2 _ n 2

() EoY, = Tonasrn 0 Vare(Yn) = Gompaasf™

3.7 Refer to Exercise 3.5, and:
(i) Use Exercise 5.3 (ii) in Chapter 6 in order to show that the joint p.d.f.
g1 of Y1 and Y, is given by:

nmn-—1
Im(Y1, Yn) = %(yn — )" 0 <y < yn < 26.
(ii) Employ part (i) here and also part (ii) of Exercise 3.5 in order to show
that:
202 +Tn+5 62
Ey(Yh Yn) = 2 Covg (YI, Yn) =

m+Dm+2) "’ (m+1)2(n+2)
3.8 Refer to Exercise 3.5, and:
(i) Use Exercises 3.6 and 3.7 (ii) in order to show that:

n 2 1 2
GnriEmr2 W= sy
(i) From part (i), conclude that Vary(Us) < Vary(U;) for all 6 (with

equality holding only for n = 1), so that the (unbiased) estimate U is
uniformly better (in terms of variance) than the (unbiased) estimate
U;.

Vary(Uy) =

3.9 Let X1,...,X,,and Y7, ..., ¥, be independent random samples with the
same mean 6 and known variances o and o, respectively. For any fixed
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cwith0 <c¢ < 1,set U, = cX + (1 — ¢)Y, where X and Y are the sample

means of the X;’s and of the Y;’s, respectively. Then:

(i) Show that U, is an unbiased estimate of 6 for every c as specified
above.

(ii) Calculate the variance of U,, and show that it is minimized for ¢ =
co = moi/(nof + mol).

3.10 Let Xy, ..., X, beii.d. r.v.’s with mean p and variance o2, both unknown.
Then for any known constants cy, . . ., ¢,, consider the linear estimate of
w defined by: U, = Y7, ¢; X;.
(i) Identify the condition that the ¢;’s must satisfy, so that U, is an unbi-
ased estimate of .
(ii) Show that the sample mean X is the unbiased linear estimate of
w with the smallest variance (among all unbiased linear estimates

of ).

Hint: For part (ii), one has to minimize the expression } ., ¢?

,—1 C; subject
to the side restriction that ) ; ;¢; = 1. For this minimization, use
the Lagrange multipliers method, which calls for the minimization of
the function ¢(cy, ..., ¢,) = Y1 ¢? + (X1, ¢; — 1) with respect to
c1, ..., Cn, Where A is a constant (Lagrange multiplier). Alternatively,
one may employ a geometric argument to the same effect.

In all of the following Exercises 3.11-3.15, employ steps (i)—(iv)
listed after Remark 11 in an attempt to determine UMVU estimates.

Use relation (10) whenever possible.

3.111If Xy, ..., X,, is a random sample from the Poisson distribution P(6),
show that the sample mean X is the UMVU estimate of 6.

3.12 Let X1, ..., X,, be ii.d. r.v.’s distributed as N(u, o'2).
(i) If u = 6 € Q = N and o is known, show that X is the UMVU estimate
of 6.
(i) If 02 = 0 € Q@ = (0, 00) and p is known show that §* = 1 ™% | (X; —
w)? is the UMVU estimate of o'2.

Hint: For part (ii), recall that ¥ = Y !, (X'”'—\/_é")2 ~ xZ2, and hence
Ey)Y =n, Vary(Y) = 2n.

3.13 Let X1, ..., X,,beii.d.r.v.s from the Gamma distribution with parameters
a known and g = 6 € Q = (0, co) unknown.
(i) Determine the Fisher information 1(0).
(ii) ShowthattheestimateU = U(Xy, ..., X,) = % >, X;isunbiased
and calculate its variance.
(iii) Show that Vary,(U) = 1/nl(#), so that U is the UMVU estimate
of 6.

3.14 Let X3, ..., X, be ii.d. r.v.’s from the Negative Exponential p.d.f. in the
following parametric form: f(x;0) = e~ x> 0, 6 € Q = (0, 00), s0
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that E, X; = 6. Use Exercise 3.13 in order to show that X is the UMVU
estimate of 6.

Hint: Recall that the Negative Exponential distribution is a special
case of the Gamma distribution.

3.15 Let X be ar.v. with p.df. f(x;0) = e x e %, 6 € Q = (0, 0).
Then:
(i) Show that E,|X| = 6, and Ey X2 = 262

(i) Show that the statistic U =U(Xy, ..., X,) = % Y i1 1X;l is an unbi-
ased estimate of 6, and calculate its variance. ‘

(iii) Show that the Fisher information number 1(6) = —Ey [% log f(X;
)] = 1/62.

(iv) Conclude that U is the UMVU estimate of 6.

In Exercises 3.16-3.20, the purpose is to construct the UMVU estimates of

the parameters involved by invoking Theorem 7. Sufficiency can always

be established through Theorem 3; completeness sometimes will be es-

tablished, but it will always be assumed when appropriate.

3.16 If Xy, ..., X, are independent r.v.’s distributed as B(1, 6), 6 € Q = (0, 1),
then:
(i) Show that T = ), X; is sufficient for 6.
(ii) Also, show that T is complete.
(iii) From parts (i) and (ii), conclude that X is the UMVU estimate of 6.

3.17 Let X1, ..., X,, be a random sample of size n from the P(#) distribution,
0 € Q = (0,00). With 7 = > | X, it has been seen that the condi-
tional distribution Py(X; =« | T = t) is B(t, }L) (see Exercise 2.10(ii) in
Chapter 5) and that T is sufficient for 6 (see Exercise 2.9 here). Show
that T' is complete, so that the conclusion reached in Example 17 will be
fully justified.

3.18 Let the independent r.v.’s X, ..., X,, have the Geometric p.d.f. f(x;0) =
01 —-0)"Y x=12..., 0 € Q=(0,1).
(i) Show that X is both sufficient and complete.

(i) Show that the estimate U defined by: U(X) = 1 if X = 1, and
U(X) =0if X = 0, is an unbiased estimate of 6.

(iii) Conclude that U is the UMVU estimate of 0 and also an entirely
unreasonable estimate.

(iv) Prove that the variance of U is uniformly bigger than the Cramér—
Rao lower bound. (So, on account of this, the Cramér-Rao inequality
could not produce the UMVU estimate.)

Remark: We have stipulated that an estimate always takes values
in the appropriate parameter 2. In order to be consistent with this
stipulation, we take 2 = [0, 1] in part (ii).

3.19 Let Xy, ..., anbe independent r.v.’s with the Negative Exponential p.d.f.
Sf(x;0)=Lte 7", x>0, 6 € Q= (0, 00). Then:
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(i) X is sufficient (and complete, although completeness will not be es-
tablished here).
(ii) X is the UMVU estimate of 6.

3.20 Let Xj, ..., X, be independent r.v.’s distributed as U(0,6), 6 € Q =
(0, 00). Then:
(i) The largest order statistic Y,, of the X;’s is sufficient (and complete,
although completeness will not be established here).
(ii)) The unbiased estimate U = %1 Y, is the UMVU estimate of 6.
(iii) Explain why the Cramér-Rao inequality approach is not applicable
here.

9.4 Decision-Theoretic Approach to Estimation

In this section, a brief discussion is presented of still another approach to
parameter estimation, which, unlike the previous two approaches, is kind of
penalty driven. In order to introduce the relevant concepts and notation, let
X1, ..., X, be arandom sample with p.d.f. f(-;0), 8 € Q C %, and let § be a
function defined on R" into ;i.e., § : W — Q. If xy, ..., x, are the observed
values of X7, ..., X, thenthe value §(xy, . .., x,) is the proposed estimate of 6.
The quality of this estimate is usually measured by its squared distance from the
estimated quantity 6; thatis, [0 —8(xi, . . ., 2,,)]?. Denoteitby L[0; §(x1, - . ., 2,)]
and call it a loss function. So L[6; 8(x1, ..., 2n)] = [0 — 8(x1, . .., 20)]?. The
closer the estimate §(x, . .., ) is to 6 (on either side of it) the smaller is the
loss we suffer, and vice versa. The objective here is to select § in some optimal
way to be discussed below. The first step to this effect is that § be selected
so that it minimizes the average loss we suffer by using this estimate. For this
purpose, consider the r.v. L[6; §(X1, ..., X,)] = [0 — (X1, ..., X,)]? and take
its expectation to be denoted by R(6; §); namely,

R(@®;8) = Ey[0 — (X1, ..., X)I?

S0 o0 =8, ., )P (@ 0) - - f (0 O)davy - - - doxy,
for the continuous case, (12)

le e an[e - 8(.%1, ey xn)]zf(xla 9) e f(xn, 9),

for the discrete case.

The average loss R(6; §) is called the risk function, corresponding to 8. The
value R(0; §) is the average loss suffered corresponding to the point 6, when
§ is used. At this point, there are two options available to us in pursuing the
issue of selecting §. One is to choose §, so as to minimize the worst which
can happen to us. More formally, choose § so that, for any other estimate 6*, it
holds that:

sup[R(9; 8); 6 € Q] <sup[R(9;5%); 6 € Q].

Such an estimate, if it exists, is called minimax (by the fact that it minimizes the
maximum risk). The second option would be to average R(6; §), with respect
to 0, and then choose § to minimize this average. The implementation of this
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THEOREM 8

plan goes as follows. Let A(6) be a p.d.f. on 2 and average R(6; §) by using this
p.d.f; let () be the resulting average. Thus,

Jo R(; $)1(0)db, for the continuous case,
r(8) = E, R(0;98) = (13)
Y veq R(O; )A(0), for the discrete case.
Then select § to minimize 7(5). Such an estimate is called a Bayes estimate,
corresponding to the p.d.f. A, and it may be denoted by §;. In this context,
the parameter 6 is interpreted as a r.v. taking values in Q according to the
p.d.f. A(6), which is called a prior or a priori p.d.f. It so happens that, un-
der minimal assumptions, a Bayes estimate always exists and is given by an
explicit formula.

Suppose 0 is a r.v. of the continuous type with prior p.d.f. A(), and
that the three quantities [, f(x1;60)--- f(x;OA(O)dO, [, 60 (x1;6) x
co f (@ OAO) dO, and [, 6% f (15 0) - - - f(2y; 0IA(0) dO are finite. Then
the Bayes estimate corresponding to A(0), 3;, is given by the expression
Jo 0 @15 0) - - - f(n; )L(O) dO
Jo S@1;0) -+ f (2 OIA(6)dO
If 0 is a discrete r.v., all integrals above are to be replaced by summation
signs.

S, ..., ) = (14

This theorem has the following corollary.

COROLLARY The Bayes estimate §, (x, ..., ,) defined in relation (14) can
also be calculated thus:

8, (x1, ...,y = / Oh(@ | a1, ..., 2x,)d0O, (15)
Q

where h(0 | &1, ..., x,)isthe conditional p.d.f. of 0, given X; = x;,i1=1,...,n,
which is also called the posterior p.d.f. The integral is to be replaced by a
summation sign in the discrete case.

PROOF  Observe that f(x; 0)... f(xy,; 0) is, actually, the joint conditional
p.d.f. of X, ..., X,, given 6, so that the product f(x1, 0)... f(xy; 0)A(0) is the
joint p.d.f. of X1, ..., X, and 6. Then its integral over 2 is the marginal (joint)
p.d.f. of X3, ..., X,, and therefore

S@150) ... f(2n; 0)A6)/ /Q S@; 0) - - - f (n; OA(6) dO

is k(6 | a1, ..., 2y,) as described above. Then expression (14) completes the
proof. A
So, in computing 8 («x, . . ., X,), one may use relation (14) or, alternatively,

first calculate k(6 | x4, ..., x,) and then apply formula (15).
We now proceed with the justification of (14).
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PROOF OF THEOREM 8  All operations below are valid without any further
explanation. The derivations are carried out for the continuous case; in the
discrete case, the integrals are to be replaced by summation signs. By rela-
tion (13),

1”(8):/91?(0; (m(e)de:/g{/:--/:[9—5@1,...,xn)]zx

S@; 0) - f (n; )doy - - ~dxn}?»(0)d9

_ / / { f [9—am,...,xn)]Zx(e)f(xl;9)~--f(xn;9)d9}
—00 —00 Q
X dxy . ..dx,.

Then, in order to minimize 7(§), it suffices to minimize the inner integral for
each xy, ..., x,. However,

f (6= 8@, ..., 2)PAO) S @ 0)..... f(@; 6)d6
Q
— 2, ..., x) [ / F @0 0. fas e)x(e)de}
Q
— 28, ..., ) U 0F @0 0) ... f(n; e)x(e)de}
Q

+ [ / 0% f (013 0) - - - f (s e)x(e)de} ,
Q
and this is of the form: g(¢) = at® — 2bt + ¢, where

o= /Q F(@130) -+ fa; ONO)I,
b= /Q 6 (113 0)- - - f (s OI(9) B,

¢= f 62 £ (21; 6) - - f(a0s; OIA(6) 6,
Q
and
t =360, ..., %)

The quadratic expression g(t) = at®> — 2bt + ¢ is minimized for ¢t = g, since
g @) = 2at — 2b = 0 gives t = g and ¢”(t) = 2a > 0. But g is equal to the
right-hand side in expression (14). The proof is complete. A

REMARK 13 1In the context of the present section, the function § and the

estimate §(x, ..., x,) are also referred to as a decision function and a deci-
ston (associated with the specific outcome 7y, ..., x,). Hence the title of the
section.

REMARK 14 The Bayes approach presents us with both advantages and
disadvantages. An issue which often arises is how the prior p.d.f. A(0) is to
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be chosen. People have given various considerations in selecting A(0), includ-
ing mathematical convenience. Perhaps the most significant advantage of this
approach is that, in selecting the prior A(6), we have flexibility in incorporating
whatever information we may have about the parameter 6.
The theorem is illustrated with one example.
Let X1, ..., X,, be a random sample from the B(1, 0) distribution, 6 € Q2 =
(0, 1), and choose 1(6) to be the so-called Beta density with parameters « and
B; that is,
LB ga=1(1 — 9)f~1, if 6 € (0, 1)

)»(9) — NCINE)] (16)
, otherwise.

(For a proof that A is, indeed, p.d.f., see, e.g., pages 70-71 in the book
A Course in Mathematical Statistics, 2nd edition (1997), Academic Press, by
G. G. Roussas.) Then the Bayes estimate is given by relation (20) below.

DISCUSSION Now, from the definition of the p.d.f. of a Beta distribution
with parameters o and 8, we have

Lo _ '(@)'(B)
a—1 B—1 _
/0 21 —2x) T de = —F(a 5’ (17

and, of course, I'(y) = (y — DI'(y — 1). Then, for simplicity, writing > ;%
rather than Z?zl 2; when this last expression appears as an exponent, we have

L= /Q F@30)- - f (@ OO)dO

1

= ?ggiég | oRma—ey el -y e
1

= ﬁ&?{?) 0 o2 m)1(1 — g)(Frn-2im)1gp,

which, by means of (17), becomes as follows:

_Te+p)  Tle+Xjx)l(B+n-3 )

T Tre T(a+B+n) ' (18)
Next,
b= [ 0r; 0)- - @ 1@ a0
1
= —15((3)?(,’; )) 06%i% (1 — )" 2%~ (1 — 0)P~1ap
0
= % 19(a+21xj+1)—1(1 . 9)(ﬁ+n—2jxj)—ld9.
0
Once more, relation (17) gives
L — (e + B) o F(“+Z?=1xj+1)F(:3+"_Z?=1xj)' 19)

- T(@r(B) F@+p+n+1)
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THEOREM 9

Relations (18) and (19) imply, by virtue of (14),
Pl@+p+nl(a+>_2+1) o+ %

Sy, ..., xp) = = >
(1 n) T+ B +n+ D0 (a+ Y ) a+B+n
that is,
Z?_lxj+a
Sy, ..., == 20
(21 Xn) ntatp (20)

REMARK 15 When o = 8 = 1, the Beta distribution becomes U (0, 1), as
follows from (16), since I'(2) = 1 x I'(1) = 1. In this case, the corresponding
Bayes estimate is §(x, . .., ) = Q1 i + 1)/(n+ 2).

A minimax estimate is usually found indirectly, by showing that a Bayes
estimate is also minimax. The following theorem tells the story.

Let 8, (1, . . ., xy,) be the Bayes estimate corresponding to the prior p.d.f.
A(0), and suppose its risk R(0; §;), as given in (12), is independent of
0 € Q. Then §; (1, . . ., x,) is minimax.

PROOF  The justification is straightforward and goes like this. Set R(6; §;) =
¢, and let §* = 86*(y, . .., &) be any other estimate. Then

Sup[R(6;8,); 0 € Q] =c= / ch(0)do
Q

= / R(0; 8,)M(0)dO < / R(0; 5)A(0)d6 (since §, is Bayes)
Q Q
< sup[R(0; §%); 0 € 2] (since A is ap.d.f. on Q).

This completes the proof. A

The following example illustrates this theorem.

Let X1, ..., X,, and A(0) be as in Example 19. Then the corresponding Bayes
estimate § is given by (20), and the estimate §* given in (21) is minimax.

DISCUSSION By setting X = )", X, and taking into consideration that
EyX =n6 and E; X? = nbh(1 — 6 + nh), we obtain

X 2
R(0; 8) = E, (9 - i)
n+o+p
= ——— {[(« + B)* — n]o? — (20> + 2af — n)0 + ?}.
e+ B’ - = B —f +a’)
By taking « = 8 = 1./ and denoting by §* the resulting estimate, we have

(@+pP—-—n=0 20®°+20—n=0,
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so that

o? n 1

R(6; 6%) = = = .
(m+a+BP  4n+m)? AL+ 0P
Since R(0; 6*) is independent of #, Theorem 9 implies that
Yo%+ s/ _2ymx+1
n+/n 21+ /n)

ey

5*('xly B xn) =

is minimax.

4.1 Consider one observation from the p.d.f. f(x; 9) = (1 — 6)6* !, x =
1,2,...,0 € @ = (0, 1), and let the prior p.d.f. » on (0, 1) be the U(0, 1)
distribution. Then, determine:

(i) The posterior p.d.f. of 6, given X = x.
(i) The Bayes estimate of 6, by using relation (15).

4.2 If the r.v. X has the Beta distribution with parameters « and g; i.e., its
p.d.f. is given by expression (16), then without integration and by using the
recursive property of the Gamma function (I'(y) = (y —DI'(y —1), y > 1),
show that FX = a/(a + B).

4.3 In reference to Example 19:
(i) Show thatthe marginal p.d.f., h(xy, ..., x,), defined by h(xy, ..., xy) =
jol f(x1; 0)- - f(an; OAO)dO with f(x; 0) = 0°(1 — )%, x =0, 1,
and A(0) as in relation (16), is given by:

T+ AT+ OT(B +n—1)
P8 ) = R T BT+ D)

where { = a1 + -+ 4+ 2. Do it without, actually, carrying out any
integrations, by taking notice of the form of a Beta p.d.f.

(i) Show that the posterior p.d.f. of 9, given X7 = a1, ..., X, = %y,
h(O | &1, ..., xy),is the Beta p.d.f. with parameters « +¢ and g +n—t.

(iii) Use the posterior p.d.f. obtained in part (ii) in order to rederive the
Bayes estimate §(x, . . ., 2,,) given in (20) by utilizing relation (15). Do
it without carrying out any integrations, by using Exercise 4.2.

(iv) Construct a 100(1 — @)% Bayes confidence interval for 6; that is, de-
termine a set {§ € (0,1); h(0 | 21, ..., 2n) > c(x, ..., 2,)}, Where
c(xy, ..., xy,)is determined by the requirement that the P, -probability
of this set is equal to 1 — «.

4.4 Let Xy, ..., X,, be independent r.v.’s from the N (0, 1) distribution, 0 €
Q = %, and on N, consider the p.d.f. A to be that of N(u, 1) with u
known. Then show that the Bayes estimate of 6, §;(xi, ..., x,), is given

by: 8(an, ..., 4,) = “THE
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Hint: By (14), we have to find suitable expressions for the integrals:

T el S | < _M]
Il_/oo(m)nexp[ 2;(961 9):|xmexp|: 5 do,

o 1 1 1 I
I=/ 0 - exp| —= x; —0) | x e |:— ]d@.
2= )0 | 2;(2 )} == exp| ———

The integrand of I; is equal to (the constant for the integration):
1 1,
———exp| —= x5+
a5 )

1 1
— —— 1DP* — 2(na .
xmexp{ 2[(n+ )6 (nx—l—u)@]}

However,

n+1
nx+ n 2 nx + u 2
= 1 0 — -
e (o= - (1) |
2
(0 -"H)  (a+p)?

T UWnr? | n+l

(n+ 162 — 2(ni + 106 = n+ 1) (92 _pnat “9)

so that

\/;_ exp{—%[(n—f— D% — 2(nx + M)e]}
T

= ! exp F X (2 + M)j X ! exp ——(9 — "311#)2
vn+1 2 n+1 V2r(1//n+1) 2/(Wn+ 12 |

and the second factor is the p.d.f. of N| (",f:l”, o 1) Therefore the inte-
gration produces the constant:

1 1 o T+ )
NS RN NC7S T { [2‘7” w1 “

Likewise, the integrand in I, is rewritten thus:

1 1 1[& ,  , ma+wp?
x expy —= X+t -
v+l (V27 p{ 2 |:; e n+1

7 2
1 (0 - %)

N NS s RV it

and the second factor, when integrated with respect to 6, is the mean

of N (nyﬁ £ —L_) distribution, which is % “iHt Dividing then I, by I, we

obtain the desired result.
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4.5 Refer to Exercise 4.4, and:
(i) By utilizing the derivations in the hint, derive the posterior p.d.f.
h(O | 21, ..., Xn).
(i) Construct a 100(1 — )% Bayes confidence interval for 0 as in Exercise

4.3(iv).
4.6 Let X1, ..., X,, be independent r.v.’s distributed as P(6), 6 € Q = (0, c0),
and consider the estimate §(x, . . ., x,) = Z and the loss function L(6; §) =

[0 —8(x, ..., 2.)]%/0.

Calculate the risk R(0; §) = %EgL[@ — 8(X1, ..., X)) and use
Theorem 9 in order to conclude that the estimate §(xy, ..., x,) = X is,
actually, minimax.

9.5 Other Methods of Estimation

In addition to the methods of estimation discussed so far, there are also other
methods and approaches, such as the so-called minimum Chi-Square method,
the method of least squares, and the method of moments. The method of least
squares is usually associated with the so-called linear models, and therefore
we defer its discussion to a later chapter (see Chapter 13). Here, we are going
to present only a brief outline of the method of moments, and illustrate it with
three examples.

To this end, let X7, ..., X,, be arandom sample with p.d.f. f(:;60), 6 € Q C
9N, and suppose that Ey X; = my(0) is finite. The objective is to estimate 6 by
means of the random sample at hand. By the WLLN,

1 i
S X=Xy S m(0). (22)

Therefore, for large n, it would make sense to set X,, = m;(0) (since it will
be approximately so with probability as close to 1 as one desires), and make
an attempt to solve for 6. Assuming that this can be done and that there is a
unique solution, we declare that solution as the moment estimate of 6.

This methodology applies in principle also in the case that there are
parameters involved, 6y, . . ., 6,, or, as we say, when 6 has r coordinates, » > 1.
In such a case, we have to assume that the 7 first moments of the X;’s are finite;
that is,

EoXi =mi(b1,...,6,) eRX, k=1,...,1, 0=(61,...,6).

Then form the first » sample moments }1 Z?:l Xf, k =1,...,r, and equate
them to the corresponding (population) moments; that is,

1 n
%ZX{“:mk(Ol,...,er), k=1 ...n (23)
=1

The reasoning for doing this is the same as the one explained above in con-
junction with (22). Assuming that we can solve for 6y, . . ., 6, in (23), and that
the solutions are unique, we arrive at what we call the moment estimates of
the parameters 0, ..., 0,.
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The following examples should help shed some light on the above expo-
sition.

m On the basis of the random sample X7, ..., X,, from the B(1, ) distribution,

find the moment estimate of 6.

DISCUSSION Here EyX; = 0 and there is only one parameter. Thus, it
suffices to set X = 6, so that the moment estimate of 0 is the same as the
MLE and the UMVU estimate, but (slightly) different from the Bayes (and the
minimax estimate).

Im On the basis of the random sample X, ..., X,, from the N(u, o2) distribution
. 2 . . 2

with both u and o unknown, determine the moment estimates of u and 0.

DISCUSSION The conditions referred to above are satisfied here, and,
specifically, Eg X; = p, E’gX 2=02+pu? 0= (u, 0?). Here we need the first two
sample moments, X and 2 Zl | X2. We have then X=pand 137 X2 =
0% + 1%, Hence =X and o° =1y X2- I(Zlez—nXZ)—;Lx
> i1 (Xi — X)*. Thus, the moment estimates are 1 = X and 6* = IS (X —
X)?. The estimate i is identical with the MLE and the UMVU estlmate whereas
&2 is the same as the MLE, but (slightly) different from the UMVU estimate.

Im Let the random sample Xj, ..., X, be from the U(«, 8) distribution, where

both « and 8 are unknown. Determine their moment estimates.

DISCUSSION  Recall that EpX; = “*£ and 02(X;) = “52

that:
o a+p 5 (a—,3)2 a+B)\°
X=—, E:X ( 5 )

= (av ﬂ)a SO

Hence @xfX — Ly x2_ g2 _ %LZizl(Xi—X)Z,callitSZ.Thus, B+a =2X
and (o — ,8)2 = 1282 or f — a = 25v/3, so that the moment estimates of «
and B are: @ = X — Sv/3, B = X + Sv/3. These estimates are entirely different
from the MLE’s of these parameters.

5.1 Referto Exercise 1.6, and derive the moment estimate of 6. Also, compare
it with the MLE § = 1/X.

5.2 (i) Refer to Exercise 1.7, and derive the moment estimate of 6, 6.
(ii) Find the numerical values of 6 and of the MLE 6 (see Exercise 1.7),
if: n = 10 and:

2 =092 2x9=079, x3=090, x4=0.65 xa5=0.86,
xg =047, x7=0.73, x5=097, 2x9=094, and x=0.77.
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5.3 Refer to Exercise 1.8, and derive the moment estimate of 6.

5.4 Referto Exercise 1.9 and show that Ey|X| = 6, and therefore the moment
estimate of 0 is § = 1 3" | | X;.

5.5 Refer to Exercise 1.10 and find the expectation of the given p.d.f. by
recalling that, if X ~ Gamma with parameters « and g, then EX = of
(and Var(X ) = «f?). Then derive the moment estimate of §, and compare
it with the MLE found in Exercise 1.10(ii).

5.6 Refer to Exercise 1.11, and:
(i) Show that EX = o + 8 and EX? = o? + 2a8 + 282, where X is
a r.v. with the p.d.f. given in the exercise cited. Also, calculate the
Var(X).
(ii) Derive the moment estimates of @ and §.

5.7 Let X1, ..., X,, beindependent r.v.’s from the U (6 — a, 6 4+ b) distribution,
where a and b are positive constants and 0 € Q = N.
Determine the moment estimate 6 of #, and compute its expectation
and variance.

5.8 If the independent r.v.’s X7, ..., X, have the U(—0, 0) distribution, 6 €
Q = (0, 00), how can one construct a moment estimate of 67

5.9 If the independent r.v.’s X7, ..., X,, have the Gamma distribution with
parameters o and S, show that the moment estimates of o« and § are:
&= XYS2and B = S X, where §2 = 1 Y7 (X; — X)2.

Hint: Recallthat, if X ~ Gamma with parameters « and 8, then EX =
aB, Var(X) = ap?.

5.10 Let X be ar.v. with p.d.f. f(x;0) = 92—2(9 —x2), 0 <x<6,0 € Q= (0,00).
Then:
(i) Show that f(-; 0) is, indeed, a p.d.f.
(ii) Show that E;X = £ and Vary(X) = %.
(iii) On the basis of a random sample of size n from f(-; 0), find the
moment estimate of 6, 8, and show that it is unbiased. Also, calculate
the variance of 6.

5.11 Let X be a r.v. having the Beta p.d.f. with parameters « and j; i.e.,
f(x;a, )= Frég)}'(?)x“’l(l —2)71, 0<x<1 (a, B>0). Then, by Exer-
cise4.2, EX = a/(a + B).

(i) Follow the same approach used in proving Exercise 4.2 in order to
establish that EX? = a(a + 1)/(a + B)(a + B + 1).
(ii) On the basis of a random sample of size n from the underlying p.d.f.,

determine the moment estimates of @ and 8.

5.12 Let X and Y be any two r.v.’s with finite second moments, so that their cor-
relation coefficient, p(X, Y),isgivenby p(X, Y) = Cov(X, Y ) /o (X))o (Y).
Let X; and Y;,7 = 1,...,n be ii.d. r.v.’s distributed as the r.v.’s X and
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Y, respectively. From the expression, Cov(X,Y)=FE[(X—EX) x
(Y — EY))], it makes sense to estimate p(X, Y) by p,(X, Y) give by:

1 & - _
P& Y)=— Y X = XY - 1)/6(X)6(Y),
i=1

n n

IS @ - Xp and s = |1 Y- PR

nois neis

Then set EX = u1, EY = pg, Var(X) = o2, Var(Y) = o2, p(X, Y) = p,

and show that:

) 52 (X - XY - V)= L YL (XGY) - XY

(i) E(XY) = 0102 Cov(X,Y) + p1p2 = po102 + (1jia.

(iii) Use the WLLN (Theorem 3 in Chapter 7) in conjunction with the
Corollary to Theorem 5 in Chapter 7 in order to show that p,(X, ¥)
# p(X, Y) = p, sothat p,(X, Y) is consistent (in the probability
sense) estimate of p.

(Notice that p,(X, Y) is the same as the MLE of p for the case that
the pair (X, Y) has the Bivariate Normal distribution; see Exercise
1.14 in this chapter.)

5.13 (i) For any 7 pairs of real numbers («;, 5;),? = 1,...,n, show that:

QoimwiBi)® < (Ui o« iy B

Hint: One way of proving it is to consider the function in A, g(A) =
Yo (o — ABi)?, and observe that g(1) > 0 for all real , and, in partic-
ular, for A = O «iBi)/(X i, Bi), which is actually the minimizing
value for g(1).

(ii) Use part (i) in order to show that [p,(X, Y)]? < 1.

5.14 Inreference to Example 25in Chapter 1, denotebyx; and y;, 1 = 1, ..., 15,
respectively, the observed measurements for the cross-fertilized and the
self-fertilized pairs. Then calculate the (observed) sample means Z, ¥,

sample variances s, s2, and the sample s.d.’s s, 5,,.



Chapter 10

Confidence Intervals
and Confidence
Regions

In Section 2 of Chapter 8, the basic concepts about confidence intervals etc.
were introduced; the detailed discussion was deferred to the present chapter.
The point estimation problem, in its simplest form, discussed extensively in
the previous chapter, is as follows: On the basis of arandom sample X1, ..., X,
with p.d.f. f(;0), 6 € Q C N, and its observed values xy, .. ., Xy, construct a
point estimate of 6, call it = &(x, . . ., ,). Thus, for example, in the N(9, 1)
case, we are invited to pinpoint a value of 6 € 9 as the (unknown to us but)
true value of 8. Such estimates were, actually, constructed by way of at least
three methods. Also, certain desirable properties of estimates (fixed sample
size properties, as well as asymptotic properties) were established or stated.

Now, declaring that (the unknown value of) 6 is, actually, ¥ may look
quite unreasonable. How is it possible to single out one value out of M, X,
and identify it as the true value of 6? The concept of a confidence interval
with a given confidence coefficient mitigates this seemingly unreasonable sit-
uation. It makes much more sense to declare that 6 lies within an interval in
N with high confidence. This is, in effect, what we are doing in this chapter
by formulating the questions and problems in rigorous probabilistic/statistical
terms.

The chapter consists of four sections. The first section concerns itself with
confidence intervals of one real-valued parameter. The following section con-
siders the same kind of a problem when nuisance (unknown but of no interest
to us) parameters are present. In the third section, an example is discussed,
where a confidence region of two parameters is constructed; no general theory
is developed. (See, however, Theorem 4 in Chapter 12.) In the final section,
some confidence intervals are constructed with given approximate confidence
coefficient.

281
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10.1 Confidence Intervals

We formalize in the form of a definition some concepts already introduced in
the second section of Chapter 8.

DEFINITION 1
Let X, ..., X, be arandom sample with p.d.f. f(-;0), 6 € Q2 C N. Then:

(i) A random interval is an interval whose end-points are r.v.’s.

(ii) A confidence interval for 6 with confidence coefficient 1 — o (0 <
o < 1, o small) is a random interval whose end-points are statistics
L(Xy,...,X,) and U(Xy, ..., X,), say, such that L(Xy, ..., X,) <
U(Xy, ..., X,)and

PL(Xy, ..., X)) <0 <UXy,...,X)]>1—a, forald e Q.
ey

(iii) The statistic L(Xj, ..., X,) is called a lower confidence limit for 6
with confidence coefficient 1 — «, if the interval [L(X], ..., X,), 00)
is a confidence interval for # with confidence coefficient 1 — «.
Likewise, U(Xy, ..., X,)is said to be an upper confidence limit for 0
with confidence coefficient 1 —«, if the interval (—oo, U (X7, ..., X;)]
is a confidence interval for 6 with confidence coefficient 1 — «.

REMARK 1 The significance of a confidence interval stems from the rel-
ative frequency interpretation of probability. Thus, on the basis of the ob-
served values x4, ..., x, of Xi, ..., X, construct the interval with end-points
L(xy, ..., xp)and U(xy, ..., xy,), and denote it by [L1, U;]. Repeat the underly-
ing random experiment independently another » times and likewise form the
interval [Ls, Us]. Repeat this process a large number of times N independently
each time, and let [Ly, Uy] be the corresponding interval. Then the fact that
[L(Xy, ..., X)), UXy, ..., X,)] is a confidence interval for 6 with confidence
coefficient 1 —« means that approximately 100(1 —«)% of the above N intervals
will cover 8, no matter what its value is.

REMARK 2 When the underlying r.v.’s are of the continuous type, the in-
equalities in the above definition, regarding the confidence coefficient 1 — «,
become equalities.

REMARK 3 If L(Xy, ..., X,) is a lower confidence limit for 6 with confi-
dence coefficient 1 — g, and U(Xj, ..., X;) is an upper confidence limit for
¢ with confidence coefficient 1 — §, then [L(X}, ..., Xy), U(Xy, ..., Xy)]is a
confidence interval for 8 with confidence coefficient 1 — «.
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Indeed, writing L and U instead of L(X1, ..., X,) and U(X3, ..., X,), and
keeping in mind that L < U, we have:

P(L=0)=PL=<0,U=0)+PFL=<6,U<0)

=FPL<60<U)+PU <0), since(U <) (L<80),
and

PO <U)=FU=60, L<0)+FU=6, L>0)

=P(L<6=<U)+ Py(L>80), since(L>06)C U =>0).
Summing them up, we have then
Py(L<0)+P(U=>=0)=2P(L<60<U)+P(U <6)+ Py(L > 0),
or

2P (L=0=<U)=FL=<0)+PU=60)-FU <6)—F(L>0)
=PL<0)+PU=0)—1+PU >60)—1+ Py(L <09)

=2[RL=0)+PU=060)—-1],
or
P(L<60=<U)=FL=0)+HU=0)-1

o o
>l--4l-=—1=1-
>1-5+1-3 @,

as was to be seen.

This section is concluded with the construction of confidence intervals in
some concrete examples. In so doing, we draw heavily on distribution theory
and point estimates. It would be, perhaps, helpful to outline the steps we
usually follow in constructing a confidence interval.

(a) Think of ar.v. which contains the parameter 6, the r.v.’s X1, ..., X, prefer-
ably in the form of a sufficient statistic, and whose distribution is (exactly
or at least approximately) known.

(b) Determine suitable points a < b such that the r.v. in step (a) lies in [a, b]
with P,-probability > 1 — «.

(c¢) In the expression of step (b), rearrange the terms to arrive at an interval
with the end-points being statistics and containing 6.

(d) The interval in step (c) is the required confidence interval.

Let X1, ..., X,, be a random interval from the N(u, 0?) distribution, where
only one of u or o2 is unknown. Construct a confidence interval for it with
confidence coefficient 1 — «.

DISCUSSION

(1) Let u be umknown. The natural r.v. to think of is /n(X—pu)/o, which
satisfies the requirements in step (a). Next, determine any two pointsa < b
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from the Normal tables for which P(a < Z < b) = 1 — o« where Z ~
N(0, 1). (See, however, Exercise 1.1 for the best choice of @ and b.) Since
SIEZD . N0, 1), it follows that

X —

Pu[ag MICSIDNS b] —1—a, forallp,

o
so that step (b) is satisfied. Rearranging the terms inside the square brack-
ets, we obtain:

_ b =
PM<X__U fufx_a—a> =1—a«, forallpu,

vn Vn
so that step (c) is fulfilled. In particular, for b = 2,2 (recall P(Z > z,,2) =
5)and a = —z,/2, we have
_ o _ o

PM<X_ Za/z_n <u< X+za/2%> =1—«, forall u.

It follows that
_ o - o _ o .
[X—Za/gﬁ, X+za/2%i| :X:l:za/gﬁ (for brevity) 2)

is the required confidence interval. '

(i) Let o2 be unknown. Set $* = 13" (X; — n)* and recall that "U—S; =
Z?:l (%)2 ~ Xfl. Ther.v. "U—SZZ satisfies the requirements of step (a). From
the Chi-Square tables, determine any pair 0 < a < b for which P(a < X <
b) = 1 — «, where X ~ x2. Then

S2 S2 S2
P62<a§n_2§b>:1—a, fora.llaz, orsz(nb §U2§n—>

o a
=1—0q, forallo?andsteps (b)and (c) are satisfied.

In particular,

2 52
Poz<7; <0< ):1—a, for all 02,

Xn; a2 Xn; 1—a/2
where P(X < x2, ) = P(X = x5 ,2) = §. It follows that

nS?  nS? s I 5
[ } =L L imm 3)

2 0 3
Xnyas2  Xnyl—a/2
is the required confidence interval.

Numerical Example Letn = 25and 1 — o = 0.95. For part (i), we have
Zaj2 = 20025 = 1.96, so that X + Za/g\%l =X+196 x £ = X £0.3920. For
o = 1, for example, the required interval is then: X & 0.392. For the second
part, we have 2,5 = X350.005 = 40.646, and x2, o = x30975 = 13.120. The
required interval is then:

|: 2582 2582

2057 2097 ) ,
40.646’ 13'120] ~ [0.6155%, 1.9055<].
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m On the basis of the random sample X7, ..., X,, from the U (0, 6) (6 > 0) distri-

bution, construct a confidence interval for 6 with confidence coefficient 1 — «.

DISCUSSION It has been seen (just apply Example 6(ii) in Chapter 9 with
a =0and B = 0) that X = X, is a sufficient statistic for 6. Also, the p.d.f. of X
is given by (see Example 14 in Chapter9) fx(x; 0) = e—’ﬁx"’l, 0 < x < 0. Setting
Y = X/0, it is easily seen that the p.d.f. of Yis: fy(y) = ny™ !, 0 < y < 1. The
r.v. Y satisfies the requirements of step (a). Next, determineany 0 <a < b < 1
such that fab fr(ydy = f; ny™ ldy = ]ab dy" = y”|2 =0 —-a"=1-aq.
Then

Pi(a<Y < b)=P9<a§ %( §b> =P9<%( <0< %) =1—«, forallé6,
so that steps (b) and (c) are satisfied. It follows that [£, ] = [ﬁbﬂ, %ﬁl] is the
required confidence interval.

Looking at the length of this interval, X(n)(é - l%), setting & = a(b) and
minimizing with respect to b, we find that the shortest interval is taken for
b =1and a = /" That is, (X, %]. (See also Exercise 1.5.)

Numerical Example Forn = 32and 1—a = 0.95, we get (approximately)
[X(gg), 1.098X(32)].

1.1 Let @ be the d.f. of the N(0, 1) distribution, and let & < b be such that
®(b) — ¢(a) = y, some fixed number with 0 < y < 1. Show that the
length b — a of the interval (a, b) is minimum, if, for some ¢ > 0,b = ¢
anda = —c.

1.2 If X, ..., X,, are independent r.v.’s distributed as N(u, %) with x un-
known and o known, then a 100(1 — @)% confidence interval for u is
given by X,, & z¢ 7= (see Example 1(i)). Suppose that the length of this
interval is 7.5 and we wish to halve it. What sample size m = m(n) will

be needed?
Hint: Setm = cn and determine c.

1.3 The stray-load loss (in watts) for a certain type of induction motor, when
the line current is held at 10 amps for a speed of 1,500 rpm, is a r.v.
X ~ N(u, 9).
(i) Compute a 99% confidence interval for © whenn = 100 and x = 58.3.
(ii) Determine the sample size n, if the length of the 99% confidence
interval is required to be 1.

1.4 If the independent r.v.s Xy, ..., X,, are distributed as N(0, 02) with o
known, the 100(1 — «)% confidence interval for 6 is given by X,, + 2g %L
(see Example 1(i)).
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(i) If the length of the confidence interval is to be equal to a preas-
signed number [, determine the sample size n as a function of [, o,
and «.

(ii) Compute the numerical value of n, ifl = 0.1, 0 = 1, and « = 0.05.

1.5 Refer to Example 2 and show that the shortest length of the confidence
interval is, indeed, [X(,), Xa/a'/"] as asserted.

Hint: Set a = a(b), differentiate g(b) = é — l%, with respect to b,
and use the derivative of " — a¢" = 1 — « in order to show that
dg(b) . . L

b“’W 1< 0, sothat g(b)is decreasing. Conclude that g(b) is minimized for

1.6 Let X, ..., X,, be independent r.v.’s with the Negative Exponential p.d.f.
given in the form f(x;0) = e~/%, x>0, 6 € Q = (0, 00). Then:
(i) By using the m.g.f. approach, show thatther.v. U = ) ! | X; has the
Gamma distribution with parameters « = nand g8 = 6.
(ii) Also, show that the r.v. V = 2 is distributed as x3,-
(iii) By means of part (ii), construct a confidence interval for 6 with

confidence coefficient 1 — «.

1.7 If X is a r.v. with the Negative Exponential p.df. f(x; 0) = e, x >
0, 6 € Q = (0, 00), then, by Exercise 2.2 in Chapter 9, the reliability
R(x;0) = Py(X > x) = e If X3, ..., X,, is a random sample of size
n from this p.d.f., use Exercise 1.6(iii) in order to construct a confidence
interval for R(x; 0) with confidence coefficient 1 — «.

1.8 Let X, ..., X,, be a random sample of size n from the p.d.f. f(x; 6) =
e = x> 0,0 € Q =N, and let ¥; be the smallest order statistic of
the Xi’S.

(i) Use formula (28) in order to show that the p.d.f. of Y7, call it g, is
given by: g(y) = ne "¥=9, y > 6.
(i) Set T(0) = 2n(Y; — 6) and show that T ~ 2.
(iii) Use part (ii) in order to show that a 100(1 — «)% confidence interval
for 6, based on T'(09), is given by: [Y; — %L, Y1 — 4], for suitable
0 < a < b; aspecial choice of a and b is: a = ng;l_g and b = Xzz%

1.9 Let the independent r.v.’s X7, ..., X,, have the Weibull distribution with
parameters y and 6 with 6 € Q = (0, 00) and y > 0 known; i.e., their
p.d.f. f(;; 0)is given by:

flx;0) = gx”’le’“y/e, x> 0.

(i) Fori=1,...,m setY; = X] and show that the p.d.f. of ¥;, g(-; 9),
is Negative Exponential parameterized as follows: g(y; 6) = (%e*y/ 0
y> 0.

(ii) Fori =1,...,n, set T;() = % and show that the p.d.f. of T;(6),
gr(-; 0), is that of a x22 distributed r.v., and conclude that the r.v.
TO) = Y1y TiO) ~ 13,
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(iii) Show that a 100(1 — )% confidence interval for 6, based on T'(9), is
of the form [ 2Y] for suitable 0 < a < b, where Y Y X In
particular, a and b maybe chosentobe X2n - and X2 a ,respectively.

1.10 If the independent r.v.’s X1, ..., X, have p.df. f(x;0) = ge /9 x e
N, 6 € Q = (0, 00), then:
(i) The independent r.v.’s ¥; = |X |, 1 = 1,..., n have the Negative
Exponential p.d.f. g(y; 0) = 2e=%%, y > 0.
(ii) The independent r.v.’s T;(0) = 2;7', 1=1,. nare Xz distr’ibuted,
so that the rv. 7(0) = Y1 T(0) = 21 1Y = 2L ~ y2 where
Y= Zz_l Y Z i=1 |X |
(iii) A 100(1 — «)% confidence interval for 8, based on T'(0), is given by
ZbY , 2y for suitable 0 < a <b.In partlcular a and b may be chosen
tobea_ sz o b= X2n

1.11 Considerthep.d.f. f(x; o, B) = %e_(‘”_")/ﬁ, r>a, xR, B> 0(seeEx-
ercise 1.11 in Chapter 9), and suppose that 8 is known and « is unknown,
and denote it by 6. Thus, we have here:

1
f(x;0) = Ee—@”—@/ﬂ, x>0, 60eQ=9n.

(i) Show that the corresponding d.f., F'(-; 9), is given by: F(x;60) =
1—e @ D/B x>0 sothatl — F(x;0) =e @ /F x>0,

(ii) LetXj, ..., X, beindependentr.v.’s drawn from the p.d.f. f(-; 0), and
let Y] be the smallest order statistic. Use relation (28) in Chapter 6
in order to show that the p.d.f. of Y} is given by:

Sr(y; 0) = ge‘“‘y‘e)/ﬁ ,  y=6.

(iii) Consider the r.v. T = T7,(0) defined by: T' = n(Y; — 6)/8, and show
that its p.d.f. is given by: fr(t) = e, t > 0.

1.12 In reference to Exercise 1.11:
(i) Determine 0 < a < b, sothat P(a < T < b) = 1 — «, for some

0<a<l
(ii) By part (i), Py[a < "(Yl 9 < b] = 1— «, since T has the p.d.f.
fr@®) =e', t >0.Use thls relation to conclude that [V, — 2, ¥, — % =

isa 100(1 — a)% confidence interval of 6.

(iii) The length! of the confidence interval in part (ii) isl = %(b —a). Set
b = b(a) and show that the shortest confidence interval is given by:
¥ + PlEe ),

Hint: For part (iii), set b = b(a), and from e - — e b =1 — @, obtain

% = e~ by differentiation. Then replace 1n = and observe that it

is >0. This implies that [ obtain its mlmmum at a =0.



288 Chapter 10 Confidence Intervals and Confidence Regions

1.13 Let Xy, ..., X, be independent r.v.’s with d.f. F and p.d.f. f with f(x) > 0
for—o0o <a < x < b < o0,andlet Y7 and Y,, be, respectively, the smallest
and the largest order statistics of the X;’s.
(i) By using the hint given below, show that the joint p.d.f., fy, v,, of ¥
and Y, is given by:

Srv, (Y1, Yn) = nn— DIF(y) — FOI" 2 f ().f(yn),

a <Yy <Yp<b.

Hint: P(Y, <y)=PM1 <y, Yy <y)+P1 >y, Y <) =
Fy,v,(y1, yn) + P(y1 < Y1 < Y, < yu). But P(Y, < y) = P(all Xi’s <
Yn) = PX1 < yn, .., Xy <) = PX1 < yn)... PXyy < ) =
[F(y )], and: P(y1 < 11 < Y, < y,) = P (all X;’s are >y; and also
<Y =P < X1 = ¥Yn - Y1 <Xn=<Yn)=Ply1 < X1 =) ..
Py < Xy < yn) = [P(y1 < X1 < y)]" = [F(yn) — F(y1)]" Thus,

[F(y)]" = Fy,v,(y1, yo) + [F(yn) = FyOI",  a <y <yn<b.

Solving for Fy, y,(y1, ¥») and taking the partial derivatives with respect
to y1 and y,, we get the desired result.

(ii) Find the p.d.f. fy, y, when the X;’s are distributed as U(0, §), 6 €
= (0, 00).
(iii) Do the same for the case the X;’s have the Negative Exponential
p.df. f(x)=1e%, x>0, 0 € Q= (0, ).

1.14 Referto Exercise 1.13(ii), and show that the p.d.f. of the range R = Y,,— 1

is given by:
Talr; 0) = "(T; Din2g_r),  0<r<o.
1.15 Referto Exercise 1.13(iii), and show that the p.d.f. of therange R = Y,,— 1}
is given by:
) =""Leta ety s,

1.16 In reference to Exercise 1.14:
() Set T = £ and show that fr(¢) = n(n— D" (1 —1¢), 0 <t < L
(ii) Take 0 < ¢ < 1 such that Py(c < T < 1) = 1 — «, and construct
a confidence interval for 6, based on the range R, with confidence
coefficient 1 — «. Also, show that ¢ is a root of the equation ¢! x
m—m—1c] =a.

1.17 Consider the independent random samples Xji,..., X,, from the

N(u1, o2) distribution and V3, .. ., Yn from the N(uz2, 02) distribution,

where 1, g are unknown and al, 022 are known, and define the r.v.

T: T — b :T — (Xm Yn) (n1— NZ)‘
m,n(/“l ue) by m,n(.ul n2) = —( Ey oy
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Then show that:

(i) A 100(1 — a)% confidence interval for u; — we, based on T, is given
by: (X — V) — by L + %, (X, — V) — ay/ & + %] for suitable
constants a and b.

(ii) The confidence interval in part (i) with the shortest length is taken
for b = 2,2 and a = —2,)2.

1.18 Refer to Exercise 1.17, and suppose that w1, us are kno;ivn and 01 , 022
are unknown. Then define the r.v. T = Tm n(cf1 /‘72) = 2 52 , Where S?{ =
Ly (Xi—p)?and Sy =1 ZJ (Y — ), andshowthatalOO(l a)%
conﬁdence interval for o /02, based on T, is given by [a SZ’ ] for
O<a<bwithPla<X<b)=1-—o, X~ F,;In pamcular We may
choose a = Fy py1-2 and b = Fy ;2.

1.19 Consider the independent random samples X, ..., X,, and Yy, ..., Y,
from the Negative Exponential distributions f(x; 91) 11 e 0 x>
0, 6; € Q = (0,00), and f(y; b)) = —e YRy >0, 6 € Q= (0, 00),

and set U = 30" X;, V = Y0, ¥} Then by Exercise 1.6(i), 57 ~
X2 29V ~ x4, and they are independent. It follows that zﬁf;;’;n = % % =

61 mZ]fl J

- X
b2 7 myl X
Use this result in order to construct a 100(1 — @)% confidence interval for

01/65.

10.2 Confidence Intervals in the Presence of Nuisance Parameters

In Example 1, the position was adopted that only one of the parameters in the
N(u, 0?) distribution was unknown. This is a rather artificial assumption as,
in practice, both 1 and o2 are most often unknown. What was done in that
example did, however, pave the way to solving the problem here in its natural
setting.

m Let X1, ..., X,,be arandom sample from the N(u, o) distribution, where both
2 ; 2 :

n and o are unknown. Construct confidence intervals for © and o#, each with
confidence coefficient 1 — .

~F 2n,2m-

DISCUSSION We have that:

o? o

X - -DS2 /X -X\°
M ~ N(0,1) and u — <’_> ~ Xi—p
o
i=1
where §% = L. 3™ | (X; — X)?, and these two r.v.’s are independent. It follows

that \/([1()); - /")2/(” 5 [()S( W ~ t, ;. From the t-tables, determine any pair
n— o“(n—
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(a, b) with a < b such that P(a < X <b) =1 — «, where X ~ ¢,_;. It follows
that:

VX — )
S

Pg[ag Sb}zl—a, forall @ = (u, o),

or

]

_ S S
P@(X—bﬁfﬂf —GWL):l—Ol, for all 6.

In particular,

S
Jn
where P(X > ly_1,42) = % (and X ~ t,_1). It follows that the required
confidence interval for u is:

_ S _
Pg(X— tn_l;“/zﬁ <u<X+ bo—1,0/2 ) =1—«, forall@,

[X In—tla/2——= X+, La/2—— | = X+t, La/2 (for brevity). 4

S S i| S
v’ vn vn

The construction of a confidence interval for o2 in the presence of (an
unknown) u is easier. We have already mentloned that (n= 01)5 ~ X 1- Then
repeat the process in Example 1(ii), replacing xn by Xn— 1, to obtain the confi-
dence interval.

|:(n DS ’ (n—DS } 8= 7% > & - X 5)
i=1

2 2
Xn—Lw/2  Xn—Ll-a/2

REMARK 4 Observe that the confidence interval in (4) differs from that in
(2) in that o in (2) is replaced by an estimate S, and then the constant z/»
in (2) is adjusted to t,_1,,/2. Likewise, the confidence intervals in (3) and (5)
are of the same form, with the only difference that (the unknown) u in (3) is
replaced by its estimate X in (5). The constants n, X?%;a /2> and Xil_a /2 are also
adjusted as indicated in (5).

Numerical Example Letn =25and1—« = 0.95. Then tn La2 = b240 025 =
2.0639, and the interval in (4) becomes X +0.41278S. Also, x7_, , 2= = X310, 0.~
39.364, x7 .- a2 = X310975 = 12.401, so that the interval in (5) is [39 50

25° ] ~ [0.61052, 1.93552].

Actually, a somewhat more important problem from a practical viewpoint
is that of constructing confidence intervals for the difference of the means
of two normal populations and the ratio of their variances. This is a way of
comparing two normal populations. The precise formulation of the problem

is given below.

Let X1,..., X, and Yy, ..., Y, be two independent random samples from the
N(ui, 02) and N(uz, 02) distributions, respectively, with all 111, s, o7, and 02
unknown. We wish to construct confidence intervals for j1; — 2 and o /o%.
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DISCUSSION

(i) Confidence interval for 11 — po. In order to be able to resolve this problem,
we have to assume that the variances, although unknown, are equal; i.e.,
o = o0f = o2, say.
Let us review briefly some distribution results. Recall that X -~
N(, 2), ¥ — jus ~ N(0, 2), and by independence,

_ 1 1
[(X =) = (u1 — p2)l/oy/ — 4+ — ~ N(O, D. (6)
m n

Also, if
1 u 1 &
2 72 2 52
- X, — X S2 = Y, - ¥
F= g L& X 8 n_lj;u %,
then (m;%s}( ~ Xf%l, (";12)% ~ X,%,l, and by independence,
m—1)S% + (n— 1)S?
= DA O D s ™
o
From (6) and (7), we obtain then:
X-Y)—(u1—n
BD_Guzts) oy, ®

(m—1)S%+(m—1S% /1 1
min—Z - (% + ﬁ)

Then working with (8) as in Example 1(i), we arrive at the following con-
fidence interval

Q2 Q2
|:(X' -V - tm+n—2;a/2\/(m DS + (n = DSy <W% + l),

m+n—2 n

_ 2 _ 2
E P+ bt / (m— 1S3 + (n— 1S3 ( 7% . 1)]

m+n—2 n

(m—1S% + (n— 1)S% (14_1) ©
m+n-—2 m n

=X-"=+ t’m+n2;a/2\/

_ 2
(i) Confidence interval for ol /a}. By the fact that @=DSx DS ~xE 1, (na% ~
/‘7; ‘712 sz i 2
xn 1» and independence, we have 5ot = SZ ~ Fy_1m-1. From the
F-tables, determine any pair (a, b) with 0 < a < b such that P(a <X<b)=
1 — «, where X ~ F,_1,,—1. Then, for all = (1, ua, 0’1 , 05 2),

2 SZ SZ 2 SZ
Pg(afa—lzx—gfb>=l—a, or Pg(&—‘;(fa—lsz—g)zl—a.

o; Sk Sy ~ o3 Sy

In particular, for all 6,

Sz ol  S%
P9<Sz n—lm—Ll—a/2 < 0—22 < S_%anl,mfl;aﬂ =1-q,
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where P(X = anl,mfl;lfa/Z) = P(X = anl,mfl;a/Z) = % (and X ~
Fy—1,m-1).- The required confidence interval is then

S2 S2
|:_)2(Fn—1,m—1;1—a/2y %Fn—l,m—l;a/z} . (10)
Sy Sy

Numerical Example Let m = 13,n = 14, and 1 — « = 0.95. Then
tnn—2,a/2 = b250.025 = 2.0595, so that the interval in (9) becomes

o 128241382 /1 1
(X—Y)12.0595\/%<13+ ) (X—Y)+0.1586,/125% 4 13S3.

Next, F-1,m-1a/2=F13120025 =3.2388, Fy 1 m11-a/2 —F13120975 m =
ITED 1532 =~ (0.3171. Therefore the interval in (10) is [0. 31715’5, 3. 2388 Sy

2.1 If the independent r.v.’s X1, ..., X,, are N(u, o) distributed with both
and o2 unknown, construct a 100(1 — «)% confidence interval for o.

2.2 Referto Exercise 1.18 and suppose that all 111, p2, and 01 , 022 are unknown.

Then construct a 100(1 — «)% confidence interval for o /o3

10.3 A Confidence Region for (, o2) in the N(u, o) Distribution

Refer again to Example 1 and suppose that both i and o are unknown, as is
most often the case. In this section, we wish to construct a confidence region
for the pair (i, 02); i.e., a subset of the plane determined in terms of statistics
and containing (u, o) with probability 1 — «. This problem is resolved in the
following example.

Im On the basis of the random sample X1, ..., X, from the N(u, %) distribution,

construct a confidence region for the pair (1, o) with confidence coefficient
1—o.

DISCUSSION In solving this problem, we draw heavily on what we have
done in the previous example. Let X be the sample mean and define S? by

§2 =L 3" (X; — X)%. Then

v 2
MICSIDNN N(0, 1), w ~ %2 (11)
o o
and the two r.v.’s involved here are independent. From the Normal tables,
define ¢ > 0 sothat P(—¢ < Z < c¢) = /1 —«a, Z ~ N(0, 1); c is uniquely
determined. From the X 2-tables, determine a pair (a, b) with 0 < a < b and
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Pla < X <b) =1 —a, where X ~ XVZL—I' Then, by means of (11), and with
= (u, 0%), we have:

X —
P9|:—c§ M 50] =V1—aq,
o
) (12)
- DS
Pg[ag % < b} =+1—q.
o
These relations are rewritten thus:
X — B 22
PB[—c PRICSDR c] s [(u B CT"] =T-w, (3
o
— 1)S? — 1)S? —1)s?
Pe[aiwfb}=f’e|:%§0 ( ) ]( V1—a),
o
(14)
so that, by means of (12)-(14) and independence, we have:
X - —1)S?
PB[_CSMSC’ af%fl)}
o o
X - —1)82
_Po[ VX - }{as%sb}
o [e2
—1)s? — 1)S?
—Pa|:(u X)? SC_ 21|p0[u5025u1|=1_ (15)
n b a
Let Z and s? be the observed values of X and S?. Then in a system of orthogonal
(1, 0)-axis, the equation (1 — %)* = a is the equation of a parabola with
vertex V located at the point (Z, 0), Wlth focus F with coordinates (%, {.), and
with directrix L with equation 02 = — 1, (see Figure 10.1). Then the part of

the plane for which (1 — %)% < i is the inner part of the parabola along with
the points on the parabola. Smce

_ 2 n
0.2 — Q — %Z(xl _‘,2)2 and 0.2 (n— — _ Z(xl _x)Z
i=1

are straight lines parallel to the u-axis, the set of points (u, o) in the plane,
which satisfy simultaneously all inequalities:
2 2 n n
2 6O 1 e 2 _ 1 2
—x)° < —, - X, —X) <o° < — x; — X%
w-@F = LoD 2 LD
is the part of the plane between the straight lines mentioned above and the
inner part of the parabola (along with the points on the parabola) (see shaded
area in Figure 10.1). .
From relation (15), it follows then that, when replacing # by X and s® by S2,
the shaded region with random boundary (determined completely as described
above) becomes the required confidence region for (i1, 0%). What is depicted
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Figure 10.1

Confidence Region for o?

(p, o%) with Confidence | |-~ \ - ot =L@ -z

Coefficient 1 — o =
confidence region for
(u, o) with confidence _z 2. %02
coefficient 1 — o L W) n

———————————————————————————————— o2 = %ng(xj 7,
u

in Figure 10.1 is a realization of such a confidence region, evaluated for the
observed values of the X;’s.

Actually, the point ¢ aboveis 2, where y = (1—+/1 — «)/2, and for definite-
ness, we may choose to split the probability 1 — +/1 — « equally among the two
tails of the Chi-Square distribution. Thus, we take b = x>, anda = x7 |, .
Then the confidence region is:

_ 22 1 n ~ 1 n B
(n—Xy = Lo? > Xi—-XP <o’ 5— ) (Xi— XV,
n—1y i=1 n—11-y i=1
y=0-vV1I—a)/2. (16)

Numerical Example As anumerical example, take n = 25 and o = 0.05,
so that y ~ 0.012661, and (by linear interpolation) z, ~ 2.236, x3, _—
42.338, X224;1—V ~~ 11.130, and the confidence region becomes:

25 25
(u—X)? <0.199988¢2,  0.023619 ) (X;—X)? < o < 0.089847 Z(}Q—X)2
i=1 i=1
or, approximately,
25 25
(n—X)P <020%  0.024) (X;—X)’<0”<0.09) (X; — X)*.
i=1 i=1
REMARK 5 Asomewhat general theory for constructing confidence regions
is discussed in Chapter 12 (see Theorem 4 there and the examples following

it).

10.4 Confidence Intervals with Approximate Confidence Coefficient

It is somewhat conspicuous that in this chapter we have not yet dealt with
examples, such as the Binomial, the Poisson, and the Negative Exponential.
There is a reason, however, behind it, and that is that the expressions which
would serve as the basis for constructing confidence intervals do not have
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a known exact distribution. They do have, however, an approximate Normal
distribution, and this fact leads to the construction of confidence intervals with
approximate (rather than exact) confidence coefficient 1 — «. The remainder
of this section is devoted to constructing such intervals.

On the basis of the random sample X1, ..., X,, from the B(1, 6) distribution,
construct a confidence interval for 8 with confidence coefficient approximately
1—o.

DISCUSSION The tools employed here, as well as in the following two
examples, are the CLT and the WLLN in conjunction with either Theorem 7(ii)
or Theorem 6(iii) in Chapter 7. It will be assumed throughout that 7 is large
enough, so that these theorems apply.

Recall that £y X; = 6 and agz(Xl) = 6(1 — 0), so that, by the CLT,

VX, —6)
VIR =9 L No, 1. 17
0 —0) O, 1) a7
In the denominator in (17), replace 6(1 — ) by SZ, where SZ = 1 x
YrX - X = LT X X)) = LY, X X)) = XX =
X(1 — X), in order to obtain (by Theorem 7(ii) in Chapter 7),
X, -6
V&= 0) ~ N(0, D). (18)

A% Xn(l - Xn)

It follows from (18) that

\/%(Xn B 9)
vV Xn(l - Xn)

This expression is equivalent to:

_ [ X,(1-X . | X,(1- X,
P Xn_za/Z ¥§9§Xn+za/2 % ~1—q, forallf,

which leads to the confidence interval

_ [ X,A-X,) . [ X, -X _ [ X, -X
Xn_za/2 %, Xn+za/2 % :Xn:tza/Z %

(19)

Py [—Za/z = < Za/z] ~1—q«, forallé.

with confidence coefficient approximately 1 — «.
Numerical Example Formn = 100 and 1 — o = 0.95, the confidence inter-

val in (19) becomes: X,, + 1.96,/ £:0=X) — ¥ 4 0.196,/X,(1 — X,,).
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I EXAMPLE 8

Construct a confidence interval for 6 with confidence coefficient approxi-
mately 1 — « on the basis of the random sample X3, ..., X,, from the P(0)
distribution.

DISCUSSION Here ExX; = 092 (X1) = 0, sothat, working as in the previous
example, and employing Theorem 6(iii) in Chapter 7, we have
X,—0 X, —6
M ~ N(0,1), or \/ﬁ(—”_)
N VX,

Hence Py[—24/2 < n ( 2 9) <2y2] ~1—aq, for all §, which leads to the required
confidence interval

/ / [ X
— Zy/2 Xn+ 2y n 22 nn (20)

Numerical Example Forn = 100and 1—a = 0.95, the confidence interval
in (20) becomes: X,, &+ 0.196y/X,,.

~ N(, 1.

Let X3, ..., X, be a random sample from the Negative Exponential distribu-
tion in the followmg parameterization: f(x;0) = te~*/?, x > 0. Construct a
confidence interval for  with confidence coefﬁc1ent approximately 1 — «.

DISCUSSION In the adopted parameterization above, EyX; = 6 and
o(,Z(X 1) = 62. Then working as in the previous example, we have that
VX, — 6) VX

—9)
>~ N(0, 1 Y E Z~ N(O, D).
. O, or 0,

It follows that the required confidence interval is given by:

_ X, - X _ X
[Xn — L2 77;, Xn + R /2 7%:| = Xn + za/Zﬁ-

Numerical Example Forn = 100and 1—o = 0.95, the confidence interval
in (21) becomes: X,, + 0.196X,,.

2D

4.1 Let the independent r.v.’s X7, ..., X,, have unknown (finite) mean u and
known (finite) variance o2, and suppose that 7 is large. Then:
(i) Use the CLT in order to construct a confidence interval for y with
approximate confidence coefficient 1 — «.
(ii) Provide the form of the interval in part (i) for » = 100, o0 = 1, and
a = 0.05.
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(iii) Referto part (i) and suppose that o = 1 and o = 0.05. Then determine
the sample size 7, so that the length of the confidence interval is 0.1.

(iv) Observe that the length of the confidence interval in part (i) tends to
0 asn — oo, for any o and any «.

4.2 Refer to Exercise 4.1, and suppose that both ;1 and o2 are unknown. Then:
(i) Construct a confidence interval for u with approximate confidence
coefficient 1 — «.
(ii) Provide the form of the interval in part (i) for n = 100 and « = 0.05.
(iii) Show that the length of the interval in part (i) tends to 0 in probability
asn — oo.

Hint: Forpart (i), refer to Theorem 7(ii) in Chapter 7, and for part (iii),
refer to Theorem 7(i) and Theorem 6(ii) in the same chapter.

4.3 (i) Let X ~ N(u, 0?),and for 0 < @ < 1, let 2, and 2;_, be the ath and

(1 — a)th quantiles, respectively, of X; ie., P(X < x,) = P(X >

X1_o) = «a, so that P(x, < X < x1_4) = 2a. Show that x, = u +

o® Y (a), 11— = n+0d (1 —a),sothat [, X1_o] = [t +0P (),
w+od (1 - a).

(ii) Refer to Exercise 4.5(i) of Chapter 9 (see also Exercise 4.4 there),

where it is found that the posterior p.d.f. of 0, given X; = x4, ..., X;, =

L,y h( |21, ., xn)i is N(nj:{l’a ﬁ)
Use part (i) in order to find the expression of the interval [x,, X]_q]
here.

Remark: In the present context, the interval [x,, x1_,] is called a pre-
diction interval for 6 with confidence coefficient 1 — 2«.

(iii) Compute the prediction interval in part (ii) whenn =9, u =1, x =
1.5, and o = 0.025.

4.4 Let Xy, ..., X,, be independent r.v.’s with strictly increasing d.f. F', and let
Y; be the ith order statistic of the X;’s, 1 <4 <mn. For0 < p < 1, let 2, be
the (unique) pth quantile of F. Then:

(i) Show that foranyiand jwithl <7< j<n-—1,

j—1

PY;<x <Y))= }; <Z)p"q”" (g=1-p).
Thus, [Y;, Y;]is a confidence interval for x;, with confidence coefficient

,JC;; (1) P*q"*. This probability is often referred to as probability of

coverage of x).

(i) Forn = 10and p = 0.25, identify the respective coverage probabilities
for the pairs (Y1, ¥3), (Y1, Ya), (Y2, Ya), (Y2, ¥5).

(iii) For p = 0.50, do the same as in part (ii) for the pairs (¥3, Yy), (Yy, ¥7),
(Y4, ¥s), (¥5, Y7).
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(iv) For p = 0.75, do the same as in part (ii) for the pairs (¥s, Y10), (Y7, Y10),
(Y7, Yo), (¥s, Yo).

Hint: For part (i), observe that: P(Y; < x,) = P(atleast i of Xj, ...,
X <xp) =Y 5 () PFq" %, since P(X; < x,) = pand q = 1 — p. Also,
P(Y; < 2,) = P(Y; < &, ¥; = 2p) + P(Y; < 2, ¥ < ) = P(Y; < @ <
Y))+ P(Y; <uap),sothat P(Y; <x, <Y;)=P{; <xp) — P(X; < xp).
For part (iv), observe that (;) p*q" " = (", )a"p"" = (})a"p"" (by setting

n—k = r and recalling that (," ) = (Z))y-b_r

4.5 Let X be ar.v. with a strictly increasing d.f. ', and let p be a number with
0 < p < 1. Consider the event: A, = {F(X) < p} = {s € S; F(X(s)) <
p} ={s € S; X(s) < F~(p)}. So, A, is the event in the underlying sample
space S for the sample points s of which F(X(s)) < p. Since for each
fixed x, F'(x) represents the proportion of the (unit) distribution mass of
F which is covered (or carried) by the interval (—oo, ], it follows that the
random interval (—oo, X] covers (carries) the (random) proportion F(X)
of the distribution mass of F', and on the event A,, the random interval
(—o00, X] covers (carries) at most 100p% of the mass of F. Equivalently,
the random interval (X, oo) covers (carries) at least 100(1 — p) of the
distribution mass of F'.

F7l(p)

Use Theorem 10 in Chapter 6 in order to show that P(A4,) = p; i.e.,
(—o00, X] covers at most 100p% of the distribution mass of F' with probabil-
ity p. Equivalently, the random interval (X, co) covers at least 100(1 — p)%
of the distribution mass of F' with probability p.



Chapter 11

Testing Hypotheses

In this chapter, the problem of testing hypotheses is considered to some ex-
tent. Additional topics are discussed in Chapter 12. The chapter consists of
four sections, the first of which is devoted to some general concepts and the
formulation of a null hypothesis and its alternative. A number of examples
discussed provide sufficient motivation for what is done in this section.

Section 2 is somewhat long and enters into the essence of the testing
hypotheses issue. Specifically, the Neyman—Pearson Fundamental Lemma is
stated, and the main points of its proof are presented for the case that the un-
derlying r.v.’s are of the continuous type. It is stated that this result by itself is
of limited use; nevertheless, it does serve as the stepping stone in establishing
other more complicated and truly useful results. This is obtained when the
underlying family of distributions is the so-called family of distributions of the
exponential type. Thus, the definition of an exponential type p.d.f. follows, and
it is next illustrated by means of examples that such families occur fairly often.
In an exponential type p.d.f. (in the real-valued parameter ), uniformly most
powerful (UMP) tests are presented for one-sided and two-sided hypotheses,
which arise in practice in a natural way. This is done in Theorems 2 and 3.

In the following section, Theorems 2 and 3 are applied to concrete cases,
such as the Binomial distribution, the Poisson distribution, and the Normal
distribution. All applications are accompanied by numerical examples.

The last section of this chapter, Section 4, is also rather extensive and
deals with Likelihood Ratio (LR) tests. General concepts, the necessary nota-
tion, and some motivation for the tests used are given. The better part of the
section is devoted to deriving LR tests in Normal distributions. The problem
is divided into two parts. The first part considers the case where we are deal-
ing with one sample from an underlying Normal distribution, and LR tests are
derived for the mean and the variance of the distribution. In the second part,
two independent random samples are available coming from two underlying
Normal populations. Then LR tests are derived in comparing the means and the
variances of the distributions. In all cases, the results produced are illustrated
by means of numerical examples.
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11.1 General Concepts, Formulation of Some Testing Hypotheses

In order to motivate the formulation of a null hypothesis and its alternative,
consider some specific examples. Most of them are taken from Chapter 1.

In reference to Example 6 in Chapter 1, let & be the unknown proportion of
unemployed workers, and let 6) be an acceptable level of unemployment, e.g.,
6y = 6.25%. Then the parameter space is split into the sets (0.0625, 1) and
(0, 0.0625], and one of them will be associated with the (null) hypothesis.
It is proposed that that set be (0.0625, 1); i.e., Hy: 6 > 0.0625 (and there-
fore Hy: 6 < 0.0625). The rule of thumb for selecting Hy is this: “Select as
null hypothesis that hypothesis whose false rejection has the most serious
consequences.” Indeed, if 6 is, actually, greater than 6.25% and is (falsely)
rejected, then human suffering may occur, due to the fact that the authorities
in charge had no incentives to take the necessary measures. On the other hand,
if & < 0.0625 was selected as the null hypothesis and was falsely rejected, then
the most likely consequence would be for the authorities to undertake some
unnecessary measures and, perhaps, waste some money. However, the former
consequence is definitely more serious than the latter. Another way of look-
ing at the problem of determining the null hypothesis is to formulate as such
a position, which we wish to challenge, and which we are willing to accept
only in the face of convincing evidence, provided by the interested party. To
summarize then, if X is the r.v. denoting the number of unemployed workers
among n sampled, then X ~ B(n, #) and the hypothesis to be tested is Hy:
0 > 0.0625 against the alternative Hy: 6 < 0.0625 at (some given) level of
significance «.

In reference to Example 8 in Chapter 1, if X is the r.v. denoting those young
adults, among the n sampled, who listen to this particular weekend music
program, then X ~ B(n, 0). Then, arguing as in the previous example, we have
that the hypothesis to be tested is Hy: 0 < 6y (=100p%) against the alternative
Hy: 6 > 6, at level of significance «.

Refer to Example 12 of Chapter 1, and let X be the r.v. denoting the mean
bacteria count per unit volume of water at a lake beach. Then X ~ P(6) and
the hypothesis to be tested is Hy: 6 > 200 against Hs: 6 < 200 at level of
significance «.

Suppose that the mean 6 of a r.v. X represents the dosage of a drug which is
used for the treatment of a certain disease. For this medication to be both safe
and effective, 6 must satisfy the requirements 6; < 0 < 0s, for two specified
values 0; and 6. Then, on the basis of previous discussions, the hypothesis
to be tested here is Hy: 6 < 0; or 0 > 02 against the alternative Hy: 0; <
0 < 0 at the level of significance «. Of course, we have to assume a certain
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distribution for the r.v. X, which for good reasons is taken to be N(0, ¢2), ¢
known.

m Refer to Example 16 in Chapter 1, and suppose that the survival time for a ter-
minal cancer patient treated with the standard treatmentisar.v. X ~ N(6;, 012).

Likewise, let the r.v. Y stand for the survival time for such a patient subject
to the new treatment, and let Y ~ N(6s, 022). Then the hypothesis to be tested
here is Hj: 62 = 61 against the alternative Hy: 02 > 0; at level of significance «.

REMARK 1 The hypothesis to be tested could also be 0> < 61, but the possi-
bility that 6> < 6#; may be excluded; it can be assumed that the new treatment
cannot be inferior to the existing one. The supposition that 6, = 0;, there is
no difference between the two treatments, leads to the term “null” for the
hypothesis Hy: 6, = 6.

Examples 1-4 have the following common characteristics. A r.v. X is
distributed according to the p.d.f. f(:; 8),0 € Q@ € N, and we are interested in
testing one of the following hypotheses, each one at some specified level of sig-
nificance o: Hy: 0 > 6y against Hy: 0 < 0y; Hy: 0 < 0y against Hy: 0 > 6p; Hy: 0 <
01 0or6 > 6y against Hy: 61 < 6 < 0s. Itis understood that in all cases 6 remains
in Q. In Example 5, two Normally distributed populations are compared in
terms of their means, and the hypothesis tested is Hy: 6o = 0; against Hjx:
62 > 6. An example of a different nature would lead to testing the hypothesis
Hy: 6 < 0 against Hy: 65 = 6.

In the first four examples, the hypotheses stated are to be tested by means
of arandom sample X7, ..., X, from the underlying distribution. In the case of
Example 5, the hypothesis is to be tested by utilizing two independent random
samples X1, ..., X,y and Y7, .. ., Y, from the underlying distributions.

Observe that in all cases the hypotheses tested are composite, and so are the
alternatives. We wish, of course, for the proposed tests to be optimal in some
satisfactory sense. If the tests were to be UMP (uniformly most powerful), then
they would certainly be highly desirable. In the following section, a somewhat
general theory will be provided, which, when applied to the examples under
consideration, will produce UMP tests.

1.1 In the following examples, indicate which statements constitute a simple
and which a composite hypothesis:

(i) Xisarv. whose p.d.f. f is given by f(x) = 2¢2*, x > 0.

(i) When tossing a coin, let X be the r.v. taking the value 1 if the head ap-
pears and 0 if the tail appears. Then the statement is: The coin is
biased.

(iii) X is a r.v. whose expectation is equal to 5.

1.2 Let X, ..., X, be i.id. r.v’s with p.d.f. f which may be either Normal,
N(u, 02), to be denoted by f, or Cauchy with parameters i and o2, to be
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denoted by f¢, where, we recall that:

1
fN(x’ 4y 02) = me_(x_ﬂf/&#, x € ER, n e my o > 07

1
fe(; w02 = =

X ————— xeN pen, 0.
7 (x—p)P+o? H 7=

Consider the following null hypotheses and the corresponding alternatives:
(i) Hyp: fis Normal, Ha;: f is Cauchy.

(ii) Hpe: f is Normal with v < wg, Hao: f is Cauchy with u < u.

(iii) Hps: f is Normal with u = o, Has: f is Cauchy with u = .

(iv) Hyy: f is Normal with u = o, o0 > 09, Hay: f is Cauchy with u = o,

o > 0.

(v) Hps: f is Normal with i = wg, o0 < 09, Has: f is Cauchy with u = o,
o = 0.

(vi) Hog: fis Normal with u = g, o0 = 09, Hag: f is Cauchy with u = o,
o = 0.

State which of the Hy; and which of the Hy;, 7 = 1, ..., 6, are simple
and which are composite.

11.2 Neyman-Pearson Fundamental Lemma, Exponential Type Families,

Uniformly Most Powerful Tests for Some Composite Hypotheses

THEOREM 1

In reference to Example 1, one could certainly consider testing the simple
hypothesis Hy: 6 = 6, (e.g., 0.05) against the simple alternative Hy: 6 = 0y,
for some fixed 6; either >6, or <6y. However, such a testing framework would
be highly unrealistic. It is simply not reasonable to isolate two single values
from the continuum of values (0, 1) and test one against the other. What is
meaningful is the way we actually formulated H, in this example. Nevertheless,
it is still true that a long journey begins with the first step, and this applies here
as well. Accordingly, we are going to start out with the problem of testing a
simple hypothesis against a simple alternative, which is what the celebrated
Neyman-Pearson Fundamental Lemma is all about.

(Neyman—-Pearson Fundamental Lemma) Let X;,..., X, be aran-
dom sample with p.d.f. f unknown. We are interested in testing the
simple hypothesis Hy: f = fy (specified) against the simple alternative
Hy: f = fi1 (specified) at level of significance @ (0 < @ < 1). To this end,
define the test ¢ as follows:

1 if fi(x). .. file) > Cfo(xy) . .. fo(x)
o1, ..., 5) =1y if filx)... filx) = Cfo(xr)... folxn) »
0 if fi(x)... fitxw) < Cfo(xr) . .. fo(xn),
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where the constants C and y (C > 0,0 < y < 1) are defined through the
relationship:

Eno(Xy, ..., Xn) = Pp[A(XD) -+ filXy) > Cfo(XD) - - - fo(Xn)]
+yPp[i(X1) - fi(Xyn) = Cfo(X1) - -+ fo(Xn)] = .
@)

Then the test ¢ is MP among all tests with level of significance < «.

REMARK 2 The test ¢ is a randomized test, if 0 < y < 1. The necessity
for a randomized test stems from relation (2), where the left-hand side has
to be equal to «. If the X;’s are discrete, the presence of y (0 < y < 1)
is indispensable. In case, however, the X;’s are of the continuous type, then
y = 0 and the test is nonrandomized.

The appearance of fj as a subscript indicates, of course, that expectations
and probabilities are calculated by using the p.d.f. f; for the X;’s.

PROOF OF THEOREM 1 (Outline for X;’s of the Continuous Type)  To simplify
the notation, write 0 (or 1) rather than fy (or f1) when f; (or fi) occurs
as a subscript. Also, it would be convenient to use the vector notation X =
Xy, ..., Xp) and x = (¥, ..., x,). First, we show that the test ¢ is of level
a. Indeed, let T = {x € N"; Lo(x) > 0}, where Lo(x) = fo(x1)... fo(x,), and
likewise L1(x) = fi(x1)... fi(x,). Then, if D = X Y(T);ie, D = {s € S;
X(s) € T}, so that D = {s € S;X(s) € T}, it follows that Py(D®) =
P(XeT)= fTv Ly(x)dx = 0. Therefore, in calculating probabilities by using
the p.d.f. Ly, it suffices to restrict ourselves to the set D. Then, by means of (2),

Eyp(X) = Po[L1(X) > CLo(X)]
= Po{[L1(X) > CLo(X)] N D}

- PO{[LI(X) > C} ﬁD} (since Lo(X) > 0 on D)

Lo(X)
=P >C)=1- PR < C) =yg(C), say,
where Y = % on D, and arbitrary on D°. The picture of 1 — Py(Y < C) is

depicted in Figure 11.1, and it follows that, for each o (0 < o < 1), there is
(essentially) a unique C such that 1 — Py(Y < C) = «. That is, Eyp(X) = «,
which shows that the test ¢ is of level «.

Next, it is shown that ¢ is MP as described by showing that, if ¢* is any
other test with Eqp*(X) = o* < a, then m,(1) = E1¢(X) > E19*(X) = 7, (1)
(i.e., the power of ¢ is not smaller than the power of any such test ¢* of level
of significance < «). Indeed, define Bt and B~ by:

BT = {x e %" 9(x) — ¢*(x) > 0} = (¢ > ¢"),
B ={xeh" o) —¢"(x) <0} =(p < ¢").
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Figure 11.1

The Graph of the 9@)
Function of (C) =
1— Py(y < O)

Then, clearly, B* N B~ = @, and, by means of (1),
Bt =(p>¢)C(p=1) C (L > CLy), ®
B™ =(p <¢") C(p=0)C (L <CLy).

Therefore

[p(x) — 9" (][ L1(x) — CLo(x)]dx

o

_ /B 1000~ ¢ @I ) — Lyl

+ fB [p(x) — ¢ ()][L1(x) — CLo(x)]dx > 0 by (3).
Hence

/ w(x)Ll(X)dx—/ " (L1 (x)dx
9 gin

- C[ fn PO = ﬁ ‘/’*(x)Lo(x)dx}
= C(Ol — Ol*) >0 (Since o < Ol),

Hence [, (¥)L1(x)dx = E19(X) > E19*(X) = [, ¢*(®)Li(x)dx. A

IR

This theorem has the following corollary, according to which the power
of the MP test ¢ cannot be < «; not very much to be sure, but yet somewhat
reassuring.

COROLLARY For the MP test ¢, 7,(1) = E19p(x) > «.

PROOF  Just compare the power of ¢ with that of ¢* = o whose level of
significance and power are both equal to . A

REMARK 3 The theorem was formulated in terms of any two p.d.f.’s f; and
J1 as the two possible options for f. In a parametric setting, where f is of the
form f(-;0), 8 € Q C N, r > 1, the p.d.f.’s f; and f; will correspond to two
specified values of 0; 6, and 01, say. That is, fo = f(:; 6p) and f; = f(:; 01).
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The following examples will help illustrate how the Neyman-Pearson
Fundemental Lemma actually applies in concrete cases.

On the basis of a random sample of size 1 from the p.d.f. f(x;6) = 02’1, 0 <
r<1@ > 1)

(i) Use the Neyman—Pearson Fundamental Lemma to derive the MP test for
testing the hypothesis Hy: 6 = 0, against the alternative Hy: 6 = 6; at
level of significance «.

(ii) Derive the formula for the power 7 (6;).
(iii) Give numerical values for parts (i) and (ii) when 6) = 4and 6; = 6, 6; = 2;
take o = 0.05.

DISCUSSION In the first place, the given function is, indeed, a p.d.f., since
iy 029 1dx = ”|} = 1. Next:

(i) H, is rejected, if for some positive constant C*:
91 -1

911‘ QQC*
> C*, or x" % >

90.%90_1 01

60 C*
, or (Gl—eo)logx>log<09 )
1

Now, if 61 > 0, this last inequality is equivalent to:

0,C* 1/(61—60) 0,C* 1/(61—60)
logx > log< 09 ) =logC |C= ( 09 ) ,
1 1

orx > C.If 0; < 6, the final form of the inequality becomes x < C. For
01 > 0y, the cutoff point is calculated by:

1
Py(X>0C)= / Gox"ldx = a®|f, =1-C* =@, or C=1-a)/%.
C
For 0, < 6y, we have:
P X <O =a%5=C"=a, or C=a'%,

Then, for 6; > 6y, reject Hy when x > (1 — &)'/%; and, for 6, < 6y, reject
H, when x < /%,
(ii) For 6; > 6,, the power of the test is given by:

1
() =Py, (X >C)= / 12" tdo = 2™, =1 - C", or
C
7(0) =1—(1—a)"% For 6, < 6, we have:
C
(@) = P91 (X <C) = / 91%9171(1‘%': x91|(()] = % = /0
0

That is,
70)=1—(1—a)% for6, > 6y; 7(6;) = /% for 6; < 6.
(iii) For 6; = 6, the cutoff point is:
(1 —0.05)* = 0.95°% ~ (.987,
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and the power is: 7(6) = 1 — (0.95)% ~ 1 — 0.926 = 0.074. For 0, = 2,
the cutoff point is: (0.05)"/4 = (0.05)*2?> ~ 0.473, and the power is: 7(2) =
(0.05)1/2 ~ (.224.

Im Refer to Example 6 and:

(i) Show thatthe Neyman—Pearson test which rejects the (simple) hypothesis
Hy: 6 = ) when tested against the (simple) alternative Hy g;: 6 = 61, for
some fixed 6; > 6, at level of significance «, is, actually, UMP for testing
H, against the composite alternative Hy: 0 > 6, at level of significance «.

(ii) Also, show that the Neyman—Pearson test which rejects the hypothesis
Hy: 6 = 6) when tested against the (simple) alternative H’ 1’4,91: 0 = 6y, for
some fixed 0; < 6y, at level of significance «, is, actually, UMP for testing
H, against the composite alternative I,: 6 < 6, at level of significance «.

(iii) Show that there is no UMP test for testing the hypothesis Hy: 0 = 6,
against the (double-sided) composite alternative H): 6 # 0, at level of
significance «.

DISCUSSION

(i) Indeed, by part (i) of Example 6, the MP test for testing Hy: 6 = 6, against
Hyp: 0 = 6 rejects Hy when x > (1 — o)/%, regardless of the specific
value of 0y, provided 6; > 6. Thus, this test becomes a UMP test when
Hy g, is replaced by Hy: 0 > 6.

(ii) Likewise, by Example 6(i), the MP test for testing Hy: 6 = 6, against
H) ,: 6 = 6; rejects Hy when x < «'/*, regardless of the specific value
01, provided 0; < 6y. Thus, this test becomes a UMP test when H' f’,, o IS
replaced by H): 6 < 6.

(iii) The rejection region for testing the hypotheses Hy: 0 = 6, against the
alternative Hy: 0 > 0y is R = ((1 — «)'/%, 1), and the rejection region for
testing Hy against H): 0 < 6y is Ry = (0, o'/%). Since these MP regions
depend on which side of 6, lie the alternative 0’s and are different, there
cannot exist a UMP test for testing Hy against H: 6 # 6.

I EXAMPLE 8 On the basis of a random sample of size 1 from the p.d.f. f(x;0) =1+ 92(% —

), 0<x<l —-1<6<1:

(i) Use the Neyman—Pearson Fundamental Lemma to derive the MP test for
testing the hypothesis Hy: 8 = 0 (i.e., the p.d.f. is U(0, 1)) against the
alternative H4: 0 = 6; at level of significance «.

(ii) Investigate whether or not the test derived in part (i) is a UMP test for
testing Hy: 6 = 0 against the alternative H;: 0 # 0.

(iii) Determine the test in part (i) for « = 0.05.
(iv) Determine the power of the test in part (i).

DISCUSSION First, the function given is a p.d.f., because it is nonnegative

and [;[1+6%(3 — @)]dw = 1+ 6%(3 — §) = 1. Next:
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(i) H is rejected whenever 1 + 912 % —x) > C*, orx < C, where C =
1 —(C* — 1)/6, and C is determined by Py(X < C) = «, so that C = a,
since X ~ U(0, 1) under Hyj. Thus, Hj is rejected when x < «.

(ii) Observe that the test is independent of 61, and since it is MP against each
fixed 6y, it follows that it is UMP for testing Hj against H: 6 # 0.

(iii) For o = 0.05, the test in part (i) rejects Hy whenever x < 0.05.

(iv) For 6 # 0, the power of the test is:

7)) =FX <a)= /O“|:1 +92<% - )]dx: %a(l —)f? + .

Thus, e.g., 7(£1) = ta(1 — @) + o, 7(£}) = ta(l — @) + @, which for
a = 0.05 become: 7 (+1) =~ 0.074, 7(+3) ~ 0.056.

-I 11.2.1 Exponential Type Families of p.d.f.’s

The remarkable thing here is that, if the p.d.f. f(:; 6) is of a certain general
form to be discussed below, then the apparently simple-minded Theorem 1
leads to UMP tests; it is the stepping stone for getting to those tests.

DEFINITION 1
The p.d.f. f(:;0),0 € Q C N, is said to be of the exponential type, if

f(;0) = C(0)e°DT@ x n(x), xeN, 4)

where @ is strictly monotone and % does not involve 0 in any way; C(6)
is simply a normalizing constant.

Most of the p.d.f.’s we have encountered so far are of the form (4). Here
are some examples.

m The B(n, 6) p.d.f. is of the exponential type.

DISCUSSION Indeed,
F@;0) = (1)o7 -0y L@, A={0,1,...,m,
where, we recall that I4 is the indicator of A; i.e., I,(x) = 1if x € A, and

Iy(x) =0if x € A°.
Hence

S 0) = (1= 0)" - MBI s (P (),

so that f(x;60) is of the form (4) with C(#) = (1 — 6)", Q) = log(l%g)
strictly increasing (since %(l(’fg) = (17;9)2 > 0 and log(-) is strictly increasing),
T(x) = x, and h(x) = () L1 (x).
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The P(#) p.d.f. is of the exponential type.

DISCUSSION Here

—0px

0
@), A=(0,1,..).

e
JS(x;0) =
Hence
1
S 0) =e " x 1807 x EIA(QC):

so that f(x; 6) is of the form (4) with C(9) = e~?, Q(0) = log 6 strictly increas-
ing, T(%) = &, and h(x) = 3 14(x).

The N(0, 6%) (6 known) p.d.f. is of the exponential type.

DISCUSSION In fact,

1 @0y 1 2 o a2
S(x;0) = e 202 = e 22 xell xe 207 |
V2mo Vemo

2
and this is of the form (4) with C'(0) = ﬁe_z%, Q(0) = % strictly increasing,
T(x) = x, and h(x) = e*'/20",

The N(u, 6) (u known) p.d.f. is of the exponential type.

DISCUSSION Here

1
V20

1 2
1
e //«)’

S(x;0) =

and this is of the form (4) with C(#) = ﬁ, RO) = —% strictly increasing
(since L(—5) = 55 > 0), T(x) = (x — w)?, and h(x) = 1.

-I 11.2.2 Uniformly Most Powerful Tests for Some Composite Hypotheses

THEOREM 2

We may now proceed with the formulation of the following important results.

Let X3, ..., X,, be arandom sample with exponential type p.d.f. f(x; ),
0 eQCNie.,

f(x;0) = C(0)e®DT@ » p(x), xeN,
and set V(xy, ..., 2,) = Y i, T(x;). Then each one of the tests defined

below is UMP of level « for testing the hypothesis specified against the
respective alternative among all tests of level < «. Specifically:
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(i) Let Q be strictly increasing.
Then for testing Hy: 6 < 6, against Ha: 6 > 6y, the UMP test is
given by:

1 if V..., %) > C

@, ..., %)=y if V(x,...,2,)=C (5)
0 ifV(xly‘-',xn)<Cy

where the constants C and y (C > 0, 0 < y < 1) are determined by:
Epo(Xi, ..., Xp) = P [V(Xy, ..., Xy) > C]
+yPylV(Xy, ..., X»)=Cl=0a. (6)
The power of the test is given by:
my(0)=Fy[V(Xy, ..., X)) >Cl+yB[V(Xy, ..., X,) =C] (6> 6).
(N
If the hypothesis to be tested is Hy: 6 > 6, so that the alternative
is H4: 0 < 6, then the UMP test is given by (5) and (6) with reversed
inequalities; i.e.,
1 if Vo, ...,x) <C
p@, ..., %)=y if V(x,...,x)=C ®
0 if V(ay,...,3) > C,
where the constants C and y (C > 0, 0 < y < 1) are determined by:
Eoo(X1, ..., Xn) = Py [V(Xy, ..., Xy) < C]
+yP[V(Xy,..., X)) =C] =«. €))
The power of the test is given by:
Ty(0)=FPy[V(Xy, ..., Xp) <Cl4+yP[V(Xy, ..., X,)=C] (0 <6h).

(10)

(ii) Let Q be strictly decreasing.
Then for testing Hy: 6 < 6, against Ha: 6 > 6y, the UMP test is
given by (8) and (9), and the power is given by (10).
For testing Hy: 6 > 6y against Hy: 6 < 6y, the UMP test is given
by (5) and (6), and the power is given by (7).

PROOF (Just Pointing Out the Main Points)  The proof of this theorem is based
on Theorem 1 and also the specific form assumed for the p.d.f. f(:;6). As
a rough illustration, consider the case that @ is strictly increasing and the
hypothesis to be tested is Hy: 6 <6,. For an arbitrary 6, < 6, it is shown that
Eyo(Xy, ..., X,) < «. Thisestablishes that Eyp(Xj, ..., X)) < aforalld < 6,
so that ¢ is of level «. Next, take an arbitrary 8; > 6, and consider the problem
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of testing the simple hypothesis Hj: 6 = ) against the simple alternative Hy i:
0 = 6;. Itis shown that the MP test, provided by Theorem 1, actually, coincides
with the test ¢ given by (5) and (6). This shows that the test ¢ is UMP. The

same reasoning applies for the remaining cases. A

Figures 11.2 and 11.3 depict the form of the power of the UMP tests for the

one-sided hypotheses Hy: 0 < 6y and Hy: 6 > 6.

Figure 11.2

H(): 0 S 00, HA:
0 > 0y: The Power
Curve

Figure 11.3

H(): (7] Z 00, HA:
0 < 0y: The Power
Curve

7(6)
1 -
1 }05
L 0
7(0)
1 -
all
|
' 0
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THEOREM 3
Let Xi, ..., X, be a random sample with p.d.f. as in Theorem 2, and let
V(x, ..., 2,)be as in the same theorem. Consider the problem of testing
the hypothesis Hy: 0 < 6; or6 > 6, against the alternative H:0; < 0 < 6,
at level of significance «. Then the tests defined below are UMP of level
a among all tests of level <w«. Specifically:

1) If Q is strictly increasing, the UMP test is given by:

1 if Ci<V(x,...,x,) <Cs
)4t if V(xl’ B {I/'n) =0

V2 if V(.%'l, ey .%'n) = Cz

0 otherwise,

an

(p(xly 7xn) =

where the constants C;, Cs and yy, y» (C; > 0,Cy > 0, 0 < y; < 1,
0 < y» < 1) are determined through the relationships:

Ego(X1, ..., X,) = Py [C1 < V(X], ..., X,) < Cy]
+nPy[V(Xy, ..., X)) = Ci]
+ Py VX1, ..., X,) =Cs] =a, (12)
Ego(X1, ..., X,) = Py[C1 < V(X], ..., X)) < Cy]
+nP[V(X, ..., X,) = Ci]
+ 1P [V(X1, ..., X,) =Cs] = . (13)
The power of the test is given by:
,(0) = B[C1 < V(Xy, ..., Xp) < Col + i B[V(Xy, ..., Xn) = C1]
+1eB[V(Xy, ..., X)) = Cs] (61 <0 < 6a). (14)

(ii) If @ is strictly decreasing, then the UMP test is given by (11) and
(12)—(13) with reversed inequalities; i.e.,

1 if V(x,...,2,) <CrorV(xy,...,x,) > Cs
i if V@, ..., %) =C1

vo if V(x, ..., %) =C2

0 otherwise,

@, ..., Tp) =
(15)
and the constants C1, Cs and yy, y» are determined by:
Epo(Xy, ..., Xp) =Py [V(Xy, ..., X)) <Cror V(Xy, ..., X,) > Cy]
+ Py [V(Xy, ..., X,) = Ci]
+ 9P [V(Xy, ..., X,) =C] =« (16)
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Epo(X1, ..., Xn) = Pp[V(Xy,..., X)) <Ciror V(Xy, ..., X,) > Cy]
+ P, [V(Xy, ..., Xp) = Cy]
+ 1Py [V(Xy, ..., X)) = Co] = . 17
The power of the test is given by:
my(0) = B[V(Xy, ..., X)) < Cror V(Xy, ..., X,) > Cs]
+nB[V(Xy, ..., Xp) = Cll + »B[V(XL, ..., Xy) = G
(61 <6 <6). (18)
The power of the UMP test is depicted in Figure 11.4.

Figure 11.4

Hy:0 < 60,0r0 > ()
02, HA:

01 < 6 < 65: The
Power Curve

2.1 If X;, ..., Xi6 are independent r.v.’s:

(i) Construct the MP test of the hypothesis Hj: the common distribu-
tion of the X;’s is N(0, 9) against the alternative H,4: the common
distribution of the X;’s is N(1, 9); take o = 0.05.

(i) Also, determine the power of the test.

2.2 Let X1, ..., X,, be independent r.v.’s distributed as N(u, 02), where p is
unknown and o is known.
(i) Fortesting the hypothesis Hy: © = 0 against the alternative Hs: u =1,
show that the sample size n can be determined to achieve a given level
of significance o and given power 7 (1).
(i) Whatisthe numerical value of nfora = 0.05, 7(1) = 0.9 wheno = 1?
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2.3 (i) Let X3, ..., X, be independent r.v.’s distributed as N(u, 02), where
u is unknown and ¢ is known. Derive the MP test for testing the
hypothesis Hy: © = 1 against the alternative Ha: u = pa2 (2 > 1)
at level of significance «.

(ii) Find an expression for computing the power of the test.
(iii) Carry out the testing hypothesis and compute the power for n= 100,
02=4,p1 =3, uy=35,%=32 and « = 0.01.

2.4 Let X1, ..., X,, be independent r.v.’s distributed as N(u, o) with p un-
known and o known. Suppose we wish to test the hypothesis Hy: 1 = o
against the alternative Ha: u = 1 (1 > o).

(i) Derive the MP test for testing Hy against Hy.

(ii) Foragivenlevel of significance «,(< 0.5) and given power 7,,(> 0.5),
determine the cutoff point C,, and the sample size for which both «,,
and 7, are attained.

(iii) Show that o, — 0 and 7, — 1 asn — oc.
(iv) Determine the sample size nand the cutoffpoint C), for g =0, u; =1,
o =1,a, =0.001, and 7,, = 0.995.

2.5 Let X7, ..., X, be independent r.v.’s having the Gamma distribution with
a known and 8 unknown.
(i) Construct the MP test for testing the hypothesis Hy: 8 = B; against
the alternative Hy: 8 = B2 (B2 > fB1) at level of significance «.

(ii) By using the m.g.f. approach, show that, if X ~ Gamma (¢, 8), then
X1+ -+ X, ~ Gamma (nw, ), where the X;’s are independent and
distributed as X.

(iii) Use the CLT to carry out the test when n = 30, « = 10, f; = 2, B2 =
3, and o = 0.05.
(iv) Compute the power of the test, also by using the CLT.

2.6 Let X be ar.v. with p.df. f(x;0) = 2e=/?, x>0, 6 € @ = (0, 00).

(i) Referto Definition 1in orderto show that f(-; 0)is of the exponential
type.

(ii) Use Theorem 2 in order to derive the UMP test for testing the hy-
pothesis Hy: 6 > 0, against the alternative Hy: 6 < 6, at level of
significance «, on the basis of the random sample X3, ..., X,, from
the above p.d.f.

(iii) Use the m.g.f. approach in order to show that the r.v. ¥ = 2 x
(O-%, X;)/0 is distributed as x2,.

(iv) Use parts (ii) and (iii) in order to find an expression for the cutoff
point C and the power function of the test.

(v) If 6y = 1,000 and o = 0.05, determine the sample size n, so that the
power of the test at 6; = 500 is at least 0.95.

2.7 The life of an electronic equipment is a r.v. X whose p.d.f. is f(x;0) =
e x>0, 0 e Q=(0,00),and let £ be its expected lifetime. On the
basis of the random sample X1, ..., X, from this distribution:
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(i) Derive the MP test for testing the hypothesis Hy: £ = ¢, against the
alternative Hy: € = £1 (€1 > ) at level of significance «, and write
the expression giving the power of the test.

(i) Use the m.g.f. approach in order to show that the r.v. ¥ = 26 x
O-F | X,) is distributed as xZ,.

(iii) Use part (ii) in order to relate the cutoff point and the power of the
test to x 2-percentiles.

(iv) Employ the CLT (assuming that 7 is sufficiently large) in order to
find (approximate) values for the cutoff point and the power of the
test.

(v) Use parts (iii) and (iv) in order to carry out the test and also calculate
the power when n = 22, £y = 10, £; = 12.5, and o = 0.05.

2.8 Let X be a r.v. whose p.d.f. f is either the U(0, 1), to be denoted by
Jfo, or the Triangular over the interval [0, 1], to be denoted by f; (that
is, filx) = dxfor 0 < & < §; fi(x) =4 —4dawfor § < x < 1, and 0
otherwise).
(i) Test the hypothesis Hy: f = fj against the alternative Hy: f = fi at
level of significance o = 0.05.
(ii) Compute the power of the test.
(iii) Draw the picture of f] and compute the power by means of geometric
consideration.

2.9 The number of times that an electric light switch can be turned on
and off until failure occurs is a r.v. X, which may be assumed to have
the Geometric p.d.f. with parameter 0; i.e., f(x;0) = 0(1 — )" 1, x =
1,2,...,0 e 2=(0, 1).

(i) Referto Definition 1in ordertoshow that f(-; 6)is of the exponential
type.

(ii) Use Theorem 2 in order to derive the UMP test for testing the hy-
pothesis Hy: 6 =6, against the alternative H4: 6 > 6, at level of sig-
nificance «, on the basis of a random sample of size n from the p.d.f.
S5 0).

(iii) Use the CLT to find an approximate value for the cutoff point C.

(iv) Carry out the test if n = 15, the observed sample mean ¥ = 15,150,
0y = 1074 and o = 0.05.

2.10 Let X be ar.v. with p.d.f. f which is either the P(1) (Poisson with A = 1),
to be denoted by f;, or the fi(x) = 1/2**1 x = 0, 1, .... For testing the
hypothesis Hy: f = fp against the alternative Hy: f = f; on the basis of
one observation X:

(i) Show that the rejection region is defined by: {x > 0 integer; 1.36 x
% > ('} for some positive number C.
(i) Determine the level of significance « of the test when C = 2.

Hint: Observe that the function g(x) = zi' is nondecreasing for x
integer > 1.
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11.3 Some Applications of Theorems 2 and 3

APPLICATION 1 The Binomial Case InreferencetoExample9withn =
1, we have T'(x) = x where x = 0, 1, and then in Theorem 2, V(xy, ..., x,) =
Yo and V(Xy, ..., X)) = Y1 X; ~ B(n,0). Since Q) = log(:%)
is strictly increasing, consider relations (5) and (6), which, for testing the
hypothesis Hy: 0 < 6, against the alternative Hy: 6 > 6y, become here:

1 ity ,%>C
@i, ., wm) =y YL 5=C 19
0 if Y 2 <C,

Ego(Xy, ..., Xp) = Py (X > O)+y B (X =C)=0a, X~ Bn, 6h). (20)

Relation (20) is rewritten below to allow the usage of the Binomial tables for
the determination of C and y; namely,

P X<CO)—yP,X=C)=1—-0«a, X~ B(n,6b). 21)
The power of the test is:
7y(0) = Py(X > C)+yPy(X =C)=1- Py(X < O)+yPy(X = 0),
© > 6y), X~ Bn,?¥6). (22)
Numerical Example Refer to Example 2 and suppose that n = 25, 6, =
100p% = 0.125, and o = 0.05.
DISCUSSION Here, for 6 = 6y, X ~ B(25, 0.125), and (21) becomes
Po125(X = C) — y Poazs(X = C) = 0.95.

From the Binomial tables, the value of C which renders Py 125(X < C) just
above 0.95 is 6 and Py 125(X < 6) = 0.9703. Also, Py 125(X = 6) = 0.9703 —
0.9169 = 0.0534, so that y = 2203-095 _ 00203 . () 3§ Thys, the test in (19)

0.0534 0.0534 —
is:
1 ifx>6
o, ..., %) =1038 ifxr=6
0 ifx < 6.

Reject outright the hypothesis that 100p% = 12.5% if the number of listeners

among the sample of 25 is 7 or more, reject the hypothesis with probability

0.38 if this number is 6, and accept the hypothesis if this number is 5 or smaller.
The power of the test is calculated to be as follows, by relation (22):

my(0.1875) ~ 1 — 0.8261 + 0.38 x 0.1489 ~ 0.230,
m,(0.25) ~ 1 —0.5611 + 0.38 x 0.1828 =~ 0.508,
m,(0.375) ~ 1 — 0.1156 + 0.38 x 0.0652 =~ 0.909.
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If we suppose that the observed value of X is 7, then the P-value is:
1—Py1os(X <7)+0.38P) 125(X =7) =1 —0.9910 4 0.38 x 0.0207 ~ 0.017,

so that the result is statistically significant.
Next, for testing the hypothesis Hj: 0 > 6, against the alternative H4: 0 < 6y,
relations (8) and (9) become:

1 if Y o<C
o, ..., m) =y if Y, x=C (23)
0 if ! % >C,
and

P X<C-D+yP,X=C)=0a, X= ZX’" ~ B(n, 6)). 24)
i=1

The power of the test is:
(@) =FPpX <C-1D+yPX=C) 0 <6), X~Bn6). (2b)
Numerical Example Refer to Example 1 and suppose that n = 25,
6o =10.0625, and @ = 0.05.
DISCUSSION Here, under 6, X ~ B(25, 0.0625), and (24) becomes
Poosas(X < C — 1) + y Pooeas(X = C) = 0.05,

sothat C = 0,and y Py oe25(X = 0) = 0.1992 y = 0.05. It follows that y ~ 0.251.
Therefore the hypothesis is rejected with probability 0.251, if x = 0, and is
accepted otherwise.

APPLICATION 2 The Poisson Case Inreferenceto Example 10, we have
T(x)=x, x = 0,1,..., and then in Theorem 2, V(x,...,2,) = >+ ; 2; and
V(X1 ..., X») = Y1 Xi ~ P(n). Since Q(0) = log¥ is strictly increasing,
consider relations (8) and (9) for testing Hy: 6 > 6y against Hs: 6 < 6y. They
become here:

1 i Y 4 <C
o@1, ..., k) =1y if>Y; x=C (26)
0 if Y, m>C,

Egpo(X1, ..., Xn) =Py (X <CO)+yPp(X=C)=a, X= iXi ~ P(nby),
or -
P X<C-1D+yPo(X=C)=0a, X~ P(nb). @27)
The power of the test is:

1,) =KX =C-D+yPhX=C) @=6) X~Pn. (28
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Unfortunately, no numerical application for Example 3 can be given as the
Poisson tables do not provide entries for 6, = 200. In order to be able to apply
the test defined by (26) and (27), consider the following example.

Let X1, ..., Xy beii.d. r.v.’s denoting the number of typographical errors in 20
pages of a book. We may assume that the X;’s are independently distributed as
P(0), and let us test the hypothesis Hy: 6 > 0.5 (the average number of errors
is more than 1 per couple of pages) against the alternative H: 0 < 0.5 at level
a = 0.05.

DISCUSSION In (27), X ~ P(10), so that
Pos(X = C =D+ yPs(X =C)=0.05

andhence C—1 =4 and Py5(X < 4) = 0.0293, Py5(X = 5) = 0.0671—-0.0293 =
0.0378. It follows that y = 2%9-00298 ~ (548 Therefore by (26), reject the
hypothesis outright if x < 4, reject it with probability 0.548 if x = 5, and

accept it otherwise. The power of the test is: For 6 = 0.2, X ~ P(4) and:
mp(0.2) = Po2(X < 4)+ 0.648P2(X = 5) = 0.6288 + 0.548 x 0.1563 ~ 0.714.

If the observed value x is 6, then the P-value is (for X ~ P)5(10)): P(X <5) +
0.548 Py 5(X = 6) ~ 0.102.

APPLICATION 38 The Normal Case: Testing Hypotheses About the
Mean Refer to Example 11 and observe that 7'(x) = x and Q(6) is strictly
increasing. Therefore the appropriate test for testing Hy: 6 < 6, against Hx:
6 > 6, at level of significance « is given by (5) and (6) with y = 0. That is,

1 if Y x>C
o, ..., w) = . (29)
0 otherwise,

or
1if ) o o
(0(.%'1, L) xﬂ) = ‘ . (29/)
0 otherwise,
because
n
a = Euo(Xy,...,X,) = P00<ZXi > 0)
i=1
[ﬁL(X—Qo) C —7L90:|
= P00 > )
o o/n
so that &% — z  and therefore

v
C = nby + 2,0 Vn; (30)

this is so, because @ = Z ~ N(0, 1), and recall that P(Z > z,) = «.
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Figure 11.5

Rejection Region of
the Hypothesis Hy:
6 < 6 (the Shaded
Area) in the Form
(29’) and the
Respective
Probability

N(O, 1)

The power of the test is given by:

o+ —‘/ﬁ(eg — 9)}

Ty(0) =1—D| 2 0 > 6, €2Y)

because, on account of (30):

JT(/,(Q) = Pg(Xn:Xi > C) = P9|:Zn:XL' —nb > n(by —9)+Za0'«/7_2:|
=1 =1
p[Eaiw o)
V(% —9)] 1 Q[Za n V(0 —9)]’

=P|:Z>za+
o o

since 29 = 7 ~ N(O, 1),

Numerical Example Inreference to Example 5, focus on patients treated
with the new treatment, and call ¥ ~ N(6, ¢2) (¢ known) the survival time.
On the basis of observations on n = 25 such patients, we wish to test the
hypothesis Hy: 6 <5 (in years) against Hy: 6 > b5 at level of significance o =
0.01. For simplicity, take o = 1.

DISCUSSION Herez, =200 =2.33,sothat C =256 x5+233 x1x5=
136.65. Thus, reject H, if the total of survival years is >136.65, and accept H
otherwise.

The power of the test is given by (31) and is:

For 0 = 5.5, 7,(5.5) = 1 — ®[2.33 + 5(5 — 5.5)] = 1 — ®(—0.17)
= ®(0.17) = 0.567495;

and for 6 = 6, 7,(6) = 1 — ®[2.33 4 5(6 — 5.5)] = 1 — ®(—2.67)
= ®(2.67) = 0.996207.
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If we suppose that the observed value of Z?il x; is equal to 138, then the
Pvalueis P(Y 72, X; > 138) = 1 — o(B5-12) — | — ¢(2.6) = 1 —0.995339 =
0.004661, so that the result is highly statistically significant.

APPLICATION % The Normal Case (continued) Testing Hypotheses
About the Variance RefertoExample 12, where T'(x) = (x—u)? (u known)
and Q is strictly increasing. Then, for testing the hypothesis Hy: 0% > 0'02 against
the alternative Hy: 0% < of (or 6 > 6 against 0 < 6 with 6 = 0% and 6y = o))
at level of significance «, the appropriate test is given by (8) and (9) (with
y = 0), and it is here:
. n 2
o, .., @) = {1 2= (32)

0 otherwise,

or
1if Y, (BL)? < o2
e, ..., ) = 2 (55) < i (32"
0 otherwise,
because
n
o= Eaggo(le CRR ) Xn) = PO'OZ |:Z(Xl - /*L)z < C]
i=1
(X —u\ C
= P(TZ Z ( ! M) < —2 ,
0 = oo o)
so that & = x2,_, and therefore
O'O y
C =04 K15 (33)

this is so, because Y | (F-£)2 ~ 2,

a0

Figure 11.6

Rejection Region of
the Hypothesis Hj: ey’
o% > 0'(2) (the !
Shaded Area) in the
Form (32") and the

Respective //J‘/ ’

Probability 0 2

n;1-o

By slightly abusing the notation and denoting by xﬁ also a r.v. which has
the X% distribution, the power of the test is given by:

2
o
mp(oz) = P(Xf; < 0—02)(3;1_0[), o? < 002, 34
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because, on account of (33):

n n Xi_ 2 C
n¢(02)=Paz|:Z(Xi—u)2<C:|:P02|:' ( a“) <;}

i=1

STLAAY ‘70 2 _ %
= P; Z pu ana =Pl x, < 2Xn1a’

=1

since 31 (51 ~ x;-

Numerical Example Suppose n = 40, 09 = 2, and o« = 0.025. For sim-
plicity, take u = 0.

DISCUSSION Here an v = X400975 = 24433 and C = 4 x 24.433 =
97.732. Thus, by means of (32), the hypothesis is rejected if 2?01 xz < 97.732,
and it is accepted otherwise.

For o = 1.25, for example, the power of the test is, by means of (34),
97.732
1 .5625)

= P(xi, < 62.548) = 0.986

7,(0%) = 7,(2.25) = P(Xfo <

(by linear interpolation).
If we suppose that the observed value of Zfi | 4% is 82.828, then the P-value
is
40 , 0/ x,\2
Py ;Xi <82.828) =P, ; <?> <20.707 | = 0.05,

which indicates strong rejection.

APPLICATION 5 The Normal Case (continued) Testing Further
Hypotheses About the Mean In reference to Example 11, T'(x) = x and
Q(0) is strictly increasing. Therefore, for testing Hy: 6 < 0; or 0 > 6, against
Hy: 0; < 6 < 6y at level of significance «, the test to be employed is the one
given by (11) and (12)-(13), which here becomes (y; = y» = 0):

1 ifCr <> 4 <Cy
Q@1 ..., X)) = { ' (35)

0 otherwise,

n
Epp(Xy, ..., X)) = Pel( <Y X< 02> =a,
’ (36)

n
Ego(Xy, ..., X)) = Pez( <> X;< Cz) =aq,

and )7 | X; ~ N(nb;, no?),i=1,2.
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For the purpose of utilizing the Normal tables, (36) are rewritten thus:

Cy —nb; C, —nb; .

The power of the test is calculated as follows:

Cy — 8 C1 —nb
n(p(e):@( i\/;j >—q>< ;\/;‘ > 61 <6 < ). (39)

Numerical Example In reference to Example 4, suppose n = 25,0, =
1, 6, = 3, and @ = 0.01. For simplicity, let us take o = 1.

DISCUSSION Here no; = 25, nb, = 75, and (37) yields:

Cy — 25 C1—25 Cy— 75 C1—175
<1>< - )—(D( - >=q>( - >—<1>< - ):0.01. (39)

Placing the four quantities Clg75, ng%, 01525, and 02525 under the N(0, 1)
curve, we observe that relation (39) obtains only for:
Ci—25  Cy—T75 d C;—-25  C—T75

an
5 5 5 5
whichimply that C; + Cs = 100. Setting C; = C, we have thenthat Cy, =100 — C,
and (39) gives:
B —-C C-25
<1>< 5 >—<I>( 5 >=0.01. (40)

From the Normal tables, we find that (40) is closely satisfied for C = 36.5.
So C; = 36.5 and hence Cy = 63.5, and the test rejects the hypothesis H
whenever 21221 x; is between 36.5 and 63.5 and accepts it otherwise.

The power of the test, calculated through (38), is, for example, for 6 = 2.5
and 6 = 2:

7,(1.5) = 7,(2.5) = 0.57926 and B, (2) = 0.99307.

3.1 (i) In reference to Example 8 in Chapter 1, the appropriate model is
the Binomial model with X; = 1 if the ith young adult listens to the
program, and X; = 0 otherwise, where P(X; = 1) = p, and the X;’s
are independent, so that X = Z?:I X; ~ B(n, p).

(ii) The claim is that p > p, some specified number 0 < py < 1, and the
claim is checked by testing the hypothesis Hy: p < p against the
alternative Hs: p > pp at level of significance «.

(iii) For py = 5%, n = 100, and « = 0.02, use the CLT to carry out the
test.

3.2 (i) In reference to Example 9 in Chapter 1, the appropriate model is
the Binomial model with X; = 1 if the ith item is defective, and 0
otherwise, where P(X; = 1) = p, and the X,’s are independent, so
that X = >/ | X; ~ B(n, p).



322 Chapter 11 Testing Hypotheses

(i) The process is under control if p < py, where py is a specified
number with 0 < py < 1, and the hypothesis to be checked is Hp:
p > po against the alternative Ha: p < py at level of significance «.

(iii) For py = 0.0625, n = 100, and « = 0.10, use the CLT to carry out the
test.

3.3 (i) Inreference to Example 10in Chapter 1, the appropriate model is the

Binomial model with X; = 1 if the ith flawed specimen is identified
as such, and X; = 0, otherwise, where P(X; = 1) = p, and the X,’s
are independent, so that X = Z?:l X; ~ B(n, p).

(ii) The electronic scanner is superior to the mechanical testing if p >
o, some specified py with 0 < py < 1, and this is checked by testing
the hypothesis Hy: p < py against the alternative Hy: p > py at level
of significance «.

(iii) For py = 90%, n = 100, and o = 0.05, use the CLT to carry out the
test.

3.4 (i) In a certain university, 400 students were chosen at random and
it was found that 95 of them were women. On the basis of this,
test the hypothesis Hj: the proportion of women is 25% against the
alternative H,: the proportion of women is less than 25% at level of
significance o = 0.05.

(ii) Use the CLT in order to determine the cutoff point.

3.5 Let X1, ..., X,,beindependent r.v.’s distributed as B(1, p). For testing the
hypothesis Hy: p < % against the alternative Hy: p > %, use the CLT in
order to determine the sample size n for which the level of significance
and power are, respectively, « = 0.05 and 7(7/8) = 0.95.

3.6 Let X be ar.v. distributed as B(n, 6),0 € Q@ = (0, 1).

(i) Use relations (19) and (20) to set up the UMP test for testing the
hypothesis Hy: 6 < 6y against the alternative Hy: 0 > 6, at level of
significance «.

(ii) Specify the test in part (i) for n = 10, 6, = 0.25, and o = 0.05.

(iii) Compute the power of the test for 6; = 0.375, 0.500.
(iv) For 6 > 0.5, show that: Py(X <C)=1—- P, y(X <n—C —1)and
hence (X =C)=P, (X <n—-C)— P, y(X <n—-C-1).

(v) Use part (iv) to compute the power of the test for 6; = 0.625, 0.875.

(vi) Use the CLT in order to determine the sample size n if 6, = 0.125,
a = 0.1, and 7(0.25) = 0.9.

3.7 (i) In reference to Example 12 in Chapter 1, the appropriate model to
be used is the Poisson model; i.e., X ~ P(L).

(ii) The safety level is specified by A < 200, and this is checked by testing
the hypothesis Hy: . > 200 against the alternative Hs: A < 200 at
level of significance «.

(iii) On the basis of a random sample of size n = 100, use the CLT in
order to carry out the test for « = 0.05.
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3.8 The number of total traffic accidents in a certain city during a year is a
r.v. X, which may be assumed to be distributed as P()). For the last year,
the observed value of X was x = 4, whereas for the past several years,
the average was 10.

(i) Formulate the hypothesis that the average remains the same against
the alternative that there is an improvement.

(ii) Refer to Application 2 in order to derive the UMP test for testing the
hypothesis of part (i) at level « = 0.01.

3.9 (i) In reference to Example 16 in Chapter 1, a suitable model would
be to assume that X ~ N(u1, 0%), Y ~ N(uz, 02) and that they are
independent.

(ii) Let uobe the known mean survival period (in years) for the existing
treatment. Then the claimisthat ;s > (o, and thisistobe checked by
testing the hypothesis Hy: us < o against the alternative Hy: (2 >
o at level of significance «.

(iii) Carry out the test if n = 100, ;o = 5, and o = 0.05.

3.10 The life length of a 50-watt light bulb of a certain brand is a r.v. X, which
may be assumed to be distributed as N(i, 0%) with unknown x and o
known. Let X, ..., X,, be a random sample from this distribution and
suppose that we are interested in testing the hypothesis Hy: u = o against
the alternative Hy: u < po at level of significance .

(i) Derive the UMP test.
(ii) Derive the formula for the power of the test.
(iii) Carry out the testing hypothesis problem when n = 25, uy = 1,800,
o =150 (inhours), « =0.01, and & = 1,730. Also, calculate the power
at u = 1,700.

3.11 The rainfall at a certain station during a year is a r.v. X, which may be
assumed to be distributed as N(u, 02) with  unknown and o = 3inches.
For the past 10 years, the record provides the following rainfalls:

21 =305, ap =341 a3=279, x4=294, x5=350,

xXe = 269, X7 = 302, xrg = 283, X9 = 317, X110 = 25.8.

Test the hypothesis Hy: u = 30 against the alternative Hy: u < 30 at level
of significance o = 0.05.

312 Let X;,7 =1,...,4and Y;,j = 1,...,4 be two independent random
samples from the distributions N(u1, 02) and N(us, 02), respectively.
Suppose that the observed values of the X;’s and the Y}’s are as follows:

x1=10.1, x2 =84, x3=143, x4=117,
Y1 = 90, Yo = 82, Y3 = 121, Yy = 10.3.
Suppose that o7 = 4 and oy = 3.

Then test the hypothesis that the two means differ in absolute value by
at least 1 unit. That is, if 6 = ©; — ue, then the hypothesis to be tested
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is Hy: |#] < 1, or, equivalently, Hy: 6 < —1 or 6 > 1. The alternative is
Hy:—1 <0 < 1. Take o = 0.05.

Hint: Set Z; = X;—Y;,sothatthe Z;’s are independent and distributed
as N(u, 25). Then use appropriately Theorem 3.

3.13 (i) Onthe basis of the independent r.v.’s X7, . .., Xo5, distributed as N(0,
0?), test the hypothesis Hy: ¢ < 2 against the alternative Hy: 0 > 2
at level of significance o = 0.05.
(i) Specify the test when the observed values x;’s of the X;’s are such
that Y2, 2 = 120.

3.14 The diameters of bolts produced by a certain machine are independent
r.v.’s distributed as N(u, 0%) with © known. In order for the bolts to be
usable for the intended purpose, the s.d. o must not exceed 0.04 inch. A
random sample of size n = 16 is taken and it is found that s = 0.05 inch.
Formulate the appropriate testing hypothesis problem and carry out the
test at level of significance o = 0.05.

11.4 Likelihood Ratio Tests

In the previous sections, UMP tests were constructed for several important
hypotheses and were illustrated by specific examples. Those tests have the
UMP property, provided the underlying p.d.f. is of the exponential type given
in (4). What happens if either the p.d.f. is not of this form and/or the hypotheses
to be tested are not of the type for which UMP tests exist? One answer is for
sure that the testing activities will not be terminated here; other procedures
are to be invented and investigated. Such a procedure is one based on the
Likelihood Ratio, which gives rise to the so-called Likelthood Ratio (LR) tests.
The rationale behind this procedure was given in Section 3 of Chapter 8. What
we are doing in this section is to apply it to some specific cases and produce
the respective LR tests in a usable form.

As already explained, LR tests do have a motivation which is, at least intu-
itively, satisfactory, although they do not possess, in general, a property such as
the UMP property. The LR approach also applies to multidimensional parame-
ters and leads to manageable tests. In addition, much of the work needed to set
up a LR test has already been done in Section 1 of Chapter 9 about MLE’s. In our
discussions below, we restrict ourselves to the Normal case, where exact tests
do exist. In the next chapter, we proceed with the Multinomial distribution,
where we have to be satisfied with approximations.

The basics here, as we recall from Chapter 8, Section 8.3, are as follows:
X1, ..., X, is a random sample from the p.d.f. f(:;0), 6 € Q C R, r > 1,
and w is a (proper) subset of ©2. On the basis of this random sample, test the
hypothesis Hj: 8 € w at level of significance «. (In the present framework, the
alternative is Hy: 6 ¢ o, but is not explicitly stated.) Then, by relation (8) in
Chapter 8 and the discussion following it, reject Hy whenever

A < Ao, Where L is a constant to be specified, (€2Y)
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or

g(x) > g(ho), or g(r) < g(rg), for some strictly monotone function g; (42)

g(A) = —21log X is such a function, and Hy may be rejected whenever
—2log A > C, a constant to be determined (43)
(see relation (10) in Chapter 8).
Recall that
L(®)
A:Ax,...,x = —X=, 44
(2 n) @ (44)

where, with x = (2, ..., ,,), the observed value of (X1, ..., X,.), L(Q) is the
maximum of the likelihood function L(@ | x), which obtains if 8 is replaced by
its MLE, and L(®) is again the maximum of the likelihood function under the
restriction that @ lies in w. Clearly, L(®w) = L(@w), where 8, is the MLE of 6
under the restriction that 0 lies in w. Actually, much of the difficulty associated
with the present method stems from the fact that, in practice, obtaining 0, is
far from a trivial problem.

The following two examples shed some light on how a LR test is actually
constructed. These examples are followed by a series of applications to normal
populations.

Determine the LR test for testing the hypothesis Hj: 6 = 0 (against the alterna-
tive Hy: 6 # 0) at level of significance « on the basis of one observation from
the p.d.f. f(x;6) = 1 X gy, @ €%, 6 > 0 (the Cauchy p.d.f)

DISCUSSION First, f(-; 0)is ap.d.f,, since

1 [ dx 1 [ dy
= — == —2_ (bysettingx — 6 =
nf_oo1+(x—9)2 nf_oo1+y2 (bysetting v =0 =)
1 /2
T J_n/2

sin’ ¢ 1
by setting y = tant, sothat1 +y> =1+ ——— ;
cos?t  cos?t

dy d (sint 1 T b4
=—— and—= <t < — |.
dt — dt\ cost cos?t 2 2

Next, clearly, L(0 | x)(=f(x; 0)) is maximized for 6 = x, sothat A = = x 1+_z¢ /
1= 1Jrﬁx,andk < Ao, if and only if 2> > A——l =C,orx < _Corx> C,
where C is determined through the relation: P(X <—CorX >C)=a,or

P(X > C) = § due to the symmetry (around 0) of the p.d.f. f(x; 0). But

1 d 1 [7/2 1
P(X>C):/ — x v :_[ dt:_(l_mnw):g,
c m® 1422 7 Juntc T\ 2 P)
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ortan"'C = hz"‘ﬂ, and hence C = tan(hz‘"ﬂ). So, Hy is rejected when-
ever ¥ < —tan(L_Z‘)‘ﬂ) orx > tan(hz‘"ﬂ). For example, for « = 0.05,C =

tan(0.475) >~ 12.706, and H, is rejected when x < —12.706 or x > 12.706.

Let X1, ..., X, be a random sample of size n from the Negative Exponential
p.df. f(x;0) =0e % x>0 (6 >0). Derive the LR test for testing the hypoth-
esis Hj: 6 = 6, (against the alternative Ha: 6 # 6,) at level of significance «.

DISCUSSION Here
LO|x)=0"" where x=(x,...,2x,)andt= le
i=1

We also know that the MLE of 6 is § = 1/& = n/t. Therefore the LR A is

given by:
A= 9(?69‘”/(7—1)”@” = (e—eo)nt"ee"t,
t n

and hence A < X, if and only if te Tt < Co(zn%g’;n). We wish to determine the
cutoff point Cy. To this end, set g(t) = te~% (d = 6,/n) and observe that g(t) is
increasing for 0 < ¢ < é = %, decreasing for ¢ > %, and attains its maximum
at t = n/0, (see Figure 11.7). It follows that te~% < Cy, if and only if ¢ < C; or
¢t > Cs. Therefore, by setting T = Y, X;, we have: PgO(Te‘%)T < Cp) = «a, if
and only if Py (T < Cy or T > Cy) = «. For simplicity, let us take the two-tail
probabilities equal. Thus,

o
PQO(T < Cl) = P(T > 02) = E

Figure 11.7
Graphical 9®
Determination of the
Rejection Region |
|
Co F====A--- ——
| | I
| | |
| | I
: : : t
0 c, nl6, Cy

By the fact that the independent X;’s have the f(x; 6y) = 6pe ®* p.d.f.
(under Hy), it follows that T is distributed as Gamma with « = nand 8 = %
Therefore its p.d.f. is given by:

O
)= "lem™ ¢ > 0.
Jr(@®) NG e, >

Then Cy and Cs are determined by:

c1 o0 o
/0 Fr(O)dt = fc =,
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In order to be able to proceed further, take, e.g., n = 2. Then
fr@®) = 62te™®' >0,

and

Cy
/ GZte™™" dt = 1 — e= — gyC1e~
0

o0
/ G2te=" dt = e=%%2 4 9yCoe~HC2,
Cy

Thus, the relations Py (T < C;) = Py, (T > C2) = g become, equivalently,

for a = 0.05:
0975e? —p=1, p=06,Cy; 0.025¢? —q =1, q = 6yCs.

By trial and error, we find: p = 0.242 and ¢ = 5.568, so that C; = 0.242/6,
and Cy = 5.568/6,. Thus, for n = 2 and by splitting the error « = 0.05 equally
between the two tails, the LR test rejects Hy when t(=x; + x2) < 0.242/6, or
t > 5.568/6y. For example, for 6y = 1, the test rejects Hy when t < 0.242 or
t > 5.568.

APPLICATIONS TO THE NORMAL CASE The applications to be dis-
cussed here are organized as follows: First, we consider the one-sample case
and test a hypothesis about the mean, regardless of whether the variance is
known or unknown. Next, a hypothesis is tested about the variance, regardless
of whether the mean is known or not. Second, we consider the two-sample
problem and make the realistic assumption that all parameters are unknown.
Then the hypothesis is tested about the equality of the means, and, finally, the
variances are compared through their ratio.

-I 11.4.1 Testing Hypotheses for the Parameters in a Single Normal Population

Here X1, ..., X, is arandom sample from the N(u, 02), and we are interested
in testing: (i) Hy: © = o, o known; (ii) Hy: © = po, o unknown; (iii) Hp:
o =0y (oro?= 002), w known; (iv) Hy: 0 = oy (or 62 = O'g), © unknown.
DISCUSSION

(i) Hy: @ = o, o known. Under H,
1 n
L(o) = (97 2) "2 L N2
(@) = @ro®)"exp| =5 i;(xl 10) |,
and
L) = @ro®) " exp| — 55y > @i —#F |, since jia = @
= 2no exp 552 2 x; —X)* |, since 1o = 2.
Forming the likelihood ratio A and taking —21og A, we have:

n = 2
~2logh = 25 3 (i~ o) — (@i — ) = [M} L)
=1
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Then

—2log ) > X, if and only if (some C = A(l)/z > 0),

. 2
|:\/7L(x ,U«O)] - o2
o
and this happens, if and only if

(& — o) -_C V(E — o) -

o o

C.

Under Hy, @ ~ N(0, 1), so that the relation

P[M < _C o VM —po)

o o

C] =a, gives C = Zy2.

Thus, the likelihood ratio test is:

1 if@ < —Zy2, or@ > Zy/2

(46)
0 otherwise.

(p(xly"')xﬂ)z{

Figure 11.8

Rejection Region of
the Hypothesis Hj in
(i) (the Shaded s N, 1
Areas), and the
Respective
Probabilities of
Rejection

/2 o/2

R 0 7

Since, for any u,

V(T — o)

(e

> 2,2 is equivalent to

«/ﬁ@z W «/TL(M; — 1) s @T)

and likewise

V(T — j10)

< —2Zy/2is equivalent to

V(T — 1) _ V(o — “)—za/z, 48)
o o

it follows that the power of the test is given by:

rp(u) =1 q{@ n za/z} n @[M - za/z}. (49)

Numerical Example Suppose n = 36, uo = 10, and let « = 0.01.
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DISCUSSION Here z,/2 = 2005 = 2.58, and, if o = 4, the power of the test
is:
For ju = 12, Y= _ 6(104_12) = —3, so that

T,(12) =1 — &(—-0.42) + $(—5.58) ~ ©(0.42) = 0.662757;
and for u = 6, 7,(6) =1 — &(8.568) + P (3.42) ~ 0.999687.

(ii) Hy: i = o, o unknown. Under Hy,

L@):(znag)-n/zexp[ 5% ZZm MO)Z} (nag)-”/zeXI)(_g),

wzl

and
¢ n
LS 52 2| = (2762 _n
&) = (2763)™" [ 21: x; — T) } néa) " exp( 2>,
since 62 = 13" (2, — po)* and 63 = 1 37 | (4; — ©)% Then

A2\ N/2 —\2
(UQ> or A2/m— > i1 (@ — @)
’ > i1 (6 — po)?

Observe that

Y @i o) =) (@i — D+ @ — p)l* =Y (@i — B + 0@ — po)’,
i=1 =1 =1

and set t = /n(T — Mo)/\/,ﬁ > (x; — T)% Then

32/ — i (i — 3 _ 1
Y1 (s — B + 0@ — w14 L
1 1

R hoe S L[——W‘”W ,]2
n-1 ﬁ Z?:l(xi —x)?
1
14 -2
Since g(A) = A¥/" is a strictly 1ncreasmg function of A, the LR test rejects Hy
when A2/" > C; or - rZ >Ciorl+ -5 < Cyort® < Csor, finally, t < —C or

t > C. Under Hy, the dlstrlbutlon of

nl

V(X — o)
A Y (X — X2

is ty—1. Since P, [t(X) < —=C, or t(X) > C] = «, it follows that C' = t,_14/2.
Therefore, the LR test is:

1(X) =

1 ift < =ty /2, Ol >ty 1,072
Q@1 .., 2p) = { ) * (50)

0 otherwise,
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where

1 n
= 1) = V@ - o) / — > i -2, 51
i=1

Figure 11.9

Rejection Region of
the Hypothesis Hy in
(ii) (the Shaded
Areas), and the
Respective
Probabilities; Here A
C =l 1,012 —C

SIS

Numerical Example If n = 85 and o = 0.01, we find that ¢, 1,42 =
l34:0.005 = 2.6356. Thus, the testrejects Hy whenever tis <—2.6356 ort > 2.6356.

(iii) Hy: 0 = 0¢ (or 0% = =0} ), n known. Under H,,

. 1
L@) = (2r0d) e [—2702 D @i— u)z},
=1

and
A ~2 S 2 —n/2 n
L&) = (2762) 7" Z — 1) (2763) """ exp -5 )
i=1
since 63 = 1 37 | (4; — )% Therefore
95 " /2 1 ¢ 2
r=|— e e —-— X —
(U(%) Xp[ 207 ;( i u«)}

22 2
— o2 li(ﬁﬁ—ﬂ) exp 1 - (xi—ﬂ)
ni3 00 2= 90

n 2
e"? erXp( nzu), Whereule(xi’_M> .
n (o))

i=1

The function & = A(u), u > 0, has the following properties:

A(w) is strictly increasing for 0 < u < 1,
A(u) is strictly decreasing for u > 1,

max{i(u); 0 <u < oo} =A(1)=1, and 52)
ru) — 0, as u — oo, and, of course,
A(0)=0

On the basis of these observations, the picture of A() is as in Figure 11.10.
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Figure 11.10

Graphical A(u)
Determination of the
Rejection Region

0Cy 1 Co

Therefore A(u) < Ag if and only if u < Cy, or u > Cs, where C; and C» are
determined by the requirement that

1N/ X —p)\°
P,(U<Cy, orU>C)=a, U=-)" :

ni3 90

However, under Hj, Z?ZI(X;—;")Z ~ xZ, so that U = £ with X ~ xZ2. Then
P,U < CorU = Cy) = P, (X <nCy,or X > nCy) = «, and, for con-
venience, we may take the two-tail probabilities equal to §. Then nC; =
Xfl;l_a j2 N0 = X')%;a J2- Summarizing what we have done so far, we have:

. w2 2
1 if Z?:l(%g_oﬂ) = X72L;1—w/27 or y i, (%UOM) > Xz;a/2

0 otherwise.

(0(9017‘-~,95n)={

(53)

Figure 11.11

Rejection Region of
the Hypothesis Hy in
(iii) (the Shaded
Areas), and the
Respective
Probabilities; Here
Cl = szl;l—%’ Cg =

2
Xn;

Numerical Example Forn = 40anda = 0.01, we find Xilfa 2= Xfo;o.g% =
20.707 and X2, 5 = Xio.0005 = 66.766. Therefore the test rejects Hy whenever
Y ity (P21 )2 is either < 20.707 or > 66.766.

(iv) Hy: 0 = oy (or 02 = 0), p unknown. Under o,

_ 1
L(®) = (27103) n/2 exp|: - Z(xi - o"c)zi|, since fi, = %,
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and

L(Q) = (2762) ™" exp|:

- 07| = ety o),

i=1

since 63 = 1 37 | (% — %)% Therefore
62 n/2
A= <0—§> e"? exp Z(:Q 7 |,

and then proceed exactly as in the previous case with u = 1 ZZ l(xl LTY2 i
order to arrive at the following modified test; namely,

. )2 2 =72
1 if Z:L:l(x7a_()x) = Xn-1:1-a/20 OF Zy:l (x?”ox)
(p(xla RS} xn) = Z)(2*1'0‘/2 (54)
0 otherwise.

Figure 11.12

Rejection Region of
the Hypothesis Hj in
(iv) (Shaded Areas),
and the Respective
Probabilities; Here
C = szz—l;l—g’

G = Xﬁ—l;%

Numerical Example With the values of n and « as in the previous case
(’n = 40, « = 0.01), we find xn Lloajz = X390995 = 19.996 and xn Lz =
X39:0.005 = 65.476, so that the test rejects Hy whenever ) ;_, (== LTy js < 19.996
or > 65.476.

-l 11.4.2 Comparing the Parameters of Two Normal Populations

Here, we have two independent random samples Xj, ..., X,, ~ N(u1, 612) and
Yi,..., Yn ~ N(ue, 022) with all parameters unknown. The two populations are
compared, first, by way of their means, and second, through their variances.
When comparing these populations through their means, it is necessary from a
mathematical viewpoint (i.e., in order to be able to derive an exact distribution
for the test statistic) that the variances, although unknown, be equal.

(i) Hy: 11 = 2 = u, say, unknown, oy = oy = o, say, unknouwn.
The (joint) likelihood function of the X;’s and the Y;’s here is

@mo®) "t/ exp{—i2 [ D@ — )+ Y (- m)ﬂ } (55)
=1

20 =
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Maximizing (55) with respect to 1, iz, and o2, we find for their MLE’s:

=% p2=9 65= [Zm B+ (- y)ﬂ. (56)
i=1 j=1

m—+mn

Hence

L&) = (2762)" exp(—m; ") 57

Next, under Hy, the (joint) likelihood function becomes

1 m n
Qo) exp{ —53 [ do@i— P+ (Y- u)ﬂ } (58)
i=1 j=1

from the maximization (with respect to  and o) of which we obtain the MLE’s

mx + ny
Ao = m+n(zx7+zyj>_ mtn

(59)
1

AuZ) - m4+n |: Z(x? :u'w)z + Z(y] /J/a))zj|

Inserting these expressions in (58), we then have
L@) = (27627 exp (—m; ") . (60)

Thus, the likelihood function becomes, on account of (57) and (60),

min

~9 A2
O, O,
= (-9 , or MO = 8 (61)
aw
Next,

Y@= =Y [ — B+ @ — )P =) (@ — B +mE - 1)’
i=1 i=1 i=1

Ui B _ mIT+ny _ mn2(x — §)?
= ;(x@ — 93)2 + m(x > Z(&% )2 + W,

and likewise,

- . - o (T — g
;(yj — L) = ;(yj -9+ W

Then, by means of (56) and (59), 62 is written as follows:

5 1 |: " Y _ 2i| m2(x — §)* + m*n(x — §)
> = @i—2"+ ) W —9° |+
2 >

T m+n ~ (m+n)y?

_s2a mn(x — §)>(m+n) s mn(x — 9)°
@ (m+ n)? 27 (m+n)?

(62)
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Therefore (61) yields, by way of (62) and (56),

02 1
AZ/(m—&—n) — Q _ = _
LGS R
= U
C(mtnp [ °
m n -1
= {1 + (x )N / [Zm —+ ) (Y- @2} }
i=1 Jj=1
= 1+ (x §)*/(m+mn—2) x 1
B Y m+mn— 2
m n -1
x Z(xi —B+ ) (Y- @)Z} ]
| =1 j=1
2 -1
m-&-n(x y)
= |1+ (m+n—2)
\/M[ D — D35 (5 — 97
1 -
= (1 + —) , Where
m+n—2
mn 1 u -
t=t — v — i - - . )2 )2 .
@Y=\ @) / pra— [;@c ) +;<y] 7) }
(63)
So, A2/m+n) — (1+m+n ) 'andhence s = (1+m+n —L__)~"3*.Since Aisstrictly

decreasing in 2, the LR test rejects Hy, whenever > > C; or, equivalently,
t < —Cort > C.The constant C is to be determined by

Pylt(X,Y) < —C, ort(X,Y) > C] = q, (64)

where t(X, Y) is taken from (63) with the x;’s and the ¥;’s being replaced by
the r.v’s X;’s and Y;’s. However, under Hy,

t(X, Y) ~ tnn-2, (65)

so that (64) yields C' = t,:4—2,4/2. In conclusion, then,

1 ift(xy y) < _tm+n—2;a/2a or t(x7 y) > tm+n—2;a/2

66
0 otherwise, (66)

p(x, y) = {

where t(x, y) is given by (63).
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Figure 11.13

Rejection Region of
the Hypothesis Hy in
(i) (Shaded Areas),
and the Respective
Probabilities; Here
C= tm+n—2;%

t

m+n—2

Numerical Example For m = 40,n = 50, and « = 0.01, we get
bmsn—2072 = tsg0005 = 2.6329, and hence the hypothesis about equality of
means is rejected whenever |t(x, y)| > 2.6329.

(i) Hy: 01 = 03 = 0, say (or o} = 0 = 02, say), ju1, pta unknown. The (joint)

likelihood function of the X;’s and Y;’s is here

mtn —my —n, 1 Ul 1 "
@m)~" (0F) " (03) ™" exp [——2 D @i - )= > (- u2)2]~
207 = 204 =
(67)

Maximizing (67) with respect to all four parameters, we find the following
MLE’s:

A o o 1 & Lo, 1 ]
e =4, fao =7 6ig=—> @i—3 &g=—> (4 -9 (69
i=1 =1

Then

A min g . — N —vy +
L) = @r) " (624) ™ (624) exp<—m2 ”) (69)

Under H, the likelihood function has the form (55), and the MLE’s are already
available and given by (56). That is,

o= Moo= 6l,= — n[Zm —B+ ) (Y- y)ﬂ. (70)
i=1 j=1

Therefore,

_min

L) = @n) "% (62,) exp(—m+n). (71)

2
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For simplicity, set Y ;" (% — #)* = a, Y_}_;(y; — %)* = b. Then the LR is,
by means of (68) through (71),

L (6fg)m/ 2(639)"/ 2 B 2 g2 g 2 2
a (62,)" "2 = (mt n)-m2(q )i/
(n+ ™2 (a/b)" . (mn)/2
= 22 X (mtn)/2 (dividing by p""")/=)
(1+73)
m/2
_ e [(G) (G 5]
- /20712 1 2
" " [ (m 1)(m l/n 1)]
2
(m+ m)m/2 (2= u)m/ a b
T X SESINCTTEL where u = 1/ a1
(1 + n—1 'LL)
So
(m+n)/2 (mf 1u)m/2
_ _(m+n) ns . -
b= = mm/2pn/2 14 m=1 (m+n)/2’ u=0. (72)
( + nflu)

The function A(w) has the following properties:

A(0) =0and A(u) — 0, asu — o0,

diu)‘(u) =0foru=wuy = mmn—1)

d
w1y aa(W) > 0foru < ug, and 3
d .

L) (w) < 0 foru > ug, so that A(u) is

maximized for v = uy, and A(uy) = 1.

On the basis of these properties, the picture of A(w) is as in Figure 11.14.

Figure 11.14
The Graph of the Aw)
Function A\ = A\(u)
Given in Relation 1r
(72)
)’0 ____________________
g L u
0 G mn -1 Cy
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Therefore A(u) < Ag, if and only if w < Cy or u > C5, where C; and C; are
determined by the requirement that

Y (X — X/ (m—1)
Y —YR /-1

Py, (U <Cy, orU > Cy) =a, where U= (74)

Figure 11.15

Rejection Region of
the Hypothesis Hy in
(ii) (Shaded Areas),
and the Respective
Probabilities; Here
C= Fm—l,n—l;l—%’

C2 = Fp1n-1;8

Under Hy, U ~ F,,_1,-1, and this allows the determination of Cy, Cs. For
simplicity, we may split the probability « equally among the two tails, in which
case

Ci1 = Fu1,n-1;1-a/2, Co = Fy1,n—10/2-

To summarize then, the LR test is as follows:

1 ifulx, y) < Fu1n—11-a/2, OY WX, Y) > Fp 1 n—1:0/2

p(x, y) = { (75)

0 otherwise,

where
(g — &) /(m—1)
YW= 9P/ (=1

Numerical Example Letm = 13, n = 19, and take o = 0.05.

u(x, y) = (76)

DISCUSSION 1If X~ Fi31s, then we get from the F-tables: P(X >

Fia180025) = 0.025, or P(X < Fiz180025) = 0.975, and hence Fiz180025 =

2.7689. Also, P(X < Fi2180975) = 0.025, or P(X > F12180975) = 0.975, or P()l( <
7———) = 0.975. But then  ~ Figys, and therefore ——— = 3.1076, and
12,18;0.975 » 12,18;0.975

hence Fisi80975 =~ 0.3218. Thus, the hypothesis H is rejected whenever

u(x, y) < 0.3218, or u(X, Y) > 2.7689, and it is accepted otherwise.

4.1 A coin, with probability 6 of falling heads, is tossed independently 100
times and 60 heads are observed. At level of significance o« = 0.1:
(i) Use the LR test in order to test the hypothesis Hjy: 6 = 1/2 (against
the alternative Hy: 0 # 1/2).
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(ii)) Employ the appropriate approximation (see relation (10) in Chapter
8) to determine the cutoff point.

4.2 Let X, X5, X3 be independent r.v.’s distributed as B(1, 6), 6 € 2 = (0, 1),
and let t = a1 + a2 + a3, where the x;’s are the observed values of the
qu’S.

(i) Derive the LR test A for testing the hypothesis Hy: 6 = 0.25 (against
the alternative Hy: 6 # 0.25) at level of significance o = 0.02.

(ii) Calculate the distribution of A(7") and carry out the test, where T' =
X1+ Xo + Xs.

4.3 (i) In reference to Example 15 in Chapter 1, the appropriate model to
be employed is the Normal distribution N(u, o) (with & > 0, of
course).

(ii) If wo is the stipulated average growth, then this will be checked by
testing the hypothesis Hy: © = uo (against the alternative Hy: u #
o) at level of significance «.

(iii) On the basis of a random sample of size n, use the likelihood ratio
test to test Hy when n = 25, up = 6 inch, and « = 0.05.

4.4 (i) Inreferenceto Example 17in Chapter 1, an appropriate model would
be the following. Let X; and Y; be the blood pressure of the ith
individual before and after the use of the pill, andset Z; = Y;— X;, 7 =
1, ..., n. Furthermore, it is reasonable to assume that the X;’s and
the Y;’s are independent and Normally distributed, so that the Z;’s
are independently distributed as N(u, o).

(ii)) With u denoting the difference of blood pressure after the usage of
the pill and before it, the claim is that © < 0. This claim is checked by
testing the hypothesis Hy: 1 = 0 (against the alternative Hy: u # 0,
with the only viable part of it here being 1« > 0) atlevel of significance
o, by using the likelihood ratio test.

(iii) Carry out the test if n = 90 and o = 0.05.

4.5 In reference to Example 25 in Chapter 1:

(i) Fori=1,...,15 let X; and ¥; be the heights of the cross-fertilized
plants and self-fertilized plants, respectively. It is reasonable to as-
sume that the X;’s and the ¥;’s are independent random samples with
respective distributions N(u1, 02) and N(uz, o) (the estimates of
012 and 022 do not justify the possible assumption of a common vari-
ance). Setting Z; = X; — Y;, we have that the Z;’s are independent
and distributed as N(u, 0%), where u = u; — 2, 02 = o + o3.

(i) Theclaimisthat x > 0,andistobe checked by testing the hypothesis
Hy: © = 0 (against the alternative H,: 1 # 0, with the only viable
part of it being that © > 0) at level of significance «, by using the
likelihood ratio test.

(iii) Carry out the test when o = 0.05 and o = 0.10.

4.6 The diameters of certain cylindrical items produced by a machine are
r.v.’s distributed as N(u, 0.01). A sample of size 16 is taken and it is found
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that ¥ = 2.48 inches. If the desired value for u is 2.5 inches, formulate
the appropriate testing hypothesis problem and carry out the test if « =
0.05.

4.7 Amanufacturer claims that packages of certain goods contain 18 ounces.
In order to check his claim, 100 packages are chosen at random from a
large lot and it is found that ;%) a; = 1,752 and Y% 2% = 31,157.
Assume that the observations are Normally distributed, and formulate
the manufacturer’s claim as a testing hypothesis problem. Carry out the
test at level of significance « = 0.01.

4.8 The breaking powers of certain steel bars produced by processes A and B
arer.v.’s distributed as Normal with possibly different means but the same
variance. A random sample of size 25 is taken from bars produced by each
one of the processes, and it is found that & = 60, s, = 6, ¥ = 65, s, = 7.
Test whether there is a difference between the two processes at the level
of significance o = 0.05.

4.9 (i) Let X;,¢=1,...,9and Y}, j = 1, ..., 10 be independent r.v.’s from
the distributions N(u1, o) and N(us, 02), respectively. Suppose that
the observed values of the sample s.d.’s are s, = 2, s, = 3. At level
of significance o = 0.05, test the hypothesis Hy: o1 = o2 (against the
alternative Hy: o7 # 03.)

(ii) Find an expression for the computation of the power of the test for
o] = 2 and 09 = 3.

4.10 Refer to Exercise 3.12, and suppose that the variances 012 and 622 are
unknown. Then test the hypothesis Hj: o; = o3 (against the alternative
Hy: 01 # 09) at level of significance o = 0.05.

4.11 The independent random samples X; and Y;, 72 = 1, ..., b represent resis-
tance measurements taken on two test pieces, and the observed values
(in ohms) are as follows:

x =0.118, 29 =0.125, x3=0.121, x4 =0.117, x5 = 0.120,
y =0.114, 1y, =0.115, y3=0.119, wy4=0.120, y5=0.110.

Assume that the X;’s and the Y;’s are Normally distributed, and test the
hypothesis Hy: o1 = o2 (against the alternative Hy: o1 # o02) at level of
signifince o = 0.05.

4.12 Refer to Exercise 4.11, and assume now that o1 = 09 = o, say, unknown
(which is supported by the fact that the hypothesis Hy: 01 = 02 was not
rejected). Then test the hypothesis Hy: u; = u2 (against the alternative
Hy: uy # o) at level of significance o = 0.05.

4.13 Consider the independent random samples X, ..., X,, and Y1,..., Y,
from the respective distributions N(u1, 0%) and N(us, 02) where o is
known, and suppose we are interested in testing the hypothesis Hy: 1 =
U2 = W, say, unknown (against the alternative Ha: u; # u2) at level of
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significance «, by means of the likelihood ratio test. Set x = (1, ..., Z)
and y = (u, ..., yp) for the observed values of the X;’s and the ¥;’s.
(i) Form the joint likelihood function L(u1, us | X, y) of the X;’s and
the Y;’s, as well as the likelihood function L(u | X, y).
(ii) From part (i), conclude immediately that the MLE'’s of n; and w2
are {11 = ¥ and [z = §. Also, show that the MLE of p is given by
Ly = "
(iii) Show that —2log A = mn(Z—5)?/o2(m+n), where » = L(&)/L(Q).
(iv) From part (iii), conclude that the likelihood ratio test —21log A > Cj
is equivalent to | — 3| > C(=0/(m+ n)Cy/mn).
(v) Show that C = z, 0,/ + L.
(vi) For any 1 and pe, show that the power of the test depends on
and ue through their difference ; — us = A, say, and is given by
the formula:

C—-A C+A
v=A el T2
o i+ N

(vii) Determine the cutoff point when m = 10,n = 15, ¢ = 1, and
a = 0.05.
(viii) Determine the power of the test when A = 1 and A = 2.

7(A)=2-9

2=
Y

4.14 In reference to Example 15, verify the results:
Gy
/ 9§t€79otdt =1- 6*9001 _ 9001679001,
0

/ Ote ' dt = e~ 4 GyCoe™MC2,
Cy
4.15 Verify expression (49) for the power of the test.

4.16 Verify the assertions made in expressions (52) about the function » =
r(w), u=>0.

4.17 Verify the assertion made in relation (56) that /i1, {2, and 63 are the MLE’s
of 11, u2, and o2, respectively.

4.18 Show that the expressions in relation (59) are, indeed, the MLE’s of (1; =
e =) and o2, respectively.
t2 vHn

4.19 Show that A = A(¢?) = (1 + - th),wT is, indeed, strictly increasing in
t? as asserted right after relation (63).

4.20 Justify the statement made in relation (65) that ¢(X, ¥) ~ t,1n_2.

4.21 Show that the expressionsinrelation (68) are, indeed, the MLE’s of 11, s,
o2, and o4, respectively.
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4.22 Verify the assertions made in expression (73) about the function 1 =
Aw), u=> 0.

4.23 Refer to the Bivariate Normal distribution discussed in Chapter 4, Section
5, whose p.d.f. is given by:

1
fxy@, ) = ————e 1% xyen,
2mo1094/1 — p?
whereq = L [(552)2 - 2 (55 (4) 4 (L2 2] oy, iy € 0, o2, of >

0,and —1 < p < 1 are the parameters of the distribution. Also, recall that
independence between X and Y is equivalent to their being uncorrelated;
i.e.,, p = 0. In this exercise, a test is derived for testing the hypothe-
sis Hy: p = 0 (against the alternative Hy: p # 0, the X and Y are not
independent). The test statistic is based on the likelihood ratio statistic.
(i) On the basis of a random sample of size n from a Bivariate Normal
distribution, (X;, ¥;),7 = 1,...,n, the MLE’s of the parameters
involved are given by:
ﬂl = j’ ﬂz = ga é\'12 = er 622 = Sy7 /6 = Sxy/v SxSy;
where S, = % Y (=%, Sy = % Y (U= 9P, Swy = %L Dici(@i—
X)(y; — ¥), and the x;’s and y;’s are the observed values of the X;’s
and Y;’s. (See Exercise 1.14 (vii) in Chapter 9.)

(i) Under the hypothesis Hy: p = 0, the MLE's of 1, us, 02, and o2 are
the same as in part (i).

Hint: It follows immediately, because the joint p.d.f. of the pairs fac-
torizes to the joint p.d.f. of the X;’s times the joint p.d.f. of the Y;’s.

(iii) When replacing the parameters by their MLE’s, the likelihood func-
tion, call it L(x, y), is given by:
-3

L(x, y) = [27(S:S, — S2,))] 7e ™,

where x = (xly CER] *%‘n)’ Y= (yly R y’ﬂ)
(iv) Under the hypothesis Hy( o = 0), when the parameters are replaced
by their MLE’s, the likelihood function, call it Ly(x, y), is given by:

Lo(x, y) = @rS,S,) te ™.

(v) From parts (iii) and (iv), it follows that the likelihood ratio statistic
A is given by:

A= (1= p=Su/V/SSy
4.24 (i) By differentiation, show that the function f(r) = (1 — )2 is de-
creasing in r. Therefore, in reference to Exercise 4.23(v), A, < Ag is
equivalent to 5> > C}, some constant C; (actually, C; = 1 — A(z)/ ™;
equivalently, p < —Cs or p > Cy (Cy = +/C1).
(ii) Since the LR test rejects the hypothesis Hy when A < A, part (i)
states that the LR test is equivalent to rejecting Hy wherever p < —Cs
or f) > (.
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(iii)

@iv)
™

(vi)

In p, replace the x;’s and the y;’s by the respective r.v.’s X; and Y;,
and set R for the resulting r.v. Then, in part (ii), carrying out the
test based on p, requires knowledge of the cutoff point Cs, which
in turn, presupposes knowledge of the distribution of R (under Hy).
Although the distribution of R can be determined (see, e.g., Corol-
lary to Theorem 7, page 474, in the book A Course in Mathematical
Statistics, 2nd edition (1997), Academic Press, by G. G. Roussas), it
is not of any of the known forms, and hence no tables can be used.
Set W =W(R) = @iﬁ, and show that W is an increasing function
of R by showing that % W (r) is positive.
By parts (ii) and (iv), it follows that the likelihood ratio test is
equivalent to rejecting Hy whenever W(r) < —C or W(r) > C,
where C is determined by the requirement that Pg,[W(R) < C or
W(R) > C] = « (the given level of significance).
Under H,, it can be shown (see, e.g., pages 472-474, in the book cited
in part (iii) above) that W (R) has the ¢, s distribution. It follows that
C = f,nfg;%.

To summarize then, for testing Hy: p = 0 at level of significance
a, reject Hy whenever W(r) < —t,_5¢ or W(r) > 99, where
W) = NI - P = Suy/\/SeSy; this test is equivalent to the

et
likelihood ratio test.




Chapter 12

More About Testing
Hypotheses

In this chapter, a few more topics are discussed on testing hypotheses prob-
lems. More specifically, LR tests are presented for the Multinomial distribution
with further applications to contingency tables. A brief section is devoted to
the so-called (Chi-Square) goodness-of-fit tests, and another also brief section
discusses the decision-theoretic approach to testing hypotheses. The chapter
is concluded with a result connecting testing hypotheses and construction of
confidence regions.

12.1 Likelihood Ratio Tests in the Multinomial Case and Contingency Tables

THEOREM 1

It was stated in Section 3 of Chapter 8 that the statistic —21og A is distributed
approximately as x ? with certain degrees of freedom f, provided some regu-
larity conditions are met. In this section, this result is stated in a more formal
way, although the required conditions will not be spelled out.

On the basis of the random sample X7, ..., X,, from the p.d.f. f(;; 8),
0cQC N, r>1, we wish to test the hypothesis Hy:0 € w C Q at level
of significance o« and on the basis of the Likelihood Ratio statistic
A=A(Xy, ..., X;). Then, provided certain conditions are met, it holds
that:

—2log A ~ sz_m, for all sufficiently large n and 6 € w;
more formally,

Py(—2logr<x) > G(x), x>0, as n — oo, @Y

343
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where G is the d.f. of the xf_m distribution; r is the dimensionality of
2, mis the dimensionality of w, and 0 € w.

The practical use of (1) is that (for sufficiently large n) we can use the
x2_,, distribution in order to determine the cutoff point C of the test, which
rejects Hy when —2log A > C. Specifically, C =~ X’E—m;a‘ Thus, for testing the
hypothesis H) at level of significance «, H is to be rejected whenever —2log A
is > sz_m; . (always provided n is sufficiently large).

The Multinomial Case A multinomial experiment, with k£ possible out-
comes Oy, ..., O and respective unknown probabilities py, ..., px, is carried
out independently n times, and let X7, ..., X; be the r.v.’s denoting the number
of times outcomes Oy, ..., Oy occur, respectively. Then the joint p.d.f. of the
X;'sis:
n! .
S, .25 0) = ————i - B, )
e e

for xy, ..., x4 > Ointegers with x; + --- 4+ 2, = n, and @ = (py, ..., pr). The
parameter space 2 is (k — 1)-dimensional and is defined by:

Qz{(pla"wpk)eink; Di >01 1= 17"'7ka p1++pk= 1}
DISCUSSION Suppose we wish to test the hypothesis Hy: p; = pi, © =
1, ..., k (specified) at level of significance «. Under H,

R n!
L(w) = mpfé “ Doy

and we know that the MLE’s of the p;’s are: p; = %, 1 =1,..., k. Therefore

. n! " n! 2\ ™ 2\
A X Axk
I(SZ)— ﬁpl ...pk —_— ﬁ —_— e —_—
a! ! x!-x\ n n

X1

Xk
xl ..

— .x .
2l ! k

Therefore

X1 X
A= n"(ﬂ) e <@) , and H is rejected when —2logi > X,f_l;a
X1 Xy

since here r =k — 1 and m=0.

Numerical Example The fairness of a die is to be tested on the basis of
the following outcomes of 30 independent rollings: x; =4, 22 =7, 23 = 3, 2y =
8, x5 = 4, x5 = 4. Take o = 0.05.
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DISCUSSION Here Hy: p; = é, i =1,...,6and the LR A is given by:

4 7 3 8 4 4
A = 30% 1 X 1 X 1 X L X 1 X 1
6 x4 6 x7 6 x3 6 x8 6x4 6 x4

=300 x 60 x4 x 7T T x3 3 x8 8 x4t x4

It follows that —2logi ~ 3.826, whereas xZ,,; = 11.071. Thus, the
hypothesis H is not rejected.

Figure 12.1
Anr X s r x s Contingency Table
. columns

Contingency Table 1 2 v j v s-1 s

1

2

/_“\\
TOWS 4 s (4, j)th cell
r—1
r

Application to Contingency Tables Consider a multinomial experiment
with 7 x s possible outcomes arranged in a rectangular array with » rows and s
columns. Such a rectangular array is referred to as an v x s contingency table.
The r rows and s columns generate r x s cells. (See Figure 12.1.) Denote by
p;j the probability that an outcome will fall into the (4, j)th cell. Carry out the
multinomial experiment under consideration » independent times, and let X;;
be the r.v. denoting the number of outcomes falling into the (¢, j)th cell. Define
pi. and p ; by the formulas:

S r
pi,=2pij7 i=1a"~77" pj=2p1], j=1,-.-,3- (3)
Jj=1 =1

Then, clearly, p; is the probability that an outcome falls in the ith row re-
gardless of column, and p ; is the probability that an outcome falls in the jth col-
umn regardless of row. Of course, Y i pi. = > Dj = D iy >y Pij = L.
Also, define the r.v.’s X; and X ; as follows:

S r
X=Xy, i=1..,r, X;=) Xy j=L..,s @
j=1 i=1

Thus, clearly, X; denotes the number of outcomes falling in the ith row
regardless of column, and X ; denotes the number of outcomes falling in the



346

Chapter 12 More About Testing Hypotheses

Jth column regardless of row. It is also clear, that

;X ZXJ - ZZXU =n

=1 j=

The parameters p;;, ¢ = 1,...,7, j = 1,..., s are, in practice, unknown
and are estimated by the MLE’s p;; = % In the testing hypotheses framework,
one could test the hypothesis Hy: p;; = pijo, 1 =1,...,7, j=1,...,s, speci-
fied. However, from a practical viewpoint, this is not an interesting hypothesis.
What is of true interest here is to test independence of rows and columns. In
order to provide some motivation, suppose that some subjects (e.g., human
beings) are classified according to two characteristics to be denoted by A and
B (e.g., human beings are classified according to gender, characteristic A, and
whether or not they are cigarette smokers, characteristic B). Suppose that
characteristic A has 7 levels and characteristic B has s levels. (In the concrete
example at hand, » = 2 (Male, Female) and s = 2 (Smoker, Nonsmoker).) We
agree to have the r rows in an r x s contingency table represent the 7 levels
of characteristic A and the s columns of the contingency table represent the s
levels of characteristic B. Then independence of rows and columns, as men-
tioned earlier, is restated as independence of characteristics A and B or, more
precisely, independence of the 7 levels of characteristic A and the s levels of
characteristic B. (In the concrete example this would mean that gender and
smoking/nonsmoking are independent events.) The probabilistic formulation
of the independence stated is as follows:

Observe that P(A;NB;) = p;j, P(A;) = p;., and P(B;) = p ;. Independence
of A; and B; for all 7 and j means then that

P(A; N Bj) = P(A))P(Bj), alltand j, or p; = p.p , alliand j.
To put it differently, we wish to test the hypothesis that there exist (prob-

abilities) p; >0, ¢t =1,...,, pr+---+p-=landgq; >0, j =1,...,5,
q1 + --- +qs = 1, such that

HO:pijzpin) i:l,...,’i", j:17-~~ys~ (5)
(Of course, then p; = p; and q; = pj, all © and j.) The MLE of p;; is P;; =
4 i=1,...,n j=1,...,s. Therefore, writing [1; for [Ti—; [T}=, and setting
0 for (pu, 1= 1, ..., J=1,...,58), we have, for the likelihood function
L@y, i=1,...,1, j=1,...,8) = 123 (6)
1_[1,] xl] z]
and

L@ =" ] <ﬁ)x Ik )
]_[i,j Xij! ij \ 1 n' Huxu

LY
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Under Ho, the likelihood function becomes

1-[” " J @y = =——T1 ]_[ p'q;"

ij lj U i

X x,g _ x.j
Hz, ! Upl QI s H ! (Up )(UQJ >’ ®
because

]_[pi" gt g = (it ad) - (P ad)

= (pi” . pff)(qfu . qf’l) . (qs%ls . q:“)

(o0~ ()(714)

The MLE's of p; and ¢; are given by

@i:ﬂ) ’i:l,,,,,?", quﬂ’ jzla"'787 (9)
n n
so that
n! n! ) 2
o= ) T = (11)(114)
nz j %! l:[ 1:[ w2 [ 5 i U " 1:[ !
(10)
By (7) and (10), we have then
(I 2:*) (11, xﬁj)
A= S (11)
nt l_[lj 1]
and
r S r S
—2log ) :2|:<nlogn+2 in]‘ logxij> — (sz log x;. —I—Z X logx_j> :|
i=1 j=1 i=1 j=1
12)
Here the dimension of Qisrs — 1 because we havers p;;, i1 =1,...,7, j =

1,...,s, which, however, satisfy the relationship > ;_, Zj’:l pi; = 1. In or-
der to determine the dimension of w, observe that we have r + s parameters
pi, ©=1,...,7and g5, § = 1,...,s, which, however, satisfy two relation-
ships; namely, Z:le p; = 1 and ijl q; = 1. Therefore the dimension of w is
r+s—2and

dimQ—-dimw=s—1)—(r+s—-2)=00—1D(E—-1).

Furthermore, it so happens that the (unspecified) conditions of Theorem 1
are satisfied here, so that, under Hy, —21og A is distributed approximately (for
all sufficiently large n) as X(Zr—l)(s—l)' It follows that the hypothesis (5) about
independence is rejected, at level of significance «, whenever

—2108 % > X{_1ys—1ya- (13)
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Numerical Example A population consisting of =100 males (M) and
females (F) is classified according to their smoking (S) or nonsmoking (NS)
cigarettes habit. Suppose the resulting 2 x 2 contingency table is as given below.
Then test independence of gender and smoking/nonsmoking habit at the level
of significance « = 0.05.

S | NS
M| 20| 35 55
F |15 | 30 | 45
35 | 65 | 100

DISCUSSION The values x;; are shown in the cells and the x;, x; are
shown in the margins, and they are: x1; = 20, x12 = 35, 201 = 15, 292 = 30, 1. =55,
X, =45, x1 = 35, x5 = 65. Replacing these values in the expression of —21og 2
given by (12), we find —21log A =0.061. Here » =s =2, so that X(zr—l)(s—l);a =
xlz; 0.05 = 9.841. Therefore the hypothesis is not rejected.

1.1 (i) In reference to Example 18 in Chapter 1, the appropriate probability
model is the Multinomial distribution with parameters n and pa, pg,
DaB, Do, Where p, through po are the probabilities that an individual,
chosen at random from among the n persons has blood type either A
or B or AB or O, respectively.
(ii) Let pao, PBo, PABo, and poo be apriori stipulated numbers. Then, check-
ing agreement of the actual probabilities with the stipulated values
amounts to testing the hypothesis

Hy: par = Pao, DB = PB0, PaB= PaBo, Do = Doo-

(iii) The hypothesis H, is tested by means of either the log-LR test (see
Example 1 here) or the x2 goodness-of-fit test. (See also Exercise 2.1.)

1.2 (i) In reference to Example 19 in Chapter 1, the appropriate probability
model is the Multinomial distribution with parameters n = 41,208 and
pi, 1=1,..., 12, where p; = P(abirth chosen at random from among
the n births falls in the ¢th month).

(i) Checking uniform distribution of the n births over the 12 months
amounts to testing the hypothesis

.
Hoipi=10io=ﬁ, i=1,...,12.

(iii) The hypothesis H is tested by means of either the log-LR test (see
Example 1 here) or the x2 goodness-of-fit test. (See also Exercise 2.2.)
The hypothesis H, is rejected when —2log 1 > x{.,.-
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1.3 (i) In reference to Example 20 in Chapter 1, the appropriate probability
model is the 2 x 3 contingency table setup in the example.
(1) If p4; is the probability that a randomly chosen subject from among the
150 falls into the (%, 7)th cell, then independence between the factors
health and diet is checked by testing the hypothesis

Ho: pijzpiqj, 1= 1,2 and ]: 1,2,3.

An appropriate test statistic for testing the hypothesis H) is either the
log-LR test or the x? goodness-of-fit-statistic. (See also Exercise 2.3.)

1.4 (i) In reference to Example 21 in Chapter 1, the appropriate probability
model is the 3 x 4 contingency table setup in the example.

(i) If py; is the probability that a randomly chosen subject from among the
200 falls into the (7, j)th cell, then checking the stipulation that change
of bone minerals does not vary for different groups amounts to testing
the hypothesis

Hy: pij = pigj, i=1,2,3 and j=1,23.

The hypothesis Hy may be checked by means of either the log-LR
test or the x2 goodness-of-fit test. (See also Exercise 2.4.)

1.5 In reference to Example 1 of Chapter 1, the » landfills are classified ac-
cording to two levels of concentration (High and Low) and three levels
of hazardous chemicals (Arsenic, Barium, and Mercury) to produce the
following 2 x 3 contingency table:

HAZARDOUS CHEMICALS
Arsenic Barium Mercury Totals

Level of High 211 212 213 x1.
Concentration  Low X21 222 X23 x2.
Totals 1 X2 X3 X.=n

Then, if py; is the probability that a landfill chosen at random from
among the n landfills falls into the (2, j)th cell, part (ii) of the example
becomes that of testing the hypothesis Hy: p;; = pijo, where pjjo, @ =1, 2
and j = 1, 2, 3 are a priori stipulated numbers. The hypothesis Hj is tested
by means of either the log-LR test or the x? goodness-of-fit test. (See also
Exercise 2.5.)

12.2 A Goodness-of-Fit Test

This test applies primarily to the Multinomial distribution, although other dis-
tributions can also be suitably reduced to a multinomial framework. In the
notation of the previous section, we have that, for each fixed 1=1, ..., k,
X;~Bn, p;), sothat EgX; = np;, 1 = 1,...,k, 0 = (py, ..., pr). Thus, the
i1th outcome would be expected to appear np; times, whereas the actual num-
ber of times it appears is X;. It then makes sense to compare what we expect




350

Chapter 12 More About Testing Hypotheses

and what we, actually, observe, and do this simultaneously forall? =1, ..., k.
One way of doing this is to look at the quantity Z';zl(Xi — np;)?. Small values
of this quantity would indicate agreement between expected and observed
values, and large values would indicate the opposite. For distributional rea-
sons, the above expression is modified as indicated below, and in this form it
is denoted by x?; namely,

k 2
Xz _ Z X; — npy) ) (14)
- W

Expression (14) is the basis for constructing test statistics for testing var-
ious hypotheses. In this setting, we will consider the hypothesis Hy: p; = pso,
i = 1,..., k, specified as we did in the previous section. Under Hy, (14) is
denoted by x2 and is equal to:

k 2

2 (Xi — npio)
= E = — . 15
Ko i=1 npio ( )

This is a statistic and is used for testing Hj. Accordingly, H, is rejected,
at level of significance «, if x2 > C, where C is determined by the require-
ment Pp,(x2 > C) = a. It can be seen that, under Hy, x2 ~ xZ , for all
sufficiently large n. Consequently, C ~ Xlgfl;a‘ The test used here is called a
test of goodness-of-fit for obvious reasons. It is also referred to as chi-square
(or x?) goodness-of-fit test, because of the symbol used in relation (15), and
because its asymptotic distribution (under the null hypothesis) is chi-square
with certain degrees of freedom. Thus, the (Chi-Square) goodness-of-fit test
rejects Hy whenever x2 > x7_, .

For illustrative and also comparison purposes, let us consider the first
numerical example in the previous section.

Numerical Example Here npyg = -+ = npgy = % = b5, and then the
observed value of x2 is:

ngé[(4—5)2+(7—5)2+(3—5)2+(8—5)2+(4—5)2+(4—5)2]=4-

For « = 0.05, xi ., = x200s = 11.071, and since x2 = 4 < 11.071, the
hypothesis H) is not rejected, as was also the case with the LR test.
In the framework of a contingency table, expression (14) becomes

r

s o mpis)2
ey G a9

im1 j=1 Dij

Under the hypothesis of independence stated in (5), expression (16) takes the
form

= ZT: 28: (X — npi‘]j)z' an

i=1 j=1 npiq
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From (17), we form the test statistic X? defined below:

Z Z (ij - nszJ) , (18)

P npiq;

where p;, 1 =1,...,rand (} § j =1,...,saregivenin (9). Once again, it may
be seen that, under H,, XA ~ x(r DGs—1) for all sufficiently large n. Thus the
hypothesis H, isrejected, atlevel of significance o, whenever x2 > X(r D(s—1) "
The contingency table numerical example of the previous section is as below.

Numerical Example Here p; = 0.55, po = 0.45, ¢; = 0.35, q» = 0.65,
so that

np1qr = 19.25, np1ge = 35.75, npugy = 15.75, nugs = 29.25.
DISCUSSION Therefore

., (20—19257% (353575 (15— 15.75)* (30 — 29.25)?

X = 19.25 35.75 15.75 29.25 = 0.0998.

Since x¢._ 1y 1,0 = X1.005 = 3.841, the hypothesis Hj is not rejected, as was
also the case with the LR test.

2.1 Same as Exercise 1.1.

2.2 Same as Exercise 1.2.
2.3 Same as Exercise 1.3.
2.4 Same as Exercise 1.4.
2.5 Same as Exercise 1.5.

2.6 A coin, with probability p of falling heads, is tossed independently 100
times, and 60 heads are observed.

(i) Testthe hypothesis Hy: p = 1/2 (against the alternative Hs: p # 1/2)
at level of significance « = 0.1, by using the appropriate x2 goodness-
of-fit test.

(ii) Determine the P-value of the test (use linear interpolation).

2.7 A dieis castindependently 600 times, and the numbers 1 through 6 appear
with the frequencies recorded below.

1 2 3 4 5 6
100 | 94 | 103 | 89 | 110 | 104

Use the appropriate x2 goodness-of-fit test to test fairness for the die
at level of significance o = 0.1.
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2.8 In acertain genetic experiment, two different varieties of a certain species
are crossed and a specific characteristic of the offspring can occur at
only three levels A, B, and C, say. According to a proposed model, the
probabilities for A, B, and C are é, %, and 18—2, respectively. Out of 60
offspring, 6, 18, and 36 fall into levels A, B, and C, respectively. Test the
validity of the proposed model at the level of significance « = 0.05. Use

the appropriate x2 goodness-of-fit test.

2.9 Course work grades are often assumed to be Normally distributed. In a
certain class, suppose that letter grades are given in the following man-
ner: A for grades in the range from 90 to 100 inclusive, B for grades in the
range from 75 to 89 inclusive, C for grades in the range from 60 to 74 inclu-
sive, D for grades in the range from 50 to 59 inclusive, and F' for grades in
the range from 0 to 49. Use the data given below to check the assumption
that the data are coming from an N(75, 9%) distribution. For this purpose,
employ the appropriate x? goodness-of-fit test, and take o = 0.05.

A| B | C |D|F
3|12 |10 | 4 1

Hint: Assuming that the grade of a student chosen at random is ar.v.
X ~ N(75,81), compute the probabilitiesof an A, B, C, D,and F. Then
use these probabilities in applying the x? goodness-of-fit test.

2.10 It is often assumed that the 1.Q. scores of human beings are Normally
distributed. On the basis of the following data, test this claim at level of
significance o = 0.05 by using the appropriate x> goodness-of-fit test.
Specifically, if X is the r.v. denoting the 1.Q. score of an individual chosen
at random, then:

@) Set py = P(X <90), po = P(90 < X < 100), p3 = P(100 < X <
110), ps = P(110 < X < 120), ps = P(120 < X < 130), ps =
P(X > 130).

(ii) Calculate the probabilities p;, 7 = 1, ..., 6 under the assumption that
X ~ N(100, 15%) and call them p;p, ¢ = 1, ..., 6. Then set up the
hypothesis Hy: p; = pio, 1 =1, ..., 6.

(ii) Use the appropriate x? goodness-of-fit test to test the hypothesis at
level of significance o = 0.05.

The available data are given below, where x denotes the observed
number of individuals lying in a given interval.

<90 | 90<x<100 | 100<x<110 | 110<x <120 | 120<2x <130 | x> 130
10 18 23 22 18 9

2.11 Consider a group of 100 people living and working under very similar
conditions. Half of them are given a preventive shot against a certain
disease and the other half serve as controls. Of those who received the
treatment, 40 did not contract the disease whereas the remaining 10 did
so. Of those not treated, 30 did contract the disease and the remaining
20 did not. Test effectiveness of the vaccine at the level of significance
o = 0.05, by using the appropriate x? goodness-of-fit test.
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Hint: For an individual chosen at random from the target population
of 100 individuals, denote by T, 7> and D, Dy the following events:
Ti = “treated,” T, = “not treated,” D; = “diseased,” Dy = “not dis-
eased,” and set up the appropriate 2 x 2 contingency table.

2.12 On the basis of the following scores, appropriately taken, test whether
there are gender-associated differences in mathematical ability (as is of-
ten claimed!). Take o = 0.05, and use the appropriate x? goodness-of-fit
test.

Boys: 80 96 98 87 75 83 70 92 97 82
Girlss: 82 90 8 70 80 97 76 90 88 86

Hint: Group the grades into the following intervals: [70, 75), [75, 80),
[80, 85), [85, 90), [90, 95), [95, 100), and count the grades of boys and
girls falling into each one of these intervals. Then form a 2 x 6 conti-
gency table with rows the two levels of gender (Boy, Girl), and columns
the six levels of grades. Finally, with p;; standing for the probability
that an individual, chosen at random from the target population, falls
into the (7, 7)th cell, stipulate the hypothesis Hy: p;; = piqj,© = 1, 2
and j =1, ..., 6, and proceed to test it as suggested.

2.13 From each of four political wards of a city with approximately the same
number of voters, 100 voters were chosen at random and their opinions
were asked regarding a certain legislative proposal. On the basis of the
data given below, test whether the fractions of voters favoring the legisla-
tive proposal under consideration differ in the four wards. Take o« = 0.05,
and use the appropriate x? goodness-of-fit test.

WARD
1 2 3 4 Totals

Favor proposal 37 29 32 21 119
Do not favor proposal 63 71 68 79 281
Totals 100 100 100 100 400

12.3 Decision-Theoretic Approach to Testing Hypotheses

There are chapters and books written on this subject. What we plan to do in
this section is to deal with the simplest possible case of a testing hypothesis
problem in order to illustrate the underlying concepts.

Tothisend,let X, ..., X, bearandom sample with an unknown p.d.f. f. We
adopt the (somewhat unrealistic) position that f can be one of two possible

specified p.d.f.’s, fy or fi. On the basis of the observed values a, ..., x, of
X1, ..., X, we are invited to decide which is the true p.d.f. This decision will
be made on the basis of a (nonrandomized) decision function § = §(xy, . . ., Xy)

defined on R" into N. More specifically, let R be a subset of )", and suppose
that if x = (x4, ..., a,) lies in R, we decide that f; is the true p.d.f., and if x
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lies in R° (the complement of R with respect to :1"), we decide in favor of
Jfo. In terms of a decision function, we reach the same conclusion by taking
8(x) = Ir(x) (the indicator function of R) and deciding in favor of f; if §(x) = 1
and in favor of fj if §(x) = 0. Or

1 (which happens when x € R) leads to selection
of f1, and hence rejection of fj,
8(x) = . . . (19)
0 (which happens when x € R“) leads to selection

of fy, and hence rejection of fi.

At this point, we introduce monetary penalties for making wrong decisions,
which are expressed in terms of a loss function. Specifically, let L(f; §) be a
function in two arguments, the p.d.f. f and the decision function § = §(x).
Then it makes sense to define L( f, §) in the following way.

0 iff=frandd(x)=0o0r f = fiand §(x) =1,
L(f;8) =1L iff=foandds(x) =1, (20)
Ly if f = fiand §(x) =0,
where L; and Ly are positive quantities.

Next, consider the average (expected) loss when the decision function
8 is used, which is denoted by R(f;§) and is called the risk function. In
order to find the expression of R(f;d), let us suppose that P;(X € R) =
P;[6(X) =1] = o and P;,(X € R) = Py [6(X) = 1] = . Then « is the proba-
bility of deciding in favor of fj if, actually, fj is true, and 7 is the probability
of deciding in favor of f; when fj is, actually, true. Then:

LiP(X e R)=L1P,[6(X)=1] = Lja, if f=fo
LyPj (X € RY) = LyP[6(X ) = 0] = Le(1 — ), if f = fi,
2D

R(f;5)={

or,

R(fo; 6) = L1 Pp(X € R) = Lq,
(22)
R(f1;8) = Lo Py (X € R°) = Lo(1 — ).

Let us recall that our purpose is to construct an optimal decision func-
tion § =4&(x), where optimality is defined below on the basis of two differ-
ent criteria. From relation (22), we know which is the bigger among the risk
values R(fo; §) = Lix and R(f1;§) = Lo(1 — 7). That is, we have the quantity
max{R( fo; ), R(f1; §)}. For any other (nonrandomized) decision function §*
the corresponding quantity is max{R( fo; §*), R(f1; 6*)}. Then it makes sense
to choose § so that

max{R(fo; 8), R(f1; §)} < max{R(fo; §"), R(fi; §")} (23)

for any other decision function §* as described above. A decision function §, if it
exists, which satisfies inequality (23) is called minimax (since it minimizes the
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THEOREM 2

maximum risk). The result below, Theorem 2, provides conditions under which
the decision function § defined by (19) is, actually, minimax. The problem is
stated as a testing problem of a simple hypothesis against a simple alternative.

Let X3, ..., X,, be arandom sample with p.d.f. f which is either f; or fi,
both completely specified. For testing the hypothesis Hy: f = fy against
the alternative H,: f = f; at level of significance «, define the rejection
region R by:
R={@,...,2x) €N filx)--- fi(@n) > Cho(x1) - - - fo(x)},

and let the test function § = §(x) (x = (21, ..., X)) be defined by (19);
ie.,
1 ifxeR,
0 ifxe R°.

The constant C is defined by the requirement that E;6(X) =
Pi,(X e R) =a (X = (Xj,...,X,)), and it is assumed that the level

of significance «, the power w of the test §, and the quantities L; and Ly
satisfy the relationship

(R(fo; )=) Lia =Le(1 —7) (=R(f3; ). 29

Then the decision function § = §(x) is minimax.

3(x) = {

REMARK 1 In connection with relation (24), observe that, if we determine
the level of significance «, then the power 7 is also determined, and therefore
relation (24) simply specifies a relationship between the losses L; and Lo;
they cannot be determined independently but rather one will be a function
of the other. In the present context, however, we wish to have the option of
specifying the losses L; and Ls, and then see what is a possible determination
of the constant C, which will produce a test of level of significance « (and of
power 1) satisfying relation (24).

PROOF OF THEOREM 2  For simplicity, let us write P, and P; instead of Py,
and Py, respectively, and likewise, R(0; ) and R(1; 8) instead of R( fo; §) and
R( f1; 8), respectively. Then assumption (24) is rewritten thus: R(0; §) = Liax =
Lo(1 — 1) = R(1;5). Recall that we are considering only nonrandomized de-
cision functions. With this in mind, let 7" be any (other than R) subset of i",
and let §* be its indicator function, §*(x) = Ir(x), so that §* is the decision
function associated with 7. Then, in analogy with (22),

R(0;8") = LiPy(X e T), R(1;8") = LyPi(X e T°). (25)

Look at R(0; §) and R(0; §*) and suppose that R(0; §*) < R(0; §). This is
equivalent to L1 P)(X € T) < L1P(X € R) = Lia,or Pp(X € T) < a. So §*,
being looked upon as a test, is of level of significance < «. Then by Theorem 1
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in Chapter 11, the power of the test §*, which is P;(X € T), is less than or
equal to P;(X € R), which is the power of the test §. This is so because § is of
level of significance «, MP among all tests of level of significance < «. From
P (X € T) < Pi(X € R) we have, equivalently, P|(X € T) > P|(X € R°) or
LoPi(X € T > LoPi(X € RY or R(1;6%) > R(1;45). To summarize, the
assumption R(0; §*) < R(0; 8) leads to R(1;6) < R(1; §*). Hence

R(0; ") < R(0; 8) = R(1; 6) (by (24)) < R(1; 8%,
and therefore
max{R(0; §°), R(1; 6")} = R(1; 8*) = R(1; §) = max{R(0; ), R(1; )},  (26)
as desired. Next, the assumption,
R(0; 8) < R(0; 5%) 27
leads likewise to the inequalities
R(1; 8%) = R(1; 6) = R(0; 6) (by (24)) < R(0; 8%), (28)
so that
max{R(0; §*), R(1; 8*)} = R(0; §*) > R(0; §) = max{R(0; §), R(1; 8)}.  (29)
Relations (26) and (29) yield
max{R(0; 8), R(1; 8)} < max{R(0; "), R(1; §")},
so that § is, indeed, minimax. A
REMARK 2 ltis to be pointed out that the minimax decision function § =

3(x) above is the MP test of level of significance P (X € R) for testing the
(simple) hypothesis Hy: f = fj against the (simple) alternative Hy: f = fi.

REMARK 3 If the underlying p.d.f. f depends on a parameter 6 € 2, then
the two possible options fy and f; for f will correspond to two values of the
parameter 0, 6., and 6, say.

The theorem of this section is illustrated now by two examples.

On the basis of the random sample Xj, ..., X,, from the N(6, 1) distribution,
determine the minimax decision function § = §(x) for testing the hypothesis
Hy: 6 = 60, against the alternative Hy: 6 = 6.

DISCUSSION Here the joint p.d.f. of the X;’s is

Liws0) = @) "exp [ -1 3w — 07|

i=1

sothattherejectionregion Ris defined by L(x; 61) > CL(x; 6) or, equivalently,
by

exp[n(6; — 0y)x] > C exp [1@(912 - 93)],
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or

x>Cy forb,>6),, and x<Cy, forb; <6,

30
where CO=%(91+90)+7L(16(1)L_C;0). 0
Then the requirement in (24) becomes, accordingly,
Li1Py,(X > Co) = LaPy (X < Cp) for6; > 6y,
and
L1 Py (X < Cp) = Lo Py (X > Cp) for 6, < 6,
or
Li{1 — ®[/n(Co — 60)]} = La®[/n(Cy — 6,)] for 6, > 6,
and 31

L1®[vn(Co — )] = La{l — @[n(Co — )]} for 61 < 6.

Consider the following numerical application.
Numerical Example Suppose n=25andlet 6y =0and 6; = 1. In the spirit
of Remark 1, take, e.g., Ly =5 and Ly =2.5.

DISCUSSION Then the first relation in (31), which is applicable here,
becomes

D[5(Co — D] = 2[1 — ®(BCy)] or 20(5Cy) — d(5 — 5C) = 1.

From the Normal tables, we find Cy = 0.53, so that the minimax decision
function is given by:

S(¥)=1 if £>053, and 8(x)=0 if Z<0.53.

Let us now calculate the level of significance and the power of this test. We
have

Py(X >053)=1—®(Bx053)=1—&(2.65) =1 — 0.995975 ~ 0.004,
and

7(1) = Pi(X > 0.53) = 1 — ®[5(0.53 — 1)] = (2.35) = 0.990613 ~ 0.991.

In terms of the random sample X7, ..., X,, from the B(1, 0) distribution, de-
termine the minimax function § = §(x) for testing the hypothesis Hy: 6 = 0,
against the alternative Hy: 6 = 0;.

DISCUSSION The joint p.d.f. of the X;’s is here
Lx;0)=06'A—0)", t=a+ -+,



358

Chapter 12 More About Testing Hypotheses

so that the rejection region R is determined by
L(x; 61) > CL(x; 6p) or [61(1—60)/60(1 —61)] > C[(1 - 6p)/(1 — 61",
or

(1 —60)6 — 61
tl C =logC —nl
%8 G0 — o) 08C — nlos 16

This is equivalent to
t>Cy for6; >0y, and t < Cy for6; < 0,

where Cy = C;/log %%. The requirement in (24) becomes here, respec-
tively,

L1 Py (X > Cpy) = La Py (X < Cp) for 0, > 6y,
and

L1 Py (X < Cp) = La Py (X > Cp) for 0 < by,
or

L1 Py (X < Co) + Lo Py, (X < Cp) =Ly forb; > 6,
and 32)
LiPpy(X <Cop— 1)+ LaPp (X <Cy—1)= Ly foro; < b,

where X ~ B(n, 0).

Numerical Example Letn = 20, and suppose 6y = 0.50 and 6; = 0.75.

DISCUSSION Here, the first relation in (32) is applicable. Since
Py75(X < Cop) = Poas(X =20 — Cp) = 1 — Po2s(X < 19 — (), (33)
the first relation in (32) becomes
L1 Poso(X < Cp) — LaPoas(X < 19 — Cp) = Ly — L,
or

Ly = [1 = Pyso(X < Co)IL1/[1 — Po2s(X <19 — Cop)]. (34)

At this point, let us take L; = 1 and L2 = 0.269. Then the right-hand side of
(34) gives, for Cy = 13; =022 — 00577 ~ (0.269 = Ly; i.e., the first relation in
(32) obtains. The minimax decision function § = §(x)is then givenby: §(x) =1
if x > 14, and §(x) = 0 for x < 13. The level of significance and the power of

this test are:

Poso(X >14)=1— Pys(X < 13) =1-0.9423 = 0.0577,

and, on account of (33),

7(0.75) = Py75(X > 14) = Pyos(X < 6) = 0.7858.
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THEOREM 3

Instead of attempting to select § =48(x) so as to minimize the maximum
risk, we may, instead, try to determine § so that § minimizes the average risk.
This approach calls for choosing the p.d.f.’s f; and f; according to a probability
distribution; choose f; with probability p, and choose f; with probability p;
(po + p1 = 1), and set Ay = {po, p1}. If R;,(8) denotes the corresponding
average risk, then, on account of (22), this average is given by:

R, (8) = LiPy(X € R)po + L2 P (X € R)py
= poL1Ps (X € R) + p1Lz[1 — P;(X € R)]
= pile + [poL1 Py (X € R) — p1La Py (X € R)]
_ {ple + [rlpoL1fo(x) - - - folan) — prLe fi(@) - - - fi(x)]day - - - d,
P1Le + Y plpoLy fo(xr) - - - fo(x,) — prle fi(xr) - - - fi(,)]

for the continuous and the discrete case, respectively. From this last expres-
sion, it follows that R, (§) is minimized, if poL; fo(x1) - - - fo(x) —p1La fi(x1) - - -
fi(x)is < Oon R. But §(x) = 1 on R and §(x) = 0 on R°. Thus, we may restate
these equations as follows:

Lif fia) - film) > 22 fol@) - fol@),

35
0 otherwise. (35

3(x) = {

Thus, given a probability distribution Ly = {po, p1} on { fo, f1}, there is always a
(nonrandomized) decision function § which minimizes the average risk R, (6),
and this § is given by (35) and is called a Bayes decision function.

The Bayes decision function §,,(x) corresponding to the probability dis-
tribution Xy = {po, p1} on { fo, f1}is given by (35). This decision function
is, actually, the MP test for testing the hypothesis Hy: f = fj against the
alternative Hu: f = f1 with cutoff point C = pyLi/p; L2 and level of
significance « given by:

P i(XD) -+ filXyn) > Cfo(XD) - -+ fo(Xn)] = a. (36)

REMARK 4 As mentioned earlier, if the underlying p.d.f. depends on a
parameter 6 € 2, then the above problem becomes that of testing Hy: 8 = 6,
against Hy: 8 = 0, for some specified 8y and 6, in .

DISCUSSION In reference to Example 2 and for the case that 6; > 6,
80(x) = Lif & > Co, Co = 1(61 + 60) + % C = poL1/piLs, as follows
from relation (30). For the numerical data of the same example, we obtain
Cy=0.50+0.04 log%. For example, for py = %, Cois >~ 0.50+0.04 x 0.693 =
0.52772 ~ 0.53, whereas for py = i, Cp is >~ 0.50 — 0.04 x 0.405 = 0.4838 ~

0.48. For Cy = 0.53, the level of significance and the power have already
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been calculated. For Cy = 0.48, these quantities are, respectively:

P(X>048)=1—- (5 x 0.48) =1 — &(2.4) = 1 — 0.991802 = 0.008198,

7(1) = Pi(X > 0.48) = 1 — ®[5(0.48 — 1)] = ®(2.6) = 0.995339.

In reference to Example 3 and for the case that 6; > 0y, §,,(x) = 1 if x > Cy,
Cop = (log C —nlog }:Z;)/ log «%(%%’ C = poL1/p1Ls. For the numerical data
of the same example, we have C >~ (15.173 + log %)/1.099. For p = %, Cyis
13.81, and for py = }1, Cy is 12.81. In the former case, §,,(x) = 1for x > 14, and
in the latter case, §,,(x) = 0 for x < 13. The level of significance and the power

have been calculated for the former case. As for the latter case, we have:

P0_50(X > 13) =1- P0'50(X < 12) =1-0.8684 = 01316,

7(0.75) = Pyrs(X > 13) = Pyos(X < 7) = 0.8982.

12.4 Relationship Between Testing Hypotheses and Confidence Regions

In this brief section, we discuss a relationship which connects a testing hy-
pothesis problem and the problem of constructing a confidence region for the
underlying parameter. To this effect, suppose Xj, ..., X, is a random sample
from the p.d.f. f(;0), 8 € Q € N, r > 1, and for each 0 in 2, consider
the problem of testing the hypothesis, to be denoted by Hy(0), that the pa-
rameter 6%, say, in €, is actually, equal to the value of @ considered. That is,
Hy(6): 0% = 6 at level of significance «. Denote by A(0) the respective accep-
tance region in N". As usually, X = (Xy,..., X)) and x = (2, ..., x,) is the
observed value of X. For each x € )", define in 2 the region 7'(x) as follows:

T(x)=1{0 € Q; x € A(O)}. 37

Thus, T'(x) consists of all those € € 2 for which, on the basis of the out-
come X, the hypothesis Hy (@) is accepted. On the basis of the definition of 7'(x)
by (37), it is clear that

0 € T(x)if and only if x € A(6).
Therefore
Pyl0 € T(X )] = Py[X € A(O))]. (38)

But the probability on the right-hand side of (38) is equal to 1 — «, since
the hypothesis Hj(@) being tested is of level of significance «. Thus,

P0ecTX)]=1-a

and this means that the region 7(X ) is a confidence region for § with confi-
dence coefficient 1 — «.

Summarizing what has been discussed so far in the form of a theorem, we
have the following result.
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THEOREM 4

[ EXAMPLES |

Let X1, ..., X, be a random sample from the p.d.f. f(:; 8), 6 € QCN",
r > 1, and, for each 0 € 2, consider the problem of testing the hypothesis
Hy(0): 0 = 0 at level of significance «. Let A(@) be the corresponding
acceptance region in R”, and for each x € N", define the region 7'(x)
in Q as in (37). Then 7'(X) is a confidence region for € with confidence
coefficient 1 — o, where X = (X1, ..., X,) and x = (a1, ..., &) is the
observed value of X.

This result will now be illustrated below by two examples.

On the basis of arandom sample X1, . .., X,, from the N(6, o) distribution with
o known, construct a confidence interval for 6 with confidence coefficient 1 —c,
by utilizing Theorem 4.

DISCUSSION For each 0 € Q = N and for testing the hypothesis Hy(0)
that the (unknown) parameter 6%, say, is, actually, equal to 0, it makes sense
to reject Hy(6) when X is either too far to the left or too far to the right of 6.
Equivalently, if X —6 is either <C; or X —6 is >C, for some constants Cy, Cy. If
Hy(0) is to be of level of significance o, we will have P;(X —6 < Cior X —6 >
Cs) = «. But under Hy(9), the distribution of X is symmetric about 6, so that it
isreasonable to take C; = —Cs, and then Cy = 2,3, C1 = —za 42 Thus Hy(6)is
accepted whenever —z,/2 <& — 60 < 242 Or —242 f < < za/2£ and,

of course,

P|: Za/2§<@_ a/gglilzl—o{

Thus,

r—0
A(@) = {x € §Rn’ _zot/Z\/ﬁ < \/ﬁ(x ) < za/2\/1_@}’
o o [e2

and therefore, by (37),

T(x) = {0 € %; x e A®))

0
Z{QEER —Z(,(/g£ «/771/(06' ) /2\/_"_2}
o
0eN, x—=z c 0 <x+z ?
01/2\/71_ 01/2\/7L

In other words, we ended up with the familiar confidence interval for 6, X 4+
2u/2 Jiﬁ, we have already constructed in Chapter 10, Example 1(i).
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Let the random sample X, ..., X,, be from the N(u, 02) distribution, where
both 1 and o2 are unknown. Construct a confidence interval for o2 with con-
fidence coefficient 1 — «, again using Theorem 4.

DISCUSSION Here $* = L. 3" (X; — X)? is an estimate of ¢2, and,
therefore, for testing the hypothesis Hy(c%): variance = 0?2, it is reasonable to
reject Hy (02) whenever the ratio of S2 over the o2 specified by the hypothesisis
either too small or too large. That is, reject Hy(o%) when —2 < Cior —Z > Cs for
some (>0) constants C1, Cs to be specified by the requlrement that P o2 (22 j < Cy
or ; > Cs) = a, or

P [(n —1)s?

—1)s?
< (] %>C§]=a
o

Since under Hy(c?), M ~ xn 1, We may choose to split the probability o
equally between the two talls in which case C| = Xn 1, 1-a/2 and C, = X'n 1 a/20
and H(o?) is accepted whenever

2
9 m—DS 9
Xn—1;1-a/2 = Tz = Xn-1;a/2:
Of course,
2
9 m—1DS 9
Py |:Xn—1;1—oz/2 = oz < Xn-tap|=1—c

Then, with s? denoting the observed value of S?,

(n — 1)s? 5 }

2 2
A(G )Z {x € mn’ Xn—1;1-e/2 = o2 = Xn—1;0/2 [

and therefore (37) becomes here:

T(x) = {o® € (0, 00); x € A(o™)}

2
9 s (n—1)s 5
= {U € (O’ OO), Xn—1; 1—a/2 =< T = anl;a/z
n—1)s n— 1)s?
= {a € (0, 00); ggtﬁf(z—)};
Xn—l a/2 Xn—1; 1-a/2

that is, we have arrived once again at the familiar confidence interval for

o2, [(X"_l)s X(”_%] (see Example 3 in Chapter 10).
n—1lia/2 n—1:1—a/2



Chapter 13

A Simple Linear
Regression Model

This is a rather extensive chapter on an important subject matter with an
abundance of diverse applications. The basic idea involved may be described
as follows. There is a stimulus, denoted by x, and a response to it, denoted
by y. At different levels of x, one observes the respective responses. How
are the resulting (x, y) pairs related, if they are related at all? There are all
kind of possibilities, and the one discussed in this chapter is the simplest such
possibility, namely, the pairs are linearly related.

In reality, what one, actually, observes at x, due to errors, is a value of a
r.v. Y, and then the question arises as to how we would draw a straight line,
which would lie “close” to most of the (x, ¥) pairs. This leads to the Principle
of Least Squares. On the basis of this principle, one is able to draw the so-
called fitted linear regression line by computing the Least Squares Estimates of
parameters involved. Also, some properties of these estimates are established.
These things are done in the first two sections of the chapter.

Up to this point, the errors are not required to have any specific distribution,
other than having zero mean and finite variance. However, in order to proceed
with statistical inference about the parameters involved, such as constructing
confidence intervals and testing hypotheses, one has to stipulate a distribution
for the errors; this distribution, reasonably enough, is assumed to be Normal.
As a consequence of it, one is in a position to specify the distribution of all
estimates involved and proceed with the inference problems referred to above.
These issues are discussed in Sections 13.3 and 13.4.

In the following section, Section 13.5, the problem of predicting the ex-
pected value of the observation Y, at a given point xy and the problem of
predicting a single value of Y} are discussed. Suitable predictors are provided,
and also confidence intervals for them are constructed.

The chapter is concluded with Section 3.7 indicating extensions of the
model discussed in this chapter to more general situations covering a much
wider class of applications.

363
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13.1 Setting up the Model — The Principle of Least Squares

Table 13.1

The Data x =
Undergraduate GPA and
y = Score in the
Graduate Management
Aptitude Test (GMAT);
There Are 34 (x,y)
Pairs Altogether

As has already been mentioned, Examples 22 and 23 in Chapter 1 provide
motivation for the statistical model to be adopted and studied in this chapter.
Example 22, in particular, will serve throughout the chapter to illustrate the
underlying general results. For convenience, the data related to this example
are reproduced here in Table 13.1.

DATA OF UNDERGRADUATE GPA (x) AND GMAT SCORE (y)
X y X y X y
3.63 447 2.36 399 2.80 444
3.59 588 2.36 482 3.13 416
3.30 563 2.66 420 3.01 471
3.40 553 2.68 414 2.79 490
3.50 572 2.48 533 2.89 431
3.78 591 2.46 509 2.91 446
3.44 692 2.63 504 2.75 546
3.48 528 2.44 336 2.73 467
3.47 552 2.13 408 3.12 463
3.35 520 241 469 3.08 440
3.39 543 2.55 538 3.03 419

3.00 509

The first question which arises is whether the pairs («, y) are related at all
and, if they are, how. An indication that those pairs are, indeed, related is borne
out by the scatter plot depicted in Figure 13.1. Indeed, taking into consideration
that we are operating in arandom environment, one sees a conspicuous, albeit
somewhat loose, linear relationship between the pairs (x, ).

Figure 13.1

Scatter Diagram for Y

Table 13.1 00
600

400

300
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So, we are not too far off the target by assuming that there is a straight
line in the xy-plane which is “close” to most of the pairs (x, y). The question
now is how to quantify the term “close.” The first step toward this end is the
adoption of the model described in relation (11) of Chapter 8. Namely, we

assume that, foreachi = 1, ..., 34, the respective y; is the observed value of a
r.v. ¥; associated with x;, and if it were not for the random errors involved, the
pairs (x;, ¥;),? = 1, ..., 34 would lie on a straight line y = B, + B2x; i.e., we

would have y; = B1 + B2xi, © = 1, ..., 34. Thus, the r.v. Y; itself, whose y; are
simply observed values, would be equal to 8; + B2x; except for fluctuations
due to a random error e;. In other words, Y; = B + fa2; + ;. Next, arguing as
in Section 8.4, it is reasonable to assume that the e;’s are independent r.v.’s with
Ee; = 0 and Var(e;) = o2 for all i’s, so that one arrives at the model described
in relation (11) of Chapter 8; namely, Y7, ..., Y34 are independent r.v.’s having
the structure:

Y; = i1+ Boxi +e;, withEe; =0 and Var(e) =02 i=1,...,34.
Y]

Set E'Y; = n;. Then, because of the errors involved, it is, actually, the pairs
(xi, mi), 1=1, ..., 34 whichlie on astraight line y = g1+ Box;i.e., n; = B1+ Pox;,
1 =1,...,34. It is in the determination of a particular straight line where the
Principle of Least Squares enters the picture. According to this principle, one
argues as follows: On the basis of the model described in (1), what we would
expect to have observed at x; would be n;, whereas what is, actually, ob-
served is y;. Thus, there is a deviation measured by y; — n;,, 7 =1, ..., 34 (see
Figure 13.1). Some of these deviations are positive, some are negative, and,
perhaps, some are zero. In order to deal with nonnegative numbers, look at
|y — nil, which is, actually, the distance between the points (x;, ¥;) and (x;, 1;).
Then, draw the line y = f; + B2, so that these distances are simultaneously
minimized. More formally, first look at the squares of these distances (y; —1;)?,
as it is much easier to work with squares as opposed to absolute values, and
in order to account for the simultaneous minimization mentioned earlier, con-
sider the sum 2?11(% — 1;)? and seek its minimization. At this point, replace
the observed value y; by the r.v. Y; itself and set

34 34 34
S¥,B=Y Wi—-n)=> [Vi- (B + ﬂzxi)12< = Ze?), @)
i=1 i=1 i=1
where Y = (Y, ..., Y3y) and B = (84, B2).

Then the Principle of Least Squares calls for the determination of 8; and
B2 which minimize the sum of squares of errors; i.e., the quantity S(Y, 3) in
(2). The actual minimization is a calculus problem. If there is a unique straight
line so determined, then, clearly, this would be the line which lies “close” to
most pairs (x;, ¥;),7 = 1, ..., 34, in the Least Squares sense. It will be seen
below that this is, indeed, the case.

In a more general setting, consider the model below:

Y, = B1 + Box; + e;, where the random errors
e;,1=1,...,nareii.d. r.v.'’s. with
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Ee; = 0, and Var(e;) = o2, which imply that the r.v.’s

Y, 1 =1, ..., nare independent, but not identically distributed, with

EY; = n; = p1 + Box; and Var(y;) = o2 6))
Let ,31 and Bg be the unique values of 5; and s, respectively, which minimize

the sum of squares of errors S(Y, B) = Y i |[Y; — (B1 + Bex)P (=) 1, €7

These values, which are functions of the ¥;’s as well as the x;’s, are the Least

Squares Estimates (LSE’s) of 8; and B,. Any line y = B; + Box is referred

to as a regression line and, in particular, the line §§ = B; + By is known as

the ﬁtAted rggression line. For this line, the #;’s corresponding to the x;’s are

=P+ poxi, i=1,...,n

13.2 The Least Squares Estimates of 31 and 32 and Some of their Properties

THEOREM 1

In this section, the LSE’s of 8; and 8, are derived and some of their properties

2

are obtained. Also, the (unknown) variance o“ is estimated.

In reference to the model described in (3), the LSE’s ; and B of ; and
B, respectively, are given by the following expressions (which are also
appropriate for computational purposes):

(Z?:lxz?)(Z?:lYi)_( i= 1951)( 1 l)
nYy i xf— (X lxl)2

:3 1= ) (4)

and
b= Ny iy Xi¥; — (Z?:l xz) ( D E) '
ny i xlz - ( > xi)z

®)

PROOF  Consider the partial derivatives:

3%15(1’, B) =2) (¥i—pi—por)(—D) = —2< Y Yi—npi—p in>’
im1 i1 i1

(6)

—S(Y B

% 2 ;(Y — B1 — Box)(—x)

n n n
—2(me—ﬁ12xi—ﬂ22x3>, )
and solve the so-called normal equations: —8 (¥, 8)=0and ; 3 2.SY,B) =

ornfi+ Qi x)Be =Y i Yiand Q1 1xz)ﬁ1+(zl LX) = Zz_lle tO
find:

ZLiYi Z?:lxi "
g = i se] (@) (X V) - (i ) (X 4:1)
S S P ,

nZL 1.70 (Zz lxi)
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and

‘ n Yi Y ) "
By = Y@ ¥y Y, _nY v — (i) (i 1Y)

nY o ad — (X ) nY o ad — (X )

It remains to show that 8; and B, actually, minimize S(¥, 3). From (6) and
(7), we get:

" sw, =
ot P = ap

S(Y B) = S, B) = 22%,
1

8/3
8/32 S(Y B) = 22%,

and the 2 x 2 matrix below is positive semidefinite for all i, 2, since, for all
M1, Ao reals not both 0,

n Zn: Xi Al

()‘-17)‘-2)< n ;LLI ;)( >

Dic1 T D X Az
=|An+A Xi A X + A x2 )

n n
= )L%’)’L—i- 2A1A9 Zx,; =+ )»% fo
=1 =1

= A3+ 200 Ae% + A3 Z x? (Where = - le>
n“
i=1

i=1

n
= A3+ 2nhihe® 4 A2 (fo —nE ) + AZni?

i=1

n
=n(33 + 20T +258%) + 43 ) _(@; — 2
i=1

n
= n(h1 + AoZ)* + A3 Z(xi -z’ > 0.
=1

This completes the proof of the theorem. A

COROLLARY With X = (1 + ---+axp)/nand ¥ = (Y1 + --- + ¥)/n,
the LSE’s B; and B> may also be written as follows (useful expressions for
noncomputational purposes):

v s p TL@-DH-F)
N R YOS S e D) Z@”@ 20

®

=
=
)
S
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PROOF  First,
n n n n
Y @i—DW-V)=> x¥;— VY x;—&) Y +na¥
=1 i=1 =1 =1
n

3 ..__<le> (én)-m?+m?

~.

Ao (59) (5]
n i1 im1
and
n n 2 n n
anf — <le> = anf — (n@)* = n<2x3 —m?2>
i=1 i=1 i=1 i=1
= ni(xi — 9‘0)2.
i=1
Therefore
Yin@i =D —Y) _ nyi, i =D - Y)
(i — 2)? ny i (r; — X)?

_ n) ¥ — (@) (X, )
n Y wf - (T @)’

The second expression for 8 as a linear combination of the Y;’s follows,
because

Y@wi—-DYi-N=) @-DY—-V) (@-8)=) (x-DY,

i=1 =1 i=1 =1

= B, on account of (5).

since
n n n n
Z(xi—o'c)z in —Nnx = Z.’El — in =0.
i=1 i=1 i=1 i=1
Also,
V- =7 ny i — (X @) (C 1Y)

n it = (S o)’
nY o Y, — Ty _
ny i xf — n2x?
¥ Y xf - Pt —nk Y Y 4+ ntEtY
ny iy (v — 2)>
(Ciny 2 ¥o) — (i i) (i, %:Ys)

_ s o =piby@). A
i=1\Wi

Yy —
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The following notation is suggested (at least in part) by the expressions in
the LSE’s B; and B, and it will be used extensively and conveniently throughout
the rest of this chapter.

Set

k%

n n n 1 n z
SS, =Y (wi—xP =Y a?—nx?=Y xZ—— in ,
i=1 i=1 i=1 n\ =
and likewise

2
n _ n _ n 1 n
Ssy=2<n—n2=2n2—nY2=ZYf—‘(Z”) ’
i=1 i=1 i=1 A\ =
©)

and

Sy = 3 — DY — 7)) = Y — DY,
i=1

i=1

1))
i=1 = im1

Then the LSE’s 3; and 8; may be rewritten as follows:

A 1& (1 E X SSyy
— 2 Y Z 2 , = . 1
B1 n i — B2 <7L Z xl>7 B2 SS, (10)

i=1

Also, recall that the fitted regression line is given by:
§=Pp1+phx andthat g =P+ pox;, i=1,...,n (1D
Before we go any further, let us discuss the example below.

In reference to Table 13.1, compute the LSE’s B; and B, and draw the fitted
regression line § = B; + Ba.

DISCUSSION The application of formula (10) calls for the calculation of
SS, and SS,, given in (9). Table 13.2 facilitates the calculations.

D @;=100.73, Y y;=16,703, > x7=304.7885, > x;y;=>50,066.47,

and then

100.73)>
SS, = 304.7885 — (3—4) =~ 304.7885 — 298.4274 ~ 6.361,

(100.73) x (16,703)

SS,., = 50,066.47 —
Y 34

~ 50,066.47 — 49,485.094
— 581.376.
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Table 13.2 x ¥ 2 xy x ¥ 2 xy
3.63 447 13.1769 1,622.61 3.48 528 12.1104 1,837.44
3.59 588  12.8881 2,110.92 3.47 552 12.0409 1,915.44
3.30 563  10.8900 1,857.90 3.35 520 11.2225 1,742.00
3.40 553  11.5600 1,880.20 3.39 543 11.4921 1,840.77
3.50 572 12.2500 2,002.00 2.36 399 5.5696 941.64
3.78 591  14.2884 2.233.98 2.36 482 5.5696 1,137.52
3.44 692  11.8336 2,380.48 2.66 420 7.0756 1,117.20
2.68 414 7.1824 1,109.52 3.01 471 9.0601 1,417.71
2.48 533 6.1504 1,321.84 2.79 490 7.7841 1,367.10
2.46 509 6.0516 1,252.14 2.89 431 8.3521 1,245.59
2.63 504 6.9169 1,325.52 291 446 8.4681 1,297.86
2.44 336 5.9536 819.84 2.75 546 7.5625 1,501.50
2.13 408 4.5369 869.04 2.73 467 7.4529 1,274.91
241 469 5.8081 1,130.29 3.12 463 9.7344 1,444.56
2.55 538 6.5025 1,371.90 3.08 440 9.4864 1,355.20
2.80 444 7.8400 1,243.20 3.03 419 9.1809 1,269.57
3.13 416 9.7969 1,302.08 3.00 509 9.0000 1,627.00
Totals 50.35 8577 153.6263  25,833.46 50.38 8,126 151.1622 24,233.01
Then
A 581.376 A 16,703 100.73
0 636l = 91.397 and B v (91.397) x 3

=~ 491.265 — 270.809 = 220.456,

and the fitted regression line § = 220.456 + 91.397x is depicted in the

Figure 13.2.
Figure 13.2
The Fitted y
Regression Line j = 700 |- .
220.456 + 91.397x
600 -
g 500 |-
S
400 |-
300 |-

GPA
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The LSE’s ,31 and Bg have the desirable property of being unbiased, as shown
in the following theorem.

THEOREM 2
The LSE’s 3, and B are unbiased; i.e., EA; = 1 and EBs = . Further-
more,
~ 1 x? ~ o2
Vi ol =4+ == Vi - -
ar(pr) =o (n I SSZ) and Var(ps) S,
where SS, is given in (9).

PROOF  In this proof and also elsewhere, the range of the summation is not
explicitly indicated, since it is always from 1 to n. Consider S as given in (8).
Then: SS, B> = > (@i — DY, so that, by taking expectations:

SS.EBy =) (xi—DEY; = ) (i — B)(B1 + pox:)

=h Z(xq —X)+ B2 sz(% —x) =B Zaa(x, - )

= B (Z v}~ m‘ﬂ) = B2 ) (¥ — 7" = SS,ps.
Therefore, dividing through by SS,, we get EB> = Bo. Next, also from (8),
N s _ A 1 _
Epy = E(Y = ps?) = EY — TEf = — 3 (B + foxi) — T

= B1+ BeX — Bt = B1.

Regarding the variances, we have from (8): SS,8; = > (@ — DY, so that:
SS? Var(h,) = Var(Z(xi - x)Y) =" (@i — DPVar(Yy)
=0) (¥ — B = 0*88S,,

so that Var(Bz) = 02/SS,. Finally, from (8),

R | 7 1 & — &
ﬁ1=Y—5cﬁ2=%ZE—S%Z(%—M=Z[5—““S—£}H,

7 7

so that

5 1 i@ —®)7 1 72 1 &2
iy =03 [ - P = () = (g A

x

(3
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DISCUSSION Inreference to Example 1, the variances of the LSE’s ; and

A

B2 are given by:

~ ¢2(0.029 + 1.380) = 1.4090°2,

1 8777
34  6.361

Var(Br) ~ 02<— + —
and

2

o
~0.1 2,
6361 — 01570

Var(ps) =

In fitting a regression line, there are various deviations which occur. At this
point, these deviations will be suitably attributed to several sources, certain
pieces of terminology will be introduced, and also some formal relations will
be established. To this end, look at the observable Y; and split it as follows:
Y, = 9;+(Y;—4;). The component g; represents the point (x;, ;) which lies on
the fitted regression line = 8, + B2, and the difference Y; — 3j; is the deviation
of Y; from 7;. We may refer to the component g; as that part of ¥; which is
due to the linear regression, or it is explained by the linear regression, and
the component Y; — ¢J; of ¥; as the residual, or the deviation from the linear
regression, or variability unexplained by the linear regression. We can go
through the same arguments with reference to the sample mean ¥ of the ¥;’s.
That is, we consider:

Y, =Y =@ —Y)+ ¥ — 9)).

The interpretation of this decomposition is the same as the one given above,
but with reference to Y. Next, look at the squares of these quantities:

(I]Z - Y)Zv (g? - Y)Zv (I]? - gi)Zv

and, finally, at their sums:
n _ n _ n
YW -YY, Y @i-YP Y (i-a)
i=1 i=1 i=1
At this point, assume for a moment that:
n _ n _ n
Y-V =) @i -V +) (Yi—9) (13)
i=1 i=1 i=1

Then this relation would state that the total variability (of the Y;’s in reference
to their mean V), Y"1, (¥; — ¥)?), is the sum of the variability Y, (§; — ¥)?
due to the linear regression, or explained by the linear regression, and the
residual variability, Z?:I(Yi — 9;)?, or variability unexplained by the linear
regression.

We proceed in proving relation (13).
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THEOREM 3

Let SS7(=SS,, see (9)), SSg, and SSg, respectively, be the total variabil-
ity, the variability due to the linear regression (or explained by the linear
regression), and the residual variability (or variability not explained by
the linear regression); i.e.,

Y — 9,
1

%

SSr(=SS)=> (Vi—Y), SSg=) (% —-Y), SSp=
=1 =1 =
(14)

where §; = B1 + Poxs, i = 1, ..., n, the LSE’s B; and B are given by (10)
(or (8)), and Y is the mean of the ¥;’s. Then:

@ SSp = SSk + SSg. (15)

Furthermore,
2

) 582, 582,
(i) SSy =55, SSp=-gg*, andhence SSy=SS,— L (16)

where SS,, SS,, and SS,, are given in (9).

PROOF We have:
SSr=Y Wi—-Yy¥=>Y[@—-V)+ -9
i i
=D @i —VP+ Y Wi— 9P +2) @i — D — )
i i i
= SSr+8Sp+2) (9 — V)X — 99).
i
So, we have to show that the last term on the right-hand side above is equal
to 0. To this end, observe that §; = B + fox; and B = Y — B2 (by (8)), so that
9i—Y =P+ powi =Y =Y — o+ pox; — ¥ = Bo(w; — @),
and
Yi—0i=Y;,— pi— P =Y, = Y + ot — pox; = (V; = V) — Bol; — D),
so that
@i — ) — 9) = Pl — DY — V) — Bo(x; — )]
R _ _ 2 _
= Bo(w; — D)(Y; — V) — Byl — ).
Therefore, by (9) and (10):

A Ve A~ S, Sxy S Sa?y S Sa?y S Sx%y
;(yi — (¥ =90 = 5g* * SSu - e SSi= 55 ~ 55 =0 (D

Thus, SSr = SSg + SSk.
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(ii) That SSy = SS,, is immediate from relations (9) and (14). Next,
Ji—Y =B+ Boxi =V =Y — BoZi+ Bow; — ¥ = Bo(w; — &) (by (8) and (11)),
so that, by (10),

SSO? SS?
SSg = E @i — = :32 E (@i — x)Z SSzy x S, = SSy’
x

as was to be seen. Finally,

SSp = Z<Y 9 = Z [(¥; = 7) - @ - D)
= Z<Y 7y + Z(y ~- 7y -2 Z(?/q N - )
= SSr+8Se—2) (4 — (¥ - 1),

and

2@ =W =) =3 (@ — DI = 9) + @i = V)]
= 2@ =N =g+ ) (Gi = V) = S5p (oy (AT).

2
It follows that SS; = SSy — SSg = SS, — SS”, as was to be seen. A

This section is closed with some remarks.

REMARK 1

(i) The quantities SSy, SSg, and SSg, given in (14), are computed by way of
SS;, SSy, and SS,,, given in (9). This is so because of (16).

(ii) Inthe next section, an estimate of the (unknown) variance o2 will also be
given, based on the residual variability SSg. That this should be the case
is intuitively clear by the nature of SSg, and it will be formally justified in
the following section.

(iii) From the relation SSy = SSg + SSk given in (15) and the definition of the
variability due to regression, SSg, given in (14), it follows that the better
the regression fit is, the smaller the value of SSg is. Then, its ratio to the
total variability, SSy, » = SSg/SSr, can be used as an index of how good
the linear regression fit is.

13.3 Normally Distributed Errors: MLE'’s of 31, 32, and o2, Some Distributional Results

It is to be noticed that in the linear regression model as defined in relation (3),
no distribution assumption about the errors e;, and therefore the r.v.’s Y;, was
made. Such an assumption was not necessary, neither for the construction of
the LSE’s of 1, B2, nor in proving their unbiasedness and in calculating their
variances. However, in order to be able to construct confidence intervals for
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THEOREM 4

B1 and B and test hypotheses about them, among other things, we have to
assume a distribution for the ¢;’s. The ¢;’s being errors, it is not unreasonable
to assume that they are Normally distributed, and we shall do so. Then the
model (3) is supplemented as follows:

Y, = B1+ Box; +e;, wheree;, i =1,...,nareindependent r.v.’s
~ N(0,6?), which implies that ¥;,i =1, ..., nare (18)
independent r.v.’s and ¥; ~ N(B; + Box;, 02).

We now proceed with the following theorem.

Under model (18):

(i) The LSE’s B, and j3; of B; and fs, respectively, are also MLE’s.
(ii) The MLE 62 of o2 is given by: 6% = SSg/n.
(iii) The estimates $; and 3, are Normally distributed as follows:

A 91 2 A o?
ﬂl N(,Bl,O' <%+S_Sx)), ;32 N(ﬁ27 S_Sx)y

where SS, is given in (9).

PROOF

(i) The likelihood function of the Y¥;’s is given by:

1 " 1
L(ylv e Yns ﬂly :32) 02) = <\/2]'[7> exp |:_ m Z(yT _ﬂl _ﬁzxi)z]'

For each fixed o2, maximization of the likelihood function with respect
to B1 and By, is, clearly, equivalent to minimization of ) _,(y; — 1 — Bax;)?
with respect to 81 and B, which minimization has produced the LSE’s j;
and Bg.

(ii) The MLE of ¢2 is to be found by minimizing, with respect to o2, the
expression:

PO n n 1
logL(yla sy Yns 1317 ﬁ27 GZ) = _E log(27r) - 5 lOgO’z - ﬁSSEr

since, by (14) and (11), Y_;(yi — B1 — Boaxi)* = Y_,(yi — 9:)* = SSg. From
this expression, we get:

d A A 2 n 1 SSE
WlogL(yb..., Yn; B1, B2, 07) = 5 X ;‘i‘m =0,
so that o2 = SSg/n. Since
5 A p 2
ml()gl/(yla s YUns ,317 /32,0 )|02=SSE/TL:

it follows that 62 = SSg/n is, indeed, the MLE of o2

?’LS
2852

<0,
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(iii) From (12), we have: ; = > ,[1 — ﬂggs—’x)]Y@, and we have also seen in
Theorem 2 that: '

EBy = p1, Var(B) = 02(1 + 50_2)
n SS;
Thus, ,31 is Normally distributed as a linear combination of independent
Normally distributed r.v.’s, and its mean and variance must be as stated
above. Next, from (8), we have that: o = Zi(”ggf )Y;, so that, as above,
,32 is Normally distributed. Its mean and variance have been computed in
Theorem 2 and they are B, and 02/SS,, respectively. A

Before proceeding further, we return to Example 1 and compute an esti-
mate for 2. Also, discuss Example 23 in Chapter 1 and, perhaps, an additional
example to be introduced here.

In reference to Example 1, determine the MLE of o2.

DISCUSSION By Theorem 4(ii), this estimate is: 6 = % For the com-
putation of SSg by (16), we have to have the quantity Y y? from Table 13.2,
which is calculated to be:

3 y? =8,373,295. (19)
i

Then, by (9),

16,703)*
SS, = 8,373,295 — % =~ 8,373,295 — §8,205,5694.382 = 167,700.618,

and therefore

(581.376)2

~1 .618 — 53,135. = 114,564.625;
6.361 67,700.618 — 53,135.993 ,564.625;

SSk = 167,700.618 —

ie.,

., 114,564.625
0= ——
34

Since SSr = SS, = 167,700.618 and SSg = 53,135.993, it follows that only

1557173050'?3138 ~ 31.685% of the variability is explained by linear regression and

%’% ~ 68.315% is not explained by linear regression. The obvious outlier

(3.44, 692) may be mainly responsible for it.

SSg = 114,564.625 and then =~ 3,369.548.

In reference to Example 23 in Chapter 1, assume a linear relationship between
the dose of a compost fertilizer x and the yield of a crop y. On the basis of the
following summary data recorded:

n=15 x=108, §=1227, SS, =706, SS,=985 SS,, =683
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(i) Determine the estimates B; and f», and draw the fitted regression line.
(ii) Give the MLE 62 of o2
(iii) Over the range of x values covered in the study, what would your con-
jecture be regarding the average increase in yield per unit increase in the
compost dose?

DISCUSSION

(1) By (10),
Bo =82 ~0967 and B =122.7—0.967 x 10.8 =~ 112.256,
and ¢ = 112.256 + 0.967x.

(i) We have: 62 = 5% where SSp = 98.5 — @3 ~ 32425 50 that 62 =

15 70.6
32425 __
2425 — 2.162.

(iii) The conjecture would be a number close to the slope of the fitted regres-
sion line, which is 0.967 (Figure 13.3).

Figure 13.3
The Fitted Yy
Regression Line j = 140 |

112.256 + 0.967x

100 |

In one stage of the development of a new medication for an allergy, an exper-
iment is conducted to study how different dosages of the medication affect
the duration of relief from the allergic symptoms. Ten patients are included in
the experiment. Each patient receives a specific dosage of the medication and
is asked to report back as soon as the protection of the medication seems to
wear off. The observations are recorded in Table 13.3, which shows the dosage
() and respective duration of relief () for the 10 patients.

(i) Draw the scatter diagram of the data in Table 13.3 (which indicate ten-
dency toward linear dependence).
(ii) Compute the estimates B; and B2, and draw the fitted regression line.
(iii) What percentage of the total variability is explained by the linear regres-
sion and what percentage remains unexplained?
(iv) Compute the MLE 62 of o2.
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Table 13.3

Dosage (x) (in
milligrams) and the
Number of Days of Relief
(y) from Allergy for 10
Patients

x y x? s xy
3 9 9 81 27
3 5 9 25 15
4 12 16 144 48
5 9 25 81 45
6 14 36 196 84
6 16 36 256 96
7 22 49 484 154
8 18 64 324 144
8 24 64 576 192
9 22 81 484 198
Totals 59 151 389 2,651 1,003

DISCUSSION

(i),(ii) First, SS, = 389 — 592 = 40.9 and SS,, = 1,003 — 211 = 112.1, and
hence:
L1121 151 59

=" ~ 2741 d B =-—"—-2741x
P2= 109 and  fi =3

Then the fitted regression line is § = —1.072 + 2.741x (Figure 13.4).

(iii) Since SSy =SS, =2,651 — L =370.9 and SSp = L2 ~ 307.247, it

follows that SSg = 370.9 — 307. 247 63.653. Therefore 22247 ~ 82 838% of the

3709 —
variability is explained by the linear regression and .53 ~ 17.162% remains
unexplained.

~ —1.072.

309 —

(iv) We have: 62 = %05 — 6.3653 ~ 6.365.
Figure 13.4

Scatter Diagram and y

the Fitted 25 -

Regression Line j =

-1.072 + 2.741x 20 |

5L §=-1.072 + 2.741x

10 -

For the purpose of constructing confidence intervals for the parameters
of the model, and also testing hypotheses about them, we have to know the
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distribution of SSg and also establish independence of the statistics ,31 and
SSg, as well as independence of the statistics 8, and SSg. The relevant results
are stated in the following theorem, whose proof is deferred to Section 13.6.

THEOREM 5
Under model (18):

() The distribution of SSp/o?is x2 ,.
(ii) The following statistics are independent:

(@) SSg and Bs; (b) Y and B; (c) SSg, Y and fo;  (d) SSg and Bi.

PROOF  Deferred to Section 13.6.
To this theorem, in conjunction with Theorem 4, there is the following
corollary.

COROLLARY Under model (18):
(i) The MLE 62 of o2 is a biased estimate of o2, but -56% = 5% call it $?,
is an unbiased estimate of 2.

. BB . B P
(i) ——— ~ by, (iiD) ~ ln-2, 20)
s /1 ] S/J/8S, "
where
S% = SS;/(m — 2). (21)
PROOF
(i) It has been seen in Theorem 4(ii) that 6° = S—;zF = 7%2 X fSFZ Since
SSE ~ Xn 5, it follows that E(SSE) =n—2,or E(;>% SSp %) = o2, so that SSE
1s an unbiased estimate of o2. Also, E6? = "= 2E( SSEZ) = 20 , SO that

62 is biased.
(i) By Theorem 4(iii),
Bi—B _ Bi—B
sd(B) 4 %
and 3% = (=285 _ (-2S* x2_,. Furthermore, BB and 5% are

(n—2)o2 A_ a2 s.d.(B)
independent, since 8; and SSg are so. It follows that:

(B1 — B1)/s.d.(B) ~1, or (B — Bo/oyf ut % N

—4&) t'ﬂ* )
VEE/(n-2) 2 V82 /a? 2

or, finally,

~ N(O, 1),

,31—51

+ i 1(951 %)

~ tn_2.
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(iii) Again by Theorem 4(iii),
B — Be _ B — Bo
S.d.(,gz) o/ \/S_Sx

and bty and S(%E are independent, since Bg and SSg are so. Then:

~ N(O, 1,

s.d.(B)
(B — B)/s.4.(By) (B2 — B2/ o
~ 2, OF ——————" ~ Iy,
\/ T/ —2) V%o
or, finally, £ 5/ m ~lp2. A

3.1 Verify the result -4 2 log(y, - - -5 Yns Bi, Po, t)’ 1=SSpyn = 2352 as claimed in
the proof of Theorem 4(ii), where ¢ = o2,

3.2 Consider Table 13.1 and leave out the “outlier” pairs (3.63, 447), (3.44,
692), and (2.44, 336). Then recalculate all quantities below:

Z Xi, Z Yi, Z xiz, Z XilYiy Z y@ , SSy,  SSy,  SSu.
i 7 i

3.3 Use the calculations in Exercise 3.2 to compute the estimates f;, 85 and
the fitted regression line.

3.4 Refer to Exercise 3.2, and compute the variances Var(B:), Var(Bs), and
the MLE of o2

3.5 By Theorem 5, the r.v. SSg/o? is distributed as x2 ,. Therefore, in the
usual manner,

|:SSE SSg i|
szz—z‘%, Xi-z&-ﬁ

is a confidence interval for o2 with confidence coefﬁment 1 — «, where

SSg is given in (16) and (9). That is, SSg = SS, — S§J’ where SS,, SS,,
and SS,, are given in (9).
(i) Refer to Example 1 (see also Example 3), and construct a 95% con-
fidence interval for o2.
(ii) Refer to Example 4 and do the same as in part (i).
(iii) Refer to Example 5 and do the same as in part (i).
(iv) Refer to Exercise 3.2 and do the same as in part (i).

3.6 Consider the linear regression model given in relation (18), and let
be an unknown point at which observations Yy, ¢ = 1, ..., m are taken.
It is assumed that the Y;’s and the Y;’s are independent, and set ¥ =
nll ZZ’;I Yoi. Set y = (w1, .-, Yn), Yo = Wo1, - - -, Yom) for the observed
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values of the Y;’s and Y;’s, and form their joint log-likelihood function:

A = A(By, B2, 0%, x0) = log L(B1, B2, 0%, olY, Yo)
m+n

= log27) — 2™ 10g 02

1 n m
_0’_2 |: Z(y] — B - ,321']')2 + Z(y(n —p1— ﬂzxo)z].
Jj=1 i=1

(i) Show that the log-likelihood equations 2 55 =0 gé: =0,and 72 =0
produce the equations:

(m~+n)B1 + (mxo + nd)pe = myo +ny (@
(mao +n2)P1 + (mx% +y x?) Bo=mxoyo+ Y _xy;  (b)
j j

B1 + x0B2 = Yo. ©

(ii) In (c¢), solve for 81, B1 = Yo — xo B2, replace it in (a) and (b), and solve
for B, to obtain, by assuming here and in the sequel that all divisions
and cancellations are legitimate,

y— > %jY; — nxyo
,322%/ yo7 B2 = #- (d)

X — X Zx — NXx

(iii) Equate the B2’s in (ii), and solve for x( to obtain:
= |:y0 Z (xj — 92')2 + Eijyj — @Zx]z]
J J J
/(Z XY — nfg"/)
J
= |:ny0 Z (x; — 2)? + nxz XY — nny ]

e ()] |

(iv) Replace x in the first expression for 8, in (d) in order to get, after
some simplifications:

By = nys iy — (2, %) (2, 4) ®
= 5 ,

nyw = (2;%)
and observe that this expression is the MLE (LSE) of 2 calculated
on the basis of y; and x;, j = 1,..., n only (see relation (5) and
Theorem 4(1)).
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™)

(vi)

(vii)

Replace x( and B2 in the expression 81 = yo — 2o B2 in order to arrive
at the expression

2, 2) (X, w) — (2, 2) (X, %)
2
ny_; %2 - (ijj)
after some calculations, and observe that this is the MLE (LSE) of ;
calculated on the basis of y; and «;, 7 = 1, ..., n only (see relation
(4) and Theorem 4(i)).

It follows that the MLE’s of A1, 82, and xy, to be denoted by fi, o, and
Xy, are given by the expressions:

(ijjz)(Z] yj) - (ijj)(zj'xjyj)

: @

p1 =

Bl = 9 )
Yyl — (X, )
3 ny vy — (%) (X, v)
2 = 2 )
2
anxj - (iji)
and
N Yo — ,3 1
Xo = = .
B2
Differentiate the log-likelihood function with respect to o2, equate

the derivative to zero, and replace B, B2, and xy by their MLE’s in
order to obtain the MLE 62 of o2, which is given by the expression:

1
62 = ——(SSg + SSom),
m+n
where
n ~ n R R 2
SSp =) (Wi—9)" =) (W—h—hay,
=1 =1
and
m A L m
SSor =Y _ (Woi — B1 — Beto) =Y (Woi — %0)°-
i1 i1

Also, by means of (14) and (16),

SSZ n 1 n 2
SSp =SS, — ﬁ where S8, = "7 — %(ij) ,

=1

n n 2 n n n
SSy: Zyjz — %(Zy,) y SSxyz ijyj — %(Z@)(Z yj>;
Jj=1 Jj=1 j=1 Jj=1

J Jj=1
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and

m 1 m 2
SSor = Zy& - T—n<ZyOz) .
im1 i=1

(viii) Observe that, by Theorem 5(i), 3¢ ~ 2 , whereas 5% ~ 2 .
Then, by independence of the Y;’s and the Y;’s, it follows that
L(SSE + SSor) ~ X2 in s o

(ix) Observe that, by Theorem 8(i), o = B1 + Baxo ~ N(B1 + Baxo, 02(% +
%zﬁ)), whereas Yy ~ N(B1 + B2, mi), and 9 and Yo are indepen—
dent, so thatther.v. V = Yy, — 4o ~ N(O, GV), where O'V = 02( + +
%&), and - ~ N(0, D).

(x) Observe that, by Theorem 5, the r.v.’s V /oy and (SSg + SSoz)/o? are

independent, so that

Viey — V/o ot xg*s;
1 [SSp+S%e 1 /M
o m+n—3 o m+n—3
vm+n—-3V

= ~ tm+n - 3

\/[ +1 +%](SSE+SSOE)

13.4 Confidence Intervals and Hypotheses Testing Problems

THEOREM 6

The results obtained in the corollary to Theorem 5 allow the construction
of confidence intervals for the parameters of the model, as well as testing
hypotheses about them.

Under model (18), 100(1 — «)% confidence intervals for 8; and B are
given, respectively, by:

N 1 2 R 1 x2
— t20/25,/ — + <o 2028\~ + 55 | 22
|:,31 bn—2,0/2 n+ S5, B1 + bu2.0/2 - + SSx] (22)

(23)

and

|:,32 b2y P2+ bu-2a2

S
m m}

where S = /SSz/(n — 2), and SSg, SS,, and B, B are given by (16), (9),
and (10).

PROOF  The confidence intervals in (22) and (23) follow immediately from
results (ii) and (iii), respectively, in the corollary to Theorem 5, and the familiar
procedure of constructing confidence intervals. A
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THEOREM 7

REMARK 2 A confidence interval can also be constructed for 2 on the
basis of the statistic SSg and the fact that SSp/o? is distributed as xZ2_,.

Procedures for testing some hypotheses are summarized below in the form
of atheorem. The tests proposed here have an obvious intuitive interpretation.
However, their justification rests in that they are likelihood ratio tests. For the
case of simple hypotheses, this fact can be established directly. For composite
hypotheses, it follows as a special case of more general results of testing
hypotheses regarding the entire mean n = f; + B2x. See, e.g., Chapter 16
and, in particular, Examples 2 and 3 in the book A Course in Mathematical
Statistics, 2nd edition (1997), Academic Press, by G. G. Roussas.

Under model (18):

(i) For testing the hypothesis Hy: B; = Bio against the alternative Hx:
B1 # Bio at level of significance «, the null hypothesis Hj is rejected
whenever

. 1 z2
[t] > tn-2.0/2, Wheret = (1 — p10)/S,/ " F S5, 29

(ii) For testing the hypothesis Hy: 2 = B2 against the alternative Hy:
Ba # Boo at level of significance «, the null hypothesis H is rejected
whenever

" S
[t| > tp2.072, Wheret = (B2 — ﬂzo)/ﬁ' (25)

When the alternative is of the form Hy: f2 > B9, the null hy-
pothesis is rejected whenever ¢ > ¢,_s.,, and it is rejected whenever
{ < —ty_2, if the alternative is of the form Hy: B2 < Bao.

REMARK 3

(i) In the reference cited above, the test statistic used, actually, has the F-
distribution under the null hypothesis. It should be recalled, however, that
if ¢ has the t-distribution with » d.f,, i.e., t = Z/,/x2?/r, where Xf has the
x*-distribution with 7 d.f. Z ~ N(0, 1) and Z and x? are independent then,
1 = £ has the F-distribution with 1 and r d.f.

(ii) Hypotileses can also be tested about o2 on the basis of the fact that % ~
oo

In reference to Example 1:

(i) Construct 95% confidence intervals for 8; and fs.
(ii) Test the hypothesis that the GMAT scores increase with increasing GPA
scores.

DISCUSSION (i) The required confidence intervals are given by (22) and
(23). In the discussion of Example 1, we have found that: ¥ ~ 2.963,
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SS, ~ 6.361, B ~ 220.456, and B> ~ 91.397. Also, in the discussion of Example
3, we saw that SSp =~ 114,564.625, so that, by (21), § = (HA5LE)1/2 ~ 59 834,
Finally, 132:0.025 = 2.0369. Then

. 1 22 (2.963)2
oSy + e = 220,456 — 2.0369 x 59.834 x =
Pr=tuzap2S\ |0 + g5 X 31 T 6361

~ 220.456 — 121.876 x 1.187 ~ 220.456 — 144.667 = 75.789,

R 1 72
Bi + tu-2.0/2S, [ — + SIS 220.456 + 144.667 = 365.123.
’ n SS,

So the required interval is [75.789, 365.123].
Likewise, £, 2.4/2 o m ~ 1.6939 x 39683% 1.6939 x 23.725 ~ 40.188, and
therefore the required interval for S is: [61.209, 131.585].

and

(ii) Here we are to test Hy: B2 = 0 against the alternative Hy: B2 > 0. Let us
take o = 0.05, so that #32.9.05 = 1.6939. The observed value of the test statistics
is:
_ Bo— B 91397
- S/JSS, T 23.725

= 3.852,

and the null hypothesis is rejected; the GMAT scores increase along with in-
creasing GPA scores.

In reference to Example 4:

(i) Construct 95% confidence intervals for g; and Ss.
(ii) Test the hypothesis that crop yield increases with increasing compost
fertilizer amounts.

DISCUSSION (i) In the discussion of Example 4, we have seen that: n =
15, % = 10.8, SS, = 70.6, SS, = 98.5, B; ~ 112.256, and B2 =~ 0.967. It follows
that:

98.5\ /2 1 &2 (10.8)2
S=(=2) ~2753 and S -+ — =2.753
(13) and oLt ss, “Vi5 706

~ 2.753 x 1.311 ~ 3.609.

Since 13,0.025 = 1.1604, it follows that the required observed confidence interval
for B; is: [112.256 — 1.1604 x 3.609, 112.256 + 1.1604 x 3.609], or [108.068,
116.444].

Next, T ~ ;Lﬁ ~ 0.328, and t130()25m = 1.1604 x 0.328 ~ 0.381,
so that the required observed confidence interval for g; is: [0.586, 1.348].
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(ii) The hypothesis to be tested is Hy: B2 = 0 against the alternative Hy: 8o > 0.
Take o = 0.05, so that #13,0.05 = 1.7709. The observed value of the test statistic
is:

_ B — B _ 0.967
S/J/SS, ~ 0.328

and therefore the null hypothesis is rejected. Consequently, crop yield in-
creases with increasing amounts of compost fertilizer.

1 EXAMPLE 8 In reference to Example 5:

(1) Construct 95% confidence intervals for 8; and fs.
(ii) Testthehypothesisthatthe duration ofreliefincreases with higher dosages
of the medication.

~ 2.948,

DISCUSSION (i) From the discussion of Example 5, we have: n= 10,
£=5.9,8S,=40.9, SSp = 63.653, ;1 = —1.072, and By =~ 2.741. Then S =
(82833172 ~ 2.821. Also, tg0.025 = 3.3060. Therefore:

1 22 1 G2
S 23306 x 2.821 x | — ~ 9.326 x 0.975
tn-2a/25y/ 3+ 55 x “V10 " 109 %

~ 9.093.

Hence the required observed confidence interval for §; is: [—1.072 — 9.093,
—1.072 + 9.093], or [—10.165, 8.021]. Next,

S 2.821
by 9a/s e = 3.306 X —oo" ~ 3.306 x 0.441 ~ 1.458,
w2 ISS V409

and therefore the required observed confidence interval for 8, is: [2.741 —
1.458, 2.741 + 1.458], or [1.283, 4.199].

(ii) The hypothesis to be tested is Hy: B2 = 0 against H: f2 > 0, and let us
take a = 0.05, so that 3,005 = 1.8595. The observed value of the test statistic
is:
;= Bo— Bao _ 2.741
S//SS, 0441
and the null hypothesis is rejected. Thus, increased dosages of medication
provide longer duration of relief.

4.1 Refer to Exercises 3.2 and 3.4, and compute 95% confidence intervals for
B1 and Bs.

4.2 Refer to Exercises 3.3 and 4.1, and test the hypotheses Hy: 81 = 300
against Hu: 81 # 300, and Hj: B2 = 60 against Hy: B2 # 60, each at level
of significance o = 0.05.

~ 6.215,




Exercises 387

4.3 Refer to Example 5 and:
(i) Derive 95% confidence intervals for g; and Sa.
(ii) Test the hypothesis Hj: f1 = —1 against the alternative Hu: 1 # —1
at level of significance o = 0.05.
(iii) Do the same for the hypothesis Hy: 2 = 3 against the alternative Hy:
B2 # 3 at the same level « = 0.05.

4.4 Suppose the observations Y7, ..., Y, are of the following structure: Y; =
B+ y(x; — X) + e;, where B and y are parameters and the e;’s are inde-
pendent r.v.’s with mean 0 and unknown variance o2.

(i) Sett; = x;—2x, 7 =1, ..., n,and observethatthemodel Y; = B+yt;+e;
is of the standard form (1) with 8, = B, B2 = y, and the additional
property that """ ; ¢, = 0, or 7 = 0.

(ii) Use expressions (5) and (8) to conclude that the LSE’s of 8 and y are
given by:

n n
pov, y=zm/2t3.
i=1 =1

(iii) Employ Theorem 4 in order to conclude that:

A 0'2 0’2
~N|(B, — d ~N
B <ﬁ, n) and § <y, SS)

where (by (9)) SS; = > 1, i2.

(iv) Determine the form of the confidence intervals for g and y from
relations (22) and (23).

(v) Determine the expression of the test statistics by means of relations
(24) and (25).

(vi) What do the confidence intervals in relation (29) and in Theorem 9
(iii) become here?

4.5 Consider the linear regression models: ¥; = 81 + Box; + 5,0 =1,...,m
and Y* B +ﬂ2x —l—ej, J=1,...,n,wheretherandomerrorsey, ..., e,
and el, ..., erareiid. r.v’s dlstnbuted as N(0, 02)

(i) The independence ofey,...,eyandej, ..., e implies independence

of Yy, ..., Yyand Yy, ..., Y. Then write down, the joint likelihood of
the ¥;'s and the Y}’s and observe that the MLE's of 1, B2, B7, B3, and
o2, in obvious notation, are given by:

B =Y — poi, 32:7”2;11%”1?—2(21 1) (2 1Y),
my i & _(Zi—lxi)
3 oo M %Y — (Ui ) (X Y))

BT = Y* - :3;@‘*’ :8; 2
an:Ixj* - (Z?:Ixj)

)

8% = (SSp +85%)/(m+n),
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where
m 2
SSp =Y (Yi— B — Bowi)* =SS, — %,
5.
SS,; = x2— — ( xl> ,
; om\ &
i=1 m\i=
m 1 m m
SSxy:szyz__ X ZYz )
i1 m A\ =1
and

*2

n
Sy =3 () = B = b)) = 88, — =
j=1

¥
X
n 9 1 n 2
SSi=Y af - ;L<Zx;> ,
=1 =1
n ) 1 n 2
5= 305 —5(3n).
J=1 Jj=1
n 1 n n
sst, = vy - (L) (L)
j=1 j=1 j=1

(i) In accordance with Theorem 4, observe that
A 1 x? A o?
~ N 2=+ =— ~N —
B (51, o (m + SSx))’ P2 (ﬁz, SSx>’
N 5 (1 T2 A o?
“~ N (B - s~ N (B, —
P (,317 o (n + SS;))’ o5 (ﬂz, SS;)’

SSp+S8S;
- Xm+n74'

and

o2
(iii) From part (ii) and Theorem 5, conclude that

mEn—4[(f - B;) - (B - B7)]

] ~ totn—a,
\/<SSE+SS*E)(71,L+%+%+§T§>
and
Vit A[(B = B — (B~ )] ~ byt nea
+n—4-

\/(SSE +55%) (s + )
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(iv) From part (iii), observe that the two regression lines can be compared
through the test of the hypotheses Hy: g1 = f; against the alternative
Hy: B1 # Bf, and Hj: B2 = B; against the alternative H: o # 5 by
using the respective test statistics:

_ vm+n—4(B - B)
\/(SSE’ +SS”]E)<},L+ s %)
Vm+n—4B - By

) \/(SSE +553) (5 + %)

t

t/

At level of significance «, the hypothesis H, is rejected when |{| >
bntn—4;2, and the hypothesis Hj is rejected when [¢'| > bntn—4;2 -

(v) Again from part (iii), observe that 95% confidence intervals for g; — B}
and fs — B5 are given by:

B, — B* SSy+S8St /1 1 a2 a2
(1 _ﬁl)itnz+n4;g\/u ( ))

m+n—4 \m" n" 5, " S8;
and
R R SSg+SS, (1 1
— Bttty | —————E )

B~ B £ b 4,2\/m+n_4 (3 52)

respectively.
(vi) Finally, from part (i) conclude that a 95% confidence interval for o2

is given by:

y

[SSE +S8S3  SSp+ SSE:|

2 2
Xmn—48 Kmtn—4;1-¢

13.5 Some Prediction Problems

According to model (18), the expectation of the observation Y; at x; is £'Y; =
B1+ Bax;. Now, suppose x is a point distinct from all x;’s, but lying in the range
that the x;’s span, and we wish to predict the expected value of the observation
Yy at xy; i.e., EYy = B1 + Bax. An obvious predictor for EF'Y) is the statistic 7
given by the expression below and modified as indicated:

9o = B1+ Boxo = (¥ — BoX) + Boxo = ¥ + (w0 — D)Ps. (26)

The result below gives the distribution of ¢, which also provides for the
construction of a confidence interval for 8; + Ba2xy.
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THEOREM 8§

Under model (18) and with §, given by (26), we have:

@ Go — (B1 + .32_9520) ~ N0, 1). @7
oyt C5

(ii) w S 28)
- =
S at (xossf !

(iii) A 100(1 — )% confidence interval for B; + B2y is given by:

. 1 (o—2)P? 1 (%o —@)?
—ty9.q2S | — + —, 9008, [ —+———|. (29
|:Z/0 bn—2:0/2 " +* S5, Yo + tn2.0/2 . 4 SS, (29)

It is recalled that S = /SSg/(n— 2), SSg = SS,, and SS, and SS;
are given in (9).

PROOF (i) The assumption that ¥; ~ N(B; + Box;, 02), 71 =1, ..., nindepen-
dent implies that ), ¥; ~ N(nB1 + B2 Y_,; %, no?) and hence

Y ~ N(Bi + Boit, 0° /). (30)
By Theorem 4(iii), B> ~ N(Bz2, 02/SS,), so that

(@0 — D) @2). 31

(o — B)f2 ~ N ((900 — )P, SS

Furthermore, by Theorem 5(ii)(b), ¥ and B, are independent. Then, rela-
tions (26), (30), and (31) yield:

. > A 1 (wo— )

Go=Y + (wo — D2 ~ N B1 + B0, o> —+M , (32)
n SS,;

and then (27) follows by standardization.

(ii) By Theorem 5(ii)(c), SSg is independent of ¥ and A, and hence independent
of o because of (26). Furthermore, by Theorem 5(i),

SS (n—2)S?
U—zE = oz ~ szzfz' (33)
Therefore

[0 — (B1 + Baxo)] /o /% + % 90 — (B1 + Baxo) .
- = — ~ n-2,
UGSy ) S\/L 4 it

which is relation (28).

(iii) This part follows immediately from part (ii) and the standard procedure
of setting up confidence intervals. A
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THEOREM 9

Finally, we would like to consider the problem of predicting a single re-
sponse at a given point xy rather than its expected value. Call Y the response
corresponding to xy and, reasonably enough, assume that Y} is independent of
the Y;’s. The predictor for Yj is §,, the same as the one given in (26). The ob-
jective here is to construct a prediction interval for Y. This is done indirectly
in the following result.

Under model (18), let ¥, be the (unobserved) observation at %o, and
assume that Y; is independent of the ¥;’s. Predict ¥, by §o = B1 + Baxo.
Then:

@ h—T ~ N(0, 1). (34)
o /1 + + (xo—x)
(if) Uitk (R, (35)

SJ1+ 1+ @ tr

(iii) A 100(1 — o)% prediction interval for Yy is given by:

SSy

where S and SS, are as in Theorem 8(ii), (iii).

Xy — )2 Xy — )2
|:y0_t'n—2a/28\/1+ _,_M, yo-l-bn—za/zs\/l—i- +%:|7

PROOF (i) We have: Yy = B1 + B220 + eo, predicted by ¢, = ,31 + ﬁzxg. Then
EYy = 1 + Baxo and Efy = B1 + P22, so that E (g, — Yp) = 0. In deriving the
distribution of §, — Y, we need its variance. By (26), we have:

Var(§, — Yo) = Var(Y + (xo — &)pz — Yo) = Var(Y) + (wo — 2)*Var(Bs) + Var(¥y)

(since all three r.v.’s, ¥, 85, and Y;, are independent)

o? o?
= — 4@y — %) x — + 02 (by Theorem 2)
n SS,;
)2
{1 + -+ (‘%‘OS—S;U)}, i.e.,
a2
E(@—~Y)=0 and Var(j—Yo)=o [1+ +%}

Since ) and Y are independent and Y, ~ N(B; + B2, ), then these facts
along with (32) yield:

N (o — T
-Yy~N|(O 1 — ).
Yo 0 ( ] [ + -+ SSx

Relation (34) follows by standardizing §¢ — Yp.
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(ii) It has been argued in the proof of Theorem 8(ii) that S and #, are inde-
pendent. It follows that S and ¢ — Y; are also independent. Then, dividing the

expression on the left-hand side in (34) by ,/ ("_U#Sz /(n—2) = ;—9 in (33), we
obtain the result in (35), after some simplifications.

(iii) This part follows from part (ii) through the usual procedure of setting up
confidence intervals. A

5.1 Refer to Exercises 3.1, 3.3, 4.1, and:
(i) Predict EY) at 2y = 3.25, and construct a 95% confidence interval of
EY,.
(ii) Predict the response Yj at xy = 3.25, and construct a 95% prediction
interval for Yj.

5.2 In reference to Example 22 in Chapter 1 (see also scatter diagram in
Figure 13.1 and Examples 1, 2, 3, and 6 here), do the following:
(i) Predict the E'Y, where Yj is the response at xy = 3.25.
(ii) Construct a 95% confidence interval for EYy, = B + Bexo = B1 +
3.258,.
(iii) Predict the response Y, at x¢ = 2.5.
(iv) Construct a 90% prediction interval for Y.

5.3 Inreference to Example 23 in Chapter 1 (see also Examples 4 and 7 here),
do the following:
(i) Predict the E'Y;, where Yj is the response at xy = 12.
(ii) Construct a 95% confidence interval for E'Yy = 81+ faxo = B1+120s.
(iii) Predict the response Yj at xp = 12.
(iv) Construct a 95% prediction interval for Y.

5.4 Refer to Example 5 and:
(i) Predict the E'Y; at xp = 6.
(ii) Construct a 95% confidence interval for E'Y, = 81 + 682.
(iii) Predict the response Yj at xy = 6.
(iv) Construct a 95% prediction interval for Y.

5.5 Suppose that the data given in the table below follow model (18).

x 5 10 15 20 25 30
y | 010 | 021 | 0.30 | 0.356 | 0.44 | 0.62

(i) Determine the MLE'’s (LSE’s) of 1, 2, and o2.
(ii) Construct 95% confidence intervals for f;, fs, and o2.
(iii) At xy = 17, predict both EYj and Y; (the respective observation at
Xp), and construct a 95% confidence interval and prediction interval,
respectively, for them.

Hint: For a confidence interval for o2, see Exercise 3.5.
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5.6 The following table gives the reciprocal temperatures x and the corre-
sponding observed solubilities of a certain chemical substance, and as-
sume that they follow model (18).

x | 380 | 3.72 | 3.67 | 3.60 | 3.54
127 | 1.20 | 1.10 | 0.82 | 0.65
y | 132 | 126 | 1.07 | 0.84 | 0.57
1.50 0.80 | 0.62

(i) Determine the MLE’s (LSE’s) of 81, 82, and o2.
(ii) Construct 95% confidence intervals for A1, Bs, and o2.
(iii) Ataxy = 3.77, predict both E'Yy and Yj (the respective observation at
%), and construct a 95% confidence interval and prediction interval,
respectively, for them.

Note: Heren = 13and x; = x2 = @3, 2y = X5, X6 = X7, Xg = X9 =
210, and 11 = X2 = X13.

13.6 Proof of Theorem 5

This section is solely devoted to justifying Theorem 5. Its proof is presented
in considerable detail, and it makes use of some linear algebra results. The
sources of those results are cited.

PROOF OF THEOREM 5 For later use, let us set

U =Y, — B — poxi, sothatU =Y — p; — pa7, (36)
and
U—U= ~Y)~fo(x; =3 and Y;—¥ =(U;—U)+ pa(x; — ).
(3D
Then, by (10),
PoSSy = SSpy =) (@i = DY, = 1), (38)

so, that
(B = B2)SSy =Y (3 = D(Yi = V) = foSS,

= > @i = DIWi = U) + pol@; — )] = B>SS;
=Y (@i — DU; — U) + B2SS, — f2SS,

= Z(x@- — 2)(U; — ). (39)
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Next,

SSp = (Vi = ¥ =3 (¥i = b = powi)’
=2 W= ¥+ Bd— pw)’ (by ®)
=2 [ = 1) = po(s = DF
=2 I = 1) = powi = B) + oi = B) = fols = DI
= 2 M = 1) = o = )] = (B — f)ws — DY
=2 Wi = 0) = (B2 = f)wi = B (by (37)
=2 Wi = U + (B2 = B2)*SS: = 2(B = B2) ) (i = B)(U; — U)
= Z(Ui = 0 + (B2 — $2)*SS: — 2(B2 — B2)SS, (by (39))
=2 Ui =0 = (B> - B2)’SS:
= i Ui —nU* — (B — B2)°SS,; i.e.,
| SSg =Y U} —nll* — (B2 — B2)*SS,. (40)

From (18) and (36), we have that the r.v.’s Uy, ..., U, are independent and
distributed as N(0, ). Transform them into the r.v.’s Vi, ..., V,, by means of
an orthogonal transformation C as described below (see also Remark 4):

X —X X9—X Xp— X
VSS,  W/SS; VSS,
C 1 1 1
v Jn Jn

(whatever, subject to the res-
triction that C is orthogonal)

That is, with “’” standing for transpose, we have:
V1, Vo, ..., Vi) = C(Uy, U, ..., Uy)'. (41)

Then, by Theorem 8 in Chapter 8, the r.v.’s Vi, ..., V, are independent and
distributed as N(0, 02), whereas by relation (21) in the same chapter

Y vi=> U (42)
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From (41),
1 B 1 1 _
Vl=ﬁ;@€i—x)Ui, V2=%;Ui=\/% X %;Ui:\/ﬁU' 43)
But

D @i = DU = (@i = Ui = 0) = (B = p2)SS:,  (by (39)),
so that

Vi=(Be—BIVSSy,  Vi=(B—B2)’SS,, and V5 =nU>  (44)
Then, from relations (40), (42), and (44), it follows that

n n
SSp =) VP-Vi-Vi=> V& (45)
i=1 i=3
We now proceed with the justifications of parts (i) and (ii) of the theorem.
n
(1) From (45), S(%E =X (%)2 ~ x2 ,, since %, i =1,...,nare independent

and distributed as N(0, 1).

(i) (a) From (44) and (45), B> and SSg are functions of nonoverlapping V;’s
(of Vi the former, and of Vs, ..., V, the latter). Thus, SSg and B, are
independent.

(b) By (36) and (43), ¥ = U + (1 + o) = % + B1 + f, so that ¥
is a function of V, and recall that s is a function of V;. Then the
independence of ¥ and j; follows.

(c) As was seen in (a) and (b), SSi is a function of Vs, ..., V,; Yis a
function of Vs; and ,32 is a function of Vi; i.e., they are functions of
nonoverlapping V;’s, and therefore independent.

(d) By (8), Bi = Y — Bo& and the right-hand side is a function of V; and Vs
alone, by (44) and part (b). Since SSg is a function of V3, ..., V,, by
(45), the independence of SSg and j; follows. A

REMARK % There is always an orthogonal matrix C with the first two

rows as given above. Clearly, the vectors ry = (¥, — &, ...,2, — &) and
ry = (\/lﬁ, cee ﬁ)’ are linearly independent. Then supplement them with
n—2vectorsrs, ..., ry sothatthe vectorsry, ..., r, are linearly independent.

Finally, use the Gram-Schmidt orthogonalization process (which leaves r; and
re intact) to arrive at an orthogonal matrix C. (See, e.g., Theorem 1.16 and
the discussion following it, in pages 33-34, of the book Linear Algebra for
Undergraduates (1957), John Wiley & Sons, by D. C. Murdoch.)

13.7 Concluding Remarks

In this chapter, we studied the simplest linear regression model, according to
which the response Y at a point x is given by ¥ = g1 + Bax + e. There are
extensions of this model to different directions. First, the model may not be
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linear in the parameters involved; i.e., the expectation n = EY is not linear.
Here are some such examples.

Dn=ae’; @n=ars (i)n=-—; @Wn=a+bVr

It happens that these particular nonlinear models can be reduced to linear
ones by suitable transformations. Thus, in (i), taking the logarithms (always
with base e), we have:

logn =loga+bx, or n =p+ P/,

where ' = logn, B = loga, B2 = b, and ¥’ = x, and the new model is linear.
Likewise, in (ii):

logn =loga +blogx, or n = B+ B/,

where n' = logn, B1 = loga, B2 = b, and &’ = logx, and the transformed
model is linear. In (iii), simply set n’ = % togetn’ =a+ bx, orn = B+ P/,
where 81 = a, B2 = b and &' = x. Finally, in (iv), let ' = /x in order to get
the linear model ' = B; + B2/, with ' = 5, 1 = a, and By = b.

Another direction of a generalization is the consideration of the so-called
multiple regression linear models. In such models, there is more than one
input variable x and more than two parameters g; and Bs. This simply reflects
the fact that the response is influenced by more than one factor each time. For
example, the observation may be the systolic blood pressure of the individual
in a certain group, and the influencing factors may be weight and age. The
general form of a multiple regression linear model is as follows:

Vi=auB1+x2ifo+ - +apiBp+e, i=1...,mn

and the assumptions attached to it are similar to those used in model (18). The
analysis of such amodel can be done, in principle, along the same lines as those
used in analyzing model (18). However, the analysis becomes unwieldy and
one has to employ, most efficiently, linear algebra methodology. Such models
are referred to as general linear models in the statistical literature, and they
have proved very useful in a host of applications. The theoretical study of such
models can be found, e.g., in Chapter 16 of the book A Course in Mathematical
Statistics, 2nd edition (1997), Academic Press, by G. G. Roussas.



Chapter 14

Two Models of Analysis
of Variance

This chapter is about statistical analysis of certain statistical modes referred
to as Analysis of Variance (ANOVA). There is a great variety of such models,
and their detailed study constitutes an interesting branch of statistics. What is
done presently is to introduce two of the simplest models of ANOVA, underline
the basic concepts involved, and proceed with the analysis of the proposed
models.

The first section is devoted to the study of the one-way layout ANOVA with
the same number of observations for each combination of the factors involved
(cells). The study consists in providing a motivation for the model, in deriving
the MLE’s of its parameters, and in testing an important hypothesis. In the
process of doing so, an explanation is provided for the term ANOVA. Also,
several technical results necessary for the analysis are established.

In the second section of the chapter, we construct confidence intervals
for all so-called contrasts among the (mean) parameters of the model in
Section 14.1.

Section 14.3 is a generalization of the model studied in the first section, in
that the outcome of an experiment is due to two factors. Again, a motivation
is provided for the model, finally, adopted, and then its statistical analysis is
discussed. This analysis consists in deriving the MLE’s of the parameters of
the model, and also in testing two hypotheses reflecting the actual influence,
or lack thereof, of the factors involved in the outcome of the underlying exper-
iment. Again, in the process of the analysis, an explanation is provided for the
term ANOVA. Also, a substantial number of technical results are stated that
are necessary for the analysis. Their proofs are deferred to a final subsection
of this section in order not to disrupt the continuity of arguments.

In all sections, relevant examples are discussed in detail in order to clarify
the underlying ideas and apply the results obtained.

397
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14.1 One-Way Layout with the Same Number of Observations per Cell

In this section, we derive the MLE’s of the parameters u;,7 = 1,..., I and
o2 described in relation (13) of Chapter 8. Next, we consider the problem of
testing the null hypothesis Hy: 41 = --- = u; = wu (unspecified) for which
the MLE'’s of the parameters x and o2 are to be derived under H,. Then we
set up the likelihood ratio test, which turns out to be an F-test. For the justi-
fication of this fact, we have to split sums of squares of variations in a certain
way. Actually, it is this splitting from which the name ANOVA derives. Further-
more, the splitting provides insight into what is happening behind the formal
analysis.

-I 14.1.1 The MLE'’s of the Parameters of the Model

First, YVij ~ N(ui, 0%),i=1,...,I,j = 1,..., J, and all these r.v.’s are inde-
pendent. Then their likelihood function, to be denoted by L(y; u, 0'2), is given
by the expression below, where y = (41, ..., y;) and p = (1, ..., ir):

L(y; p, 0%) = l;[ {ﬁexp[ — %(%’j _ Mi)z“
- UU {\/ﬁe){p[ - Tiz(yij - m)ZH
1y 1
- U {<«/ﬁ) eXp[ T 952 ;(%‘j - m)z} }
1 IJ 1
B <W) U {eXp[ T 552 ;(%j - uqz)zﬂ

1 I 1
= < 2m72> exp|: ~ 553 ; ;(yij - Mi)2:|;

following common practice, we do not explicitly indicate the range of 7 and j,
since no confusion is possible. Hence

1J 1J 1
log L(y; p, 0°) = =~ 10g@2m) — -logo™ = 55 3 |3 (yi — wa)'. (1)
()

From (1), we see that, for each fixed o2, the log-likelihood is maximized
with respect to uq, ..., iy, if the exponent

SGuy, - mD) =Y > (Wi — )
i g
is minimized with respect to u1, ..., ;. By differentiation, we get

0 1
a—ws(ul, coey 1) = =2 E Yij +2Ju; =0, sothat u; = 7 E Yij, (2
i j J
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and %S(,ul, ..., ur) = 2J. The resulting I x I diagonal matrix is positive
definite, since, for all Ay, ..., Ay with A2 + - -- + A2 > 0,
o7 o\ [ M
()\1,...,)\[)(0 2J> = @JAr, ..., 2JA1)
)\1 )\I
=2J(A 4+ +27) > 0.

It follows that the values of u;’s given in (2) are, indeed, the MLE’s of the
wi's. That is,

. 1 .
fi = yi, Whereyi:ijU, i=1,...,1 3)

J

Now, in (1), replace the exponent by S = > Wi — ¥;)? to obtain in
obvious notation

I 1J 1J 1 4
log L(y; jr, o) = -5 log(27) — 5 logo? — ﬁs. 4)
Differentiating with respect to o and equating to 0, we get
d L g S s S
WlogL(MH,U):—@"'@:O, or o" =15 ®)
Since ﬁz)z log L(y; fr, 02) = 2((17—;’)1 - 2((27—‘3),, which evaluated at 02 = S/I.J
gives: — (;g < 0. It follows that the value of o2 given in (5) is, indeed, its MLE.
That is,
~ 1
o2 = 7758 where S8, = SO Wi — i) (6)
g

The results recorded in (3) and (6) provide the answer to the first objective.
That is, we have established the following result.

THEOREM 1
Consider the model described in relation (13) of Chapter 8; that is, Y;; =
Wi + e;; where the e;;’s are independently ~N(0, 0%) r.v.s, i = 1, ...,
I(> 2),7 =1,...,J(= 2). Then the MLE'’s of the parameters pu;, ¢ =
1, ..., I and 0% of the model are given by (3) and (6), respectively.

-I 14.1.2 Testing the Hypothesis of Equality of Means
Next, consider the problem of testing the null hypothesis
Hy: ;= -+ = ur = n (unspecified). )

Under H,, the expression in (1) becomes:

1J 1J 1
log L(y; i, o) = —-log2m) — —~logo® — o 3 > (i — . (8)
g
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Repeating a procedure similar to the one we went through above, we derive
the MLE's of 1 and o* under Hy, to be denoted by /i and o7 , respectively; i.e.,

~

1
L=y, wherey = Z Z Yy, 0f = 7758r,

where SS; = Z Z(yij - y“)z- C)
i g

We now proceed with the setting up of the likelihood ratio statistic A = A(y)
in order to test the hypothesis Hy. To this end, first observe that, under Hy:

1 9 1J 1J
- i — = SSr | = -—
exp[ vy Z} Zj:(yu Y.) } eXp< 555, < T> exp( 5 )
whereas, under no restrictions imposed,
1 IJ IJ
exp|: — ﬁ Xz: (yij — yl>] = exp( _2SS X SS) = exp( —?)
Therefore, after cancellations, the likelihood ratio statistic A is

)»—(02/ o

Hence A < C, if and only if

)IJ/2

1J/2 ~ —5-

o o2 o

(;) <C, or — <C¥Y or - 1/0¥7 =Cy. (10
2 2 2

OHO 0‘I{O

At this point, we need the following result.

LEMMA 1 SSr = SS; + SSy, where SS, and SSr are given by (6) and (9),
respectively, and

SSy=YY Wi —-yl=JY (Wi—y) (11)
7 J i

PROOF  Deferred to Subsection 14.1.3.
According to this lemma, the last expression in (10) becomes:

St ooy S5+ SS o S8
> _— >
ss, ~ " SS, 0 SS,

In other words, the likelihood ratio test rejects Hy whenever
SSH
SS.

In order to determine the cutoff point C; in (12), we have to have the

distribution, under Hy, of the statistic SSg/SS., where it is tacitly assumed
that the observed values have been replaced by the respective r.v.’s. For this
purpose, we need the following result.

=Cy— 1.

where SS, and SSy are given by (6) and (11), respectively. (12)

LEMMA 2 Consider the model described in Theorem 1, and in the expres-
sions SS;, SS7, and SSy, defined by (6), (9), and (11), respectively, replace
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THEOREM 2

the observed values y;;, ¥, and y. by the r.v’s Yy;, Y;, and Y, respectively,
but retain the same notation. Then:

(i) The r.v. SS,/0? is distributed as x7,_,.
(ii) The statistics SS, and SSy are independent.
Furthermore, if the null hypothesis Hj defined in (7) is true, then:

(iii) The r.v. SSy /g; isldilstributed as x? .
(iv) The statistic % ~ Fr_110-1)-

(v) The r.v. SSp/o? is distributed as x%,; .

PROOF  Deferred to Subsection 14.1.3.
To this lemma, there is the following corollary, which also encompasses the

fi’s.
COROLLARY
(i) The MLE’s [i; = Y; are unbiased estimates of u;, 21 =1, ..., I.

(i) The MLE 02 = SS,/IJ is biased, but the estimate MS, = SS,/I(J — 1) is
unbiased.

PROOF (i) Immediate; (ii) Follow from Lemma 2(i). A

We may conclude that, on the basis of (12) and Lemma 2(iv), in order to
test the hypothesis stated in (7), at level of significance «, we reject the null
hypothesis Hy whenever
_ SSg/(I—-1) MSy
- 8S,/I(J—-1)  MS,

So, the following result has been established.

F

> Fr 110-1;a- (13)

In reference to the model described in Theorem 1, the null hypothesis
Hj defined in (7) is rejected whenever the inequality in (13) holds; the
quantities SS, and SSy are given in relations (6) and (11), respectively,
and they can be computed by using the formulas in (14) below.

REMARK 1 At this point, it should be recalled that the point F,, ,. , is de-
termined, so that P(X > F,,.«) = o, where X is ar.v. distributed as F, ,; see
Figure 14.1.

REMARK 2 By rewriting analytically the relation in Lemma 1, we have that:
SN Wi —u =) Wi — v+ )Y Wi —u)
i g g ()

That is, the total variation of the y;;’s with respect to the grand mean y
is split into two parts: the variation of the y;;’s in each ith group with respect



402

Chapter 14 Two Models of Analysis of Variance

Table 14.1

Analysis of Variance for
One-Way Layout

Figure 14.1

The Graph of the £
p.d.f. of the Fy, ,
Distribution Along
with the Rejection
Region of Hy and
the Level of
Significance

mn

to their mean y; in that group (variation within groups), and the variation
of the I means y;,7 = 1, ..., I from the grand mean y. (variation between
groups). By changing the term “variation” to “variance,” we are led to the term
ANOVA. The expression S, is also referred to as the error sum of squares for
obvious reasons, and the expression SSy is also referred to as the treatment
sum of squares, since it reflects variations due to treatment differences. The
subscript H accounts for the fact that this statistic is instrumental in testing
Hy; see also Lemma 3 below. Finally, the expression SSy is called the total sum
of squares, again for obvious reasons.

The various quantities employed in carrying out the test described in (13)
are usually gathered together in the form of a table, an ANOVA table, as is done
in Table 14.1.

REMARK 3 For computational purposes, we have:
SSy=J) Yi-1JY’, SS=) Y Y;-J) Vi (14)
i j i

A

Indeed,
SSy=dJY YVi-Yy=J) Y;+IJY*=2JY. Y V;
1 i 1
=JY YVI+IJY?=2JYIYV. =J) Y; - IJY"
1 1
Source of Degrees of
Variance Sums of Squares Freedom Mean Squares
I Q.
Between groups SSy =J (Vi —Y.)? I-1 MSy = %
i=1
I J
Within groups SS, = '21 '21(Y G—Yi)?  IJ -1 MS, = 4[(?31)
i=1j=
I J
Total SSr=% Y-V IJ-1 —
i=1j=1
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Also,
S8 =Y >y -V =) Y v +JY vi-2) S vy,
i g i g i i g
and
DD VY=Y Vi) V= (Zn)(mJ =Jy 13,
g i J i i

so that the result follows.

For a numerical example, take I = 3, J = 5, and let:
yun =82  ys =61 Yys1 =78
Y12 =83 Y22 =062 Ysz = T2
Yi3="75 Yz23 = 67 Y33 = T4
Yia =79  yua=065 Ysa =75
Yi5=T8 Yy =064  yz ="T2.

(i) Compute the MLE of pu;,7 =1, 2, 3.
(ii) Compute the sum of squares SSy and SS,, and also the unbiased estimate
MS, of 2.

(iii) Testthe hypothesis Hy: 1 = e = ug = u atlevel of significance o = 0.05.
(iv) Compute the MLE of .

DISCUSSION
1) a1 =794, 1z = 63.8, 13 = 74.2.
(ii) Since y;, = 14,1 =1, 2,3 and y. >~ 72.467, we get, by (14):
SSy ~ 79,402.2 — 78,771.991 = 630.209,

88.8
— ="74.
12

Since MSy =~ 315.105, the test statistic is: 221% ~ 42.582. On the other
hand, F5 12,005 = 3.8853, the hypothesis H is rejected.
(iii)) Finally, fi — 3 = 72.467.

SSe = 79,491 — 79,402.2 = 88.8, and MS, =

Here is another example with data from a real experiment.

In an effort to improve the quality of recording tapes, the effects of four kinds
of coatings A, B, C, D on the reproducing quality of sound are compared.
Suppose that the measurements of sound distortion given in Table 14.2 are
obtained from tapes treated with the four coatings. Look at this problem as a
one-way layout ANOVA and carry out the analysis; take as level of significance
a = 0.05.

DISCUSSION Here I = 4, J = 4. For the MLE'’s of the means, we have:
=y = 11.25, ig = yo. = 17.00, 13 = y3. = 15.50, jiy = y4. = 14.75. Also,
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y. = 14.625. Next, by (14): SSy = 4 x 873.375 — 16 x 213.890625 = 3,493.50 —
3,422.25 = 71.25, SS, = 3,568 — 4 x 873.375 = 3,568 — 3,493.5 = 74.50, so
that MSy = 23.75, MS, ~ 6.208. The observed value of the test statistics is:
232% >~ 3.826, whereas F3 12.0.05 = 3.4903. Therefore the null hypothesis about
equality of the means is rejected. Finally, i = y. = 14.625.

Table 14.2

Grand

Sound Distortion Coating Observations Mean Mean

Obtained with Four 10,15, 8,12 gy =1125  y =14.625

Types of Coatings 14,18,21,15  ya =17.00

17, 16, 14, 15 ys. = 15.50
12, 15,17, 15 ys = 14.75

oaQw»

The following observations are meant to shed more light on the F' test
which is used for testing the null hypothesis Hj. Recall that F = %, where,
by (11) and (13),

J
MSy = —— Y, —Y)?
H 1_1;( 1. )

and that 5% ~ x? | under Hy, so that EMSy = o> It will be shown below
that, regardless whether H, is true or not,

J 1
— ~2 L 2 — .
EMSy =o0° + -1 EZ (u; — ), where u = 7 E, . (15)

Therefore EMSy > o? = E(MSy | Hy) and EMSy = o2 under Hy; also,
EMS, = o2. Thus, on the basis of this average criterion, it makes sense to
reject Hy when MSy, measured against MS,, takes large values. For reference
purposes, relation (15) is stated below as a lemma.

LEMMA 3 1t holds that:
1 J
EMSy = ——E Y, - Y)Y =—"—FE) (YV; —Y)
m=7g X;EJK L=V = §iﬁ( i =Y)

J
— 52 - 2
=0 —1—1 IE(M )~

i

PROOF  Deferred to Subsection 14.1.3.

-I 14.1.3 Proof of Lemmas in Section 14.1

We now proceed with the justification of Lemmas 1-3 in this section.

PROOF OF LEMMA'1  We have:
SSr= " (wy—u)Y =YY [Wy—v)+ @ -yl
T T

=Y Wi —ui P+ DY Wi —u ) +2> 0 (i — v — v
1 Vi 1 J 1 ¥
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=8S, + SSy, since
SN Wi -y —y)=> Wi —y) > (Wi — vi)
i g i j

=2 Wi —u)y —Jy)=0. A

PROOF OF LEMMA 2 At this point, recall that, if X, ..., X,, are independent
r.v’s distributed as N(u, 02), then: (2)X and Y ,(X; —X)? are independent;
(®) & > ,(X; — X)* ~ xZ_,. Apply these results as follows:

() Foreachi =1,...,1, % > ,(¥;; — Y;)* ~ x5_,, by (b) above. Further-
more, fori' #, ) ,(Yy;— Yy )? and )_ ,(Yi; — Y;)? are independent, since
they are defined (separately) on sets of independent r.v.’s. It follows that:

SS, 1 1
=52 ) Wy =Y =) 5 Yy = Vi)’ ~ iy
i g A J

(ii) For each i = 1,..., I, the independent r.v.’s Y1, ..., Yiy ~ N(u;, 02).
Hence, by () above, Y j(Y =Y ;)? and Y; are independent. Furthermore,
> j(Y G — Yi_)2 and Y, are also independent for i’ # 1, because Y is de-
fined on a set of r.v.’s which are independent of > ;Y=Y )2. Thus, each
of the statistics ) j(Y =Y ), i =1, ..., Iisindependent of the statistics
Y1, ..., Y7, and the statistics Zj(Yij —Y;)?,i=1,..., Iareindependent,
as was seen in part (i). It follows that the sets X — Vi@ i=1...,1
and Y;,7 = 1,..., I are independent. Then so are functions defined
(separately) on them. In particular, the functions ) ;> Yy = Y;)? and
> ;Y=Y )? are independent, or SS, and SSy are independent.

(iii) Under H,, the r.v’s Yi,...,Y; are independent and distributed as
N(u, 02/ J). Therefore % 3 ,(Y; — Y. )*~x}_,. Since £ Y, (¥; — Y. )* =
£ 2>, (Y- Y.)? = £.SSy, the result follows.

(iv) It follows from parts (i)—(iii) and the definition of the F' distribution.

(v) Under Hy, therv’s Yy;,7 =1,...,1, 5 = 1,...,J are independent and
distributed as N(u, 0*). Then, by (b) above, £ 3", 3" (Y — Y.)* is dis-
tributed as x7;_j, or 8 ~ x2, .. A

PROOF OF LEMMA 3 Before taking expectations, work with > ,(¥; — Y. )?
and rewrite it in a convenient form; namely,

Z(n. —Y)Y= Z[(n —p)— ¥ — P = Z(n — P = I —u),
because

Z(Yi.—u.)=2n—m=Z},an—m
i i J

i

1
=22 2 Yy—In =1Y —Ip =Y —p),
i g
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so that

~2 Z(n_ — )Y —p)==2Y. —pu) x I(Y. —pn) = =2I(Y. — )"
So,
EY (¥, —Y Y =) E(;, -l —IEY.—p) =) EY; —u)* -1 Var(¥)

2

=3 B — ) 1 =Y EW-up-2
= : i T M. 7 : i T M. 7’

and

E(Y; — ) = El(Yi — w) + (i — )P = EY: — pi)® + (i — )

ol

= Var(Y;) + (ui — pn. ) = — - ).

Therefore

g v VY Io? , o2 I-1, 9
DW=V =ty =) = =0+ Y i — i,
2 2 3

and, by (11) and (13),

J
EMSy = o* + 1 Xi:(ui —w)? whichis (15). A

REMARK 4% In closing this section, it should be pointed out that an obvious
generalization of what was done here is to have different J’s for each ¢ =
1, ..., I; ie., for each 7, we have J; observations. The analysis conceptually
remains the same, only one would have to carry along the J;’s as oppose to
one J.

1.1 Apply the one-way layout analysis of variance to the data given in the table
below. Take o = 0.05.

A B C
100 | 9.1 | 9.2
115 | 103 | 84
11.7 | 94 | 94

1.2 Consider the log-likelihood function (1) as it becomes under the null hy-
pothesis Hj stated in (7), and show that the MLE’s of ; and o2 are given
by the expression in relation (9).

1.3 In reference to the derivation of the likelihood ratio test X for testing the
hypothesis H) stated in relation (7), show that A is, actually, given by any
one of the expressions in relation (10).
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1.4 In reference to the proof of Lemma 3, show that:
D EY —pn)P=%.

(i) B — i = 5.
(i) EY: — n)* = E(Y; — wi)* + (i — )%

14.2 A Multicomparison Method

Refer to the one-way layout model discussed in the previous section, namely,
to the model described in Theorem 1. One of the problems we have studied
was that of testing the null hypothesis about equality of the I means; i.e.,

o

~
<

%

Hy. 1 = --- = puy = punspecified. (16)

Suppose now that the hypothesis H is rejected, as, indeed, was the case
in Examples 1 and 2. Rejection of Hy simply means that not all of the u;’s are
equal. Clearly, it would be desirable to know which of the w;’s are responsible
for the rejection of H. It is true that we do gain some information about it
by looking at the estimates [i;. However, we would like to obtain additional
information analogous to that provided by a confidence interval for a real-
valued parameter. This is the problem to examine in this section.

In relation (16), the hypothesis Hy compares the parameters involved and,
actually, stipulates that they are all equal. This suggests that any attempt to
construct a confidence interval should not focus on a single parameter, but
rather on two or more parameters simultaneously. For example, we would like
to compare all possible pairs (u;, 1 ;) through the differences p; — pt ;. Or, more
generally, to compare one subset of these parameters against the complement
of this subset. Thus, in Example 1, where we have three parameters i1, w2, and
us, we may wish, e.g., to compare p; against (g, (s), or e against (i1, 1), or
s against (i1, 12). One way of doing it is to look at the respective differences:
1 — 5Qu1 + pa), e — 3w+ 1s), s — (1 + p2).

At this point, it is to be observed that all expressions we looked at above
are of the form ¢y e + - - - + ¢y with ¢; + - - - + ¢y = 0. This observation leads
to the following definition.

DEFINITION 1

In reference to the model described in Theorem 1, any relation among
the parameters 1, ..., uy of the form ¥ = 21{:1 ¢; b With Zfil ¢; =0is
called a contrast among the pu;’s.

It follows from the above discussion that what would be really meaningful
here would be the construction of confidence intervals for contrasts among
the u;’s. In particular, it would be clearly, highly desirable to construct confi-
dence intervals for all possible contrast among the w;’s, which would all have
the same confidence coefficient. This is exactly the content of the theorem
stated below.
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First, let us introduce some pieces of notation needed. To this end, consider
the contrast
‘1’=ZC¢M<ZC¢=O>, 17
i i
and let us estimate ¥ by W, where
¥ = ZCiﬂi = ZCzYz (18)
i i
Clearly,
N . 1
EV=v and Var(d)= (3 Zcf)ﬂ, (19)
i
and the variance is estimated, in an obvious manner, by
— 1
Var(¥) = <3 Zcf)Msg, MS, = SS,/I(J — 1), (20)
i
and SS, is given in (6) (see also (14)). Finally, define S by:
8% = (I = DF1-1,10-1a. (€29)
Then we have the following important result.
THEOREM 3

With the notation introduced in (17), (18), (20), and (21), the interval

<\if — Sy Var(d), ¥+ S,/Vcﬁ(\if)) 22)

is a confidence interval with confidence coefficient 1 — «a simultaneously
for all contrasts W.

At this point, it should not come as a surprise that there is an intimate
relationship between the null hypothesis Hy and confidence intervals for con-
trast. The result stated below as a lemma (but not proved!) articulates this
relationship. In its statement, we need a concept defined now.

DEFINITION 2

Let W and W be as in (17) and (18), respectively. Then we say that ¥ is
significantly different from zero, if the interval defined in (22) does not
contain zero; equivalently, || > Sv/Var(d).

Then the lemma mentioned above is as follows.

LEMMA 4 The null hypothesis H, stated in (16) is rejected, if and only if
there is at least one contrast W for which W is significantly different from zero.

We do not intend to pursue the proof of Theorem 3 here, which can be
found in great detail in Section 17.4 of the book A Course in Mathematical
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Statistics, 2nd edition, Academic Press (1997), by G. G. Roussas. Suffice it to
say that it follows from the maximization, with respect to ¢y, ..., ¢y, subject
to the contrast constraint ), ¢; = 0, of the function

1
f(C,...,C):— Ci(Yi._Mi),
1 ' \/%Zic?;

and that this maximization is obtained by means of the so-called Lagrange
multipliers. In the process of doing so, we also need the following two facts.

LEMMA 5
() With g = 137, g, the rv’s Y-, [(Viy — i) — (Vi — u)l i = 1, ..., I are
independent.

(i) Ther.v’s Y ,[(Y; — Y.) — (ui — 1)]* and SS, are independent.
(iii) Under the null hypothesis Hy, % >°,[(Y;, — Y.) — (wi — )P ~ x7_;.
PROOF  Deferred to the end of the section.

We now consider some examples.

In reference to Example 1, construct a 95% confidence interval for each of the
following contrasts:

1
M1 — Mo, M1 — M3, A2 — (3, A1 — §(Mz + us),

1
w2 — 5(us + 1), ps— é(#l + w2).

DISCUSSION Here I = 3, J = 5, and hence F[_L[(J_l);a = F2712;0'()5 =
3.8853, 8% = (I — DFr-1,1(-1);0 = 2 % 3.8863 = 7.7706 and S >~ 2.788. Also,
MS, = 7.4 from Example 1. From the same example, for ¥ = 1t; — 2, we have
U =Y — Y =794 638 = 15.6, Var(¥) = 2 x 7.4 = 2.96, v/ Var(¥) ~ 1.72
and Sv/Var(¥) = 2.788 x 1.72 ~ 4.795. Therefore the required (observed)
confidence interval for t; — e is:

[16.6 —4.795, 15.6 +4.795] = [10.805, 20.395].

Likewise, for W = j;— 13, wehave U = ¥} —¥3 = 79.4—74.2 = 5.2, Var(¥) =
2.96 the same as before, and hence Sy/Var(¥) ~ 4.795. Then the required
(observed) confidence interval for p; — g is:

[5.2 —4.795, 5.2+ 4.795] = [0.405, 9.995].

Also, for W = 3 — g, we have ¥ = ¥y — Y3 = 63.8 — 74.2 = —10.4. Since the
Var(W) is still 2.96, the required (observed) confidence interval for s — us is:

[-10.4 —4.795, —10.444.795] =[-15.195, —b5.605].

Next, let W = p; — 1 (2 + 113), so that ¥ = 79.4 — 1(63.8+74.2) = 79.4— 69 =
10.4, Var(y) = 3 x 7.4 = 2.22, VVar(¥) =~ 1.49 and Sv/Var($) ~ 4.154.
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Therefore the required (observed) confidence interval is:
[10.4 —4.154, 10.4+ 4.154] = [6.246, 14.554].

For W = py — 3(us + 1), we have ¥ = 63.8 — $(74.2 + 79.4) = —13, and
therefore the required (observed) confidence interval is:

[—13 —4.154, —13+4.154] = [-17.154, —8.846].

Finally, for W = u3 — %(m + u2), we have U = 74.2 — —(79 4 + 63.8) = 2.6,
and the required (observed) confidence interval is:

[2.6 —4.154, 2.6+4.154] =[—1.5b4, 6.754].

It is noteworthy that of the six contrasts we have entertained in this example,
for only one contrast ¥ = uz — %(m + 112) the respective quantity ¥ = 2.6,
is not significantly different from zero. This is consonant with Lemma 4, since
we already know (from Example 1) that H, is rejected. For example, for the
contrast ¥ = u; — ug, we found the confidence interval (10.805, 20.395), which
does not contain 0. This simply says that, at the confidence level considered,
n1 and us cannot be equal; thus, Hy would have to be rejected. Likewise for
the contrasts p; — us and s — us.

In reference to Example 2, construct a 95% confidence interval for each of the
following contrasts:

K1 — M2, K1 — M3, M1 — M4, M2 — K3, K2 — U4, U3 — 4.

DISCUSSION Herel = J = 4 F[ 1L,I(J-1);a F3 12;0.06 = 34903 Sz =
(I —-DF_ _LI(J-Dsa = =3 x 3.4903 = 10.4709, and S >~ 3.2 236. For ¥ = w1 — M2,
we have ¥ = Yi — Yo = 11256 — 17 = —b5.75, andV(W(\D) = 0.5 x 6.208 =

3.104, v/ Var(¥) ~ 1.762. Thus, Sy/ Var(¥) = 3.236 x 1.762 ~ 5.702. Then the
required (observed) confidence interval for p; — us is:

[-5.75 —5.702, —b.75+45.702] = [-11.452, — 0.048].

For ¥ = p; — w3, we have ¥ = 11.25—15.50 = —4.25, and the required
(observed) confidence interval for p; — s is:

[—4.25 — 5702, —4.25+5.702] = [-9.952, 1.452].

For W = u; — pu4, we have W = 11.25 — 14.75 = —3.5, and the required
(observed) confidence interval is:

[-3.56—-5.702, —3.6+5.702] =[-9.202, 2.202].

For W = uy — s, we have W = 17 — 15.5 = 1.5, and the required (observed)
confidence interval is:

[15—5.702, 154 5.702] = [-4.202, 7.202].

For W = s — pu4, we have W = 17 — 14.75 = 2.25, and the required (observed)
confidence interval is:

[2.25 — 5.702, 2.25+5.702] = [-3.452, 7.952].
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Finally, for ¥ = w3 — 4, we have & = 15.50 — 14.75 = 0.75, and the required
(observed) confidence interval is:

[0.75 — 5.702, 0.75+ 5.702] = [—4.952, 6.452].

In this example, we have that for only one of the six contrasts considered,
W = 11 — ue, the respective ¥ = —5.75, is significantly different from zero.
This, of course, suffices for the rejection of the hypothesis Hy (according to
Lemma 4), as it actually happened in Lemma 2. So, it appears that the means
u1 and po are the culprit here. This fact is also reflected by the estimates of
the u;’s found in Example 2; namely,

a1 =11.25, f[i9 =17.00, f[3=156.50, [i4 =14.75;

i1 and [is are the furthest apart.
This section is concluded with the presentation of a justification of
Lemma 5.

PROOF OF LEMMA 5
(i) Here

DIy — ) — i — )P =Y (Vi — Y.,
J J

and the statistics j(Yij —Y;)?,i=1,..., I are independent, since they
are defined (separately) on independent sets (rows) of .v.’s.

(ii) The proof of this part is reminiscent of that of Lemma 2(ii). The inde-
pendent r.v.’s Y;; — w;, ..., Yiy — p; are distributed as N(0, o2). Since
% > ]-(Y i — i) = Y; — py, it follows, by an application of (a) in the proof
of Lemma 2, that, for each ¢ = 1,..., I, } ;[(Yi — pi) — (Yi — u)? =
> (Y — Y;)? is independent of ¥; — ;. Ford’' # i, each of }_ (Yij— Y;)?
is also independent of ¥; — ;. Also, by part (i), Y_ (¥ — ;) i=1,...,1
are independent. It follows that the sets of statistics

Y y-Y), i=1..,1I and Yi—p, i=1,...,1I
J

are independent. Then so are functions defined (separately) on them. In
particular, this is true for the functions

Yy ;Y —Y;)»=SS, and
Yl — ) = (Y. = )PP = 2((Y = Y) — (i — w)P

(iii) For i = 1,..., I, the r.v.s ¥; — p; are independent and distributed as
N(0, 52/J), so that the independent r.v.’s g(Yi, — i), t=1,..., I are
distributed as N(0, 1).
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Since + " YI(Y; — pi) = LL(¥. — ), it follows (by (a) in the proof of
Lemma 23 that

o

2
Z [ﬁ(Yi. — i) — g(Y. - M.):| ~ X

or

J
= Z[(Yi. —Y)—(ui— )P~ i, A

2.1 Refer to Exercise 1.1, and construct 95% confidence intervals for all con-
trasts of the u’s.

2.2 Refer to Exercise 1.2, and construct 95% confidence intervals for all con-
trasts of the u’s.

14.3 Two-Way Layout with One Observation per Cell

In this section, we pursue the study of the kind of problems considered in
Section 14.1, but in a more general framework. Specifically, we consider ex-
periments whose outcomes are influenced by more than one factor. In the
model to be analyzed here there will be two such factors, one factor occurring
at I levels and the other factor occurring at J levels. The following example
will help clarify the underlying ideas and the issues to be resolved.

Suppose we are interested in acquiring a fairly large number of equipments
from among I brands entertained. The available workforce to use the equip-
ments bought consists of J workers. Before a purchase decision is made, an
experiment is carried out whereby each one of the J workers uses each one
of the I equipments for one day. It is assumed that the one day’s production
would be a quantity, denoted by 5, depending on the ith brand of equipment
and the jth worker, except for an error e;; associated with the ith equipment
and the jth worker. Thus, the one day’s outcome is, actually, an observed value
of ar.v. Y;;, which has the following structure: Y;; = i +e45,0=1,...,1,
J=1,..., J.Forthe errors e;; the familiar assumptions are made; namely, the
rv’se;,t=1,...,1,7=1,..., Jareindependent and distributed as N (0, o?).
It follows that the r.v’s Yy;,¢ = 1,..., 1, j = 1,..., J are independent with
Yij ~ N(uj, o?). At this point, the further reasonable assumption is made that
each mean p ;; consists of three additive parts: a quantity i, the grand mean,
the same for all 7 and j; an effect due the ith equipment, denoted by «; and
usually referred to as the row effect; and an effect due to the jth worker, de-
noted by 8; and usually referred to as the column effect. So, w; = o + B;.
Now, it is not unreasonable to assume that some of the «; effects are positive,
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some are negative, and on the whole their sum is zero. Likewise for the g;
effects.

Gathering together the assumptions made so far, we have the following
model.

Yij=pu+a+Bj+ey i o =0and Z}Ll Bj =0, ther.v’s
ey, t=1,...,1(=2),5=1,..., J(= 2) are independent and distributed
as N(0, 02).
It follows that ther.v’s Yy, ¢ =1,..., I, j=1,...,J
are independent with ¥;; ~ N(u + o; + B, 0%).
(23)

Of course, once model (23) is arrived at, it can be detached from the specific
example which helped motivate the model.

In reference to model (23), the questions which arise naturally are the
following: What are the magnitudes of the grand mean p, of the row effects «;,
of the column effects B, and of the error variance o-2? Also, are there, really, any
row effects present (does it make a difference, for the output, which equipment
is purchased)? Likewise for the column effects. In statistical terminology, the
questions posed above translate as follows: Estimate the parameters of the
model u, 05,0 =1,..., 1, 8;,5=1,...,J, and 2. The estimates sought will be
the MLE’s, which for the parameters u, «;, and g; are also LSE’s. Test the null
hypothesis of no row effects Hy 4: a1 = - - - = oy (and therefore = 0). Test the
null hypothesis of no column effects Hy g: 1 = - - - = B (and therefore = 0).

-I 14.3.1 The MLE’s of the Parameters of the Model

The likelihood function of the Y;;’s, to be denoted by L(y; i, , 3, o) in obvi-
ous notation, is given by the formula below. In this formula and in the sequel,
the precise range of ¢ and j will not be indicated explicitly for notational
convenience.

IJ
L(y,/,L, Oé,,B, 02)2 < ) exp|:_#Ziz‘j(yij_“_ai_ﬂj)z}-

(24)

NP L

For each fixed o2, maximization of the likelihood function with respect to
W, o, and B; is equivalent to minimization, with respect to these parameters,
of the expression:

SGu a1, yan By B =S, a, B) =Y Y (i — 1 — i — B (25)
i g

Minimization of S(u, o, 3) with respect to i, a, and 3 yields the values given
in the following result.

LEMMA 6 The unique minimizing values of u, o;, and g; for expression (25)
(i.e., the LSE’s of 1, «;, and B;) are given by:

ﬂ=y., &i:yi._y.a l.:l,...,I, 3]:yj_y’ j:l,.,_,J, (26)
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where
1 1 1
Y= Xj: Yip Yi=7 Z Yip Y. =17 27: XJ: Yij- 27)

PROOF  Deferred to Subsection 14.3.3.
For the values in (26), the log-likelihood function becomes, with obvious no-
tation:

. 1J 1J 1
log L(y; ft, &, B, 0%) = ——-log(2n) — —-logo? — ==, (28)
2 2 202

where § = > ;Wi —yi — Y+ ¥.)?. Relation (28) is of exactly the same
type as relation (5), maximization of which produced the value

-~

1. 1
2 _ e s — A 2
0% = IJS— 77 EY Ej Wij —Yi. —Yj+y.). (29)

Combining then the results in (26) and (29), we have the following result. A

THEOREM 4
Under model (23), the MLE’s of the parameters of the model are given by
relations (26) and (29). Furthermore, the MLE’s of u, «;, and 8; are also
their LSE’s.

-I 14.3.2 Testing the Hypothesis of No Row or No Column Effects

First, consider the null hypothesis of no row effects; namely,
H())A: 051='~'=Ol]=0. (30)

Under H 4, the likelihood function in (24), to be denoted for convenience by
La(y; i, B, 0%), becomes:

1\ 1
La(y; i, B, 02) = (W) exp[—ﬁ Z ;(Z/ij e /3j)2i|- (€29

Maximization of this likelihood with respect to g;’s and p, for each fixed o2,
is equivalent to minimization, with respect to 8;’s and p of the expression:

S, Bty - BN =8, B =D > (yij — 1 — B (32)
i g
Working exactly as in (25), we obtain the following MLE’s, under H 4, to be
denoted by /14 and B; a:
fa=y. =p, Bja=yj—y. =8 j=1...,J (33)

Then, repeating the steps in relation (28), we obtain the MLE of ', under Hy 4:

- 1
od= 772D (wy—up) (34)
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The hypothesis H, 4 will be tested by means of the likelihood ratio test. First,
observe that:

1 ) IJ = IJ
exp[—ﬁz 4 Wij — Yj) } = exp(—ﬁ X 0A> = exp(—?>,

Oa i A
and
1 I1J ~ 1J
exp| —— Wij — i — Y +y.) | =exp| ——= x o2 =exp<——).
S R e :

Then the likelihood ratio statistic A is given by:

- ((;2/;%)111/2.
~\ LT)2 =
o . 20 2/1J

Hence — < C, ifandonlyif = > Cy =1/C*"7. (35)
o3 o2

At this point, use the following notation:
SS,=Io>=Y"Y (Wi—vi—y;+u), SSa=JY & =J) (wi-y)
i g i i

(36)
by means of which it is shown that:

LEMMA 7 With ;E, SS, and SS, defined by (34) and (36), it holds: IJ. ;E =
IJO’2 + SSA = SSe + SSA

PROOF  Deferred to Subsection 14.3.3.
By means of this lemma, relation (35) becomes:

) )
oy 1Jog  SS.+SSa SS4 SSy
2 Uer S, Tes, T O g T TS
So, the likelihood ratio test rejects Hy 4 whenever
SSa . .
SS > (1, where SS4 and SS, are given in (36). G

For the determination of the cutoff point C; in (37), we need the distribu-
tion of the statistic SS4/SS, under Hy 4, where it is tacitly assumed that the
observed values have been replaced by the respective r.v.’s. For this purpose,
we establish the following result.

LEMMA 8 Considerthe expressions SS, and SS4 defined in (36), and replace
the observed values y;;, ¥i, ¥, and y. by the respective r.v.’s Yy;, ¥;, Y ;, and
Y, but retain the same notation. Then, under model (23):

(D) The r.v. SS, /0 is distributed as x7_;,.;_y-
(ii) The statistics SS, and SS4 are independent.
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Furthermore, if the null hypothesis Hy 4 defined in (30) is true, then:

(iii) The r.v. SS4 /0 SIS ;%ilsitlr)ibuted as x7 |.
(IV) The statistic m ~ F[_l,(j_l)(J_l).

PROOF  Deferred to Subsection 14.3.3.
To this lemma, there is the following corollary, which also encompasses the
estimates /i, &;, and ;.

COROLLARY
1,...,J are unbiased estimates of the respective parameters u, «;,
and ﬂj.

(ii) The MLE o2 = SS,/IJ of o2 given by (29) and (36) is biased, but the
estimate MS, = SS./(I — 1)(J — 1) is unbiased.

PROOF

(1) It is immediate from the definition of ¥;, Y ;, and Y as (sample) means.

(i) From the lemma, 53 ~ x%_, ; ,, so that

SS\ SSe _ 2
E<02>—(I—1)(J—1), or E[m]—()',

which proves the unbiasedness asserted. Also,

E(;2=E(SSe)=(1—1)(J—1)E[ SSg ]
IJ IJ -1 -1
_U-DU-D ,

1J ’
which shows that o2 is biased. A
By means then of this lemma and relation (37), we reach the following

conclusion: The hypothesis Hy 4 is rejected at level o whenever

SS4/(I - 1) MS,
f = = F B _ - 38
A SSe/(I -DJ -1 MS, > Fr-1,a-1)J-1y (38)

Next, consider the hypothesis of no column effects; i.e.,
Hop: pr=---=B;=0. (39)

Then, working exactly as in (31) and (32), we obtain:

/:LB:y..:/la &i,B:yi._y..:&’i) ?:217"')1) (40)

and

of = I—lJ 3N i — wi ) (41)
i g
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Thus, as in (35), the hypothesis H p is rejected whenever

-~

0_2

% L (42)
o2
Set
SSp=1) Bj=1) (y;—u), (43)
J J

and consider the following result.

LEMMA 9A With SS,, EE, and SSp defined by (36), (41), and (43), it holds:
IJok = 1Jo? + SSg =SS, + SSk.

PROOF  Deferred to Subsection 14.3.3.
By means of this lemma, relation (42) becomes, asin (37): Reject Hy g whenever
SSp
SS,
Finally, for the determination of the cutoff point C{ in (44), a certain dis-

tribution is needed. In other words, a lemma analogous to Lemma 7 is needed
here.

> C}, where SS, and SSp are given in (36) and (43). 44

LEMMA 10 Consider the expressions SS, and SSg defined in (36) and (43),
and replace the observed values y;;, i, ¥, and y. by the respective r.v.’s
Yy, Y;, Y, and Y, but retain the same notation. Then, under model (23):

(i) The r.v. SS, /0 is distributed as x¢;_;y.;_;-
(ii) The statistics SS, and SSp are independent.
Furthermore, if the null hypothesis H g defined in (39) is true, then:
(iii) The r.v. SSp/o? is distributed as x3_,.

. s SSp/(J-1
(iv) The statistic W ~ Fr_1,a-nu-1n-

PROOF  Deferred to Subsection 14.3.3.
By means of this lemma and relation (44), we conclude that: The hypothesis
H p is rejected at level o whenever

SSg/(J — 1) MSp

Fp= = F; 1 0-1vu-1:a- 45
B= 580D -1 ~ M8, > Frruu-no-; (45)

For computational purposes, we need the following result.

LEMMA 11 LetSS,, SS4, and SSg be given by (36) and (43), and let SSy be
defined by:

A

SSr=Y "> (Wi—y) (46)
J
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THEOREM 5

Then:
D) SSa=JY yi-IJy?, SSp=1Y y>~1Jy? SSr=> > yi—IJy>
1 J 1 j
47
(i) SSy = SS, + SS, + SS. (48)

PROOF  Deferred to Subsection 14.3.3.
Gathering together the hypotheses testing results obtained, we have the fol-
lowing theorem.

Under model (23), the hypotheses Hy 4 and H g are rejected at level
of significance « whenever inequalities (38) and (45), respectively, hold
true. The statistics SS4, SSp are computed by means of (47), and the
statistic S, is computed by means of (47) and (48).

AsinSection 14.1, the various quantities employed in testing the hypotheses
Hy 4 and Hj g, and also for estimating the error variance o?, are gathered
together in a table, an ANOVA table, as in Table 14.3.

Table 14.3 Analysis of Variance for Two-Way Layout with One Observation per Cell

Source of Degrees of

Variance Sums of Squares Freedom Mean Squares

Rows N EEDNUES S, -1 MSa = 74
= iz

Columns SSp=1 21 pr=1 il(Y_j Y J—1 MSp = 552
J= J=

Residual »11 X]:I(Yij -Y, -Y;+Y) I-DxT-1 MS, = (1715)%

=1 j—
Total SSr = é i (Yij—Y.)? 1J-1 —

i=1j=1

REMARK 5 Inthe present context, relation (48) is responsible for the term
ANOVA. It states that the total variation (variance) >, > (Y — Y. )? (with
reference to the grand sample mean Y.) is split in three ways: one component
Y j(K;_ — Y.)? associated with the row effects (due to the row effects, or
explained by the row effects); one component ) . ) ;=Y )? associated
with the column effects (due to the column effects, or explained by the col-
umn effects); and the residual component ), >" j(Yi]- -Y -Y;+ Y)? =
Y lYy —Y)—Y —Y)—(; - Y))? (unexplained by the row and
column effects, the sum of squares of errors).

Before embarking on the proof of the lemmas stated earlier in this section,
let usillustrate the theory developed by a couple of examples. In the first exam-
ple, we are presented with a set of numbers, not associated with any specific
experiment; in the second example, a real-life experiment is considered.
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[ EXAMPLEG |

Table 14.4

Data for a Two-Way
Layout ANOVA

Apply the two-way layout ANOVA with one observation per cell for the data
given in Table 14.4; take o = 0.05.

1 2 3 4 ui
1 3 7T 5 4 194
2 -1 2 0 2 3/4
3 1 2 4 0 74
v, 1 13 3 2 y=%

Here: i = y = % ~ 2.417, and:

19 29 7

&1=y1.—y.=Z—E=§:2.333 Blzyl—y.zl_ﬁz_ﬁ__l_éln
&2:y2~_y:§_%:_g—_1667, ,3222{2—?/:%—%—;—125
&3=y3.—y=£—%——§:—0667 ,63 Ys— Y. —3—%—%:0583

Bo=ys—y =2— ?Z —1—52:—0417

19\%2 /3\% [/7\? 29 104
=4 = 2 N leex(Z2) = ~ 34.667,
S8, x[(4)+(4)+(4)} X(IZ) D~ 3466
11\? 29 147
_ 2 11 2 2| 7Y _ _
SSB_8x|:1 +<3> +3 +2} 12x(12> 45 =12.25,

9 2
SSy = [32+72+52+42+(—1)2+22+02+22+12+22+42+02]—12x(l—Z)

_ 107 58.917,
12

so that
SS,=8Sr —SS4—SSp = — — — — — =12.

88 _ 12
a-DUI-D — 6

MS, 104/3x2 26

Hence, the unbiased estimate of o2 is: = 2. Furthermore,

= im =16 =3 = 8.667,
MSp  147/12x3 147
- - — 1 ~2042.
TB = s, 12/6 7z =20

Since Fr_1,7-1,J-1);a = F2,6;0.05 = 5.1433, we see that the hypothesis Hy 4 is
rejected, whereas the hypothesis H) g is not rejected.
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m The cutting speeds of four types of tools are being compared by using five

materials of varying degress of hardness. The data pertaining to measurements
of cutting time in seconds are given in Table 14.5. Carry out the ANOVA for
these data; take o = 0.05.

Table 14.5
1 2 3 4 5 i
Data for a Two-Way . 1 ) g . . 6
Layout ANOVA 2 20 14 17 12 17 16
3 13 7 13 8 14 11
4 11 5 10 3 6 7
v, 14 7 12 1 oy =10

Here I = 4, J = 5. From the table: it = 10, and:

= -y =6-10=-4  fi=y -y =14-10=4
Gp=yo—y =16-10=6  p=y>—-y =7-10=-3
Gs=ys — Y. =11-10=1" Py=yz—y =12-10=2
Gy=1wys —y. =T7—10=-3 Bi=ys—y =6-10=—4
Bs=vys—y =11-10=1.
SS, =5 x (6% + 167 + 11% 4+ 7%) — 20 x 10 = 310,
SSp =4 x (14> + 7* + 122 + 6% + 11%) — 20 x 10 = 184,
SSp = 2,158 — 2,000 = 518,
SSp = 518 — 310 — 184 = 24.

Hence, the unbiased estimate for o2 is: % = 3% = 2. Furthermore,
MS, 310/3 155
Fa= = —— = — ~51.667,
AT MS, T 24/12 3
MSp 184/4
FB = = —— =
MS, 24/12

Since Fr_1,-n-1);« = F312:05 = 3.4903, it follows that both hypotheses
Hy 4 and Hj p are to be rejected. So, the mean cutting times, either for the
tools across the material cut, or for the material cut across the tools used,
cannot be assumed to be equal (at the « = 0.05 level). Actually, this should
not come as a surprise when looking at the margin of the table, which provide
estimates of these times.

-I 14.3.3 Proof of Lemmas in Section 14.3

In this subsection, a justification (or an outline thereof) is provided for the
lemmas used in this section.
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PROOF OF LEMMA 6  Consider the expression S(u, o, 8) = ;> (yij —
p —o; — B;)? and recall that Y, o; = 0, Y ;Bj = 0. Following the method of
Lagrange multipliers, consider the linear combination

S B =) > (Wy—n—ai—B)+r Y ai+ry B
[ J 7 J

where 11, Ao are constants, determine the partial derivatives of S*(u, «, 3)
with respect to u, ;, and 8;, equate them to 0, append to them the side con-
straints ), a; =0, > ; B; = 0, and solve the resulting system with respect to p,
the o;’s, and the g;’s (and also Aj, A2). By implementing these steps, we get:

%s*(u, a,®=-25"Yyy+20du+J Y ai+203 ;=0
i g i J

d
fS*(M, a)ﬂ):_zzyij+2JH+2Jai+22ﬂj+)\l =0
J J

dar
ﬁé‘*(u, o, B)=-2> yy+2Iu+2Y a;+2Ip;+r =0
7 i
ZaZ—O
Zﬂ]—O
from which we obtain:
=Y Y wmu, w=woy -2k A= e
H'_IJ - - y@,]_y“? ’L—yZA Z/ 2J, j = y 21
But
I Dy Iy
0= —1 ———1 N T that Ay = 0
;az Zyl v, y—ly -5 =—5 sothati; =0,

and likewise for Ay by summing up the g;’s. Thus,

nw=yvy, =Y. —Y, ’l::l,...,[, ﬂjzyj_y, ]:177J (49)

Now the parameter i is any real number, the «;’s span an (I — 1)-dimensional
hyperplane, and the g,’s span a (J — 1)-dimensional hyperplace. It is then clear
that the expression S(u, o, 3) (as a function of 4, the «;’s, and the g,’s) does
not have a maximum. Then the values in (49) are candidates to produce a
minimum of S(u, «, 3), in which case (26) follows. Again, geometrical con-
siderations suggest that they do produce a minimum, and we will leave it at
that presently. A

REMARK 6 It should be mentioned at this point that ANOVA models are
special cases of the so-called General Linear Models, and then the above mini-
mization problem is resolved in a general setting by means of linear algebra
methodology. For a glimpse at it, one may consult Chapter 17 in the book
A Course in Mathematical Statistics, 2nd edition, Academic Press (1997),
by G. G. Roussas.
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PROOF OF LEMMA 7 Here, we have to establish the relation:
SN Wiy -y =T Wi -y P+ Y Y Wi — v — v+ U
i g i i J
Indeed,
SS =Y Wi~y —y;+u) =) [Wy—y)— @ —y)
i i

= Z ;(z«/zj — )+ J;(yi. —y)P -2 Z ;@/ ~ 4@ — U
- IJaAj +SS4 — 288, = IJo? — SSy, because

Zi: Zj:(yz: — y) Wi — Y = Zi:(yz: — ) Zj:(yij )
= Z(yi. — YTy = Jy) = J;(yi. ~yy =55 A

PROOF OF LEMMA 8 There are several ways one may attempt to justify
the results in this lemma. One would be to refer to Lemma 2 and suggest
that a similar approach be used, but that would do no justice. Another ap-
proach would be to utilize the theory of quadratic forms, but that would
require an extensive introduction to the subject and the statement and/or
proof of a substantial number of related results. Finally, the last approach
would be to use a geometric descriptive approach based on fundamental con-
cepts of (finite dimensional) vector spaces. We have chosen to follow this last
approach.

All vectors to be used here are column vectors, and the prime notation, “/”,
indicates transpose of avector. Set Y = (Y11, ..., Y15, Yo1, ..., Yoy .. 5 Y00, o0,
Y7s), sothat ¥ belongs in an I x J-dimensional vector space to be denoted by
Vixg. Also, set

n=EY=(EYy,...,EY1;;EYa, ..., EYsy; .. s EYp, ..., EYyy)
=Wu+tar+B,...,uto+Biuta+pi,...,utaz+Bs...;

wHar+ B, .., wt+ar+By).

Although the vector n has I x J coordinates, due to its form and the fact
that 3, a; = 3 ; B; = 0, it follows that it lies in an (/ + J — 1)-dimensional
space, Vi, y_1. Finally, if Hy 4: «1 = --- = a; = 0 holds, then the respective
mean vector, to be denoted by 7 4, is

Ma=W+pB, ..., u+Bru+pB,...,u+Bs s+, ...,u+Br),

and reasoning as above, we conclude that 4 € V;. Thus, we have three vector
spaces related as follows: V; C Vi j_1 C Viyy.

It is clear that, if u, «;’s, and S;’s are replaced by their (least squares) esti-
mates [1, &’s,and 3 ;'s, the resulting random vector 7 still liesin V; s, and like-
wise for the random vector 74, which we get, if « and $;’s are replaced by ji4 =
 and BJ-,A = ,Bj; i.e., 114 € V;. We now proceed as follows: Let ap, ..., apyg-1
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be an orthonormal basis in V; (i.e., aja; = 0 for ¢ # j and |o;|| = 1), which
we extend to an orthonormal basis o, ..., a;_1, o, ..., apg-1 in Vi,
and then to an orthonormal basis

ALy o, AT 1, Oy oo, O g1, T4y -y DT

in V. ;. This can be done, as has already been mentioned in a similar context
in the proof of Lemma 5 in Chapter 13. Also, see Remark 4 in the same chapter.
Since Y € V;,, it follows that Y is a linear combination of the «;’s with
coefficient some r.v.’'s Z;’s. That is, ¥ = Zfle‘[ Z;ay;. Since 7) minimizes the
quantity |¥ —n[* = >, > ,(Yij — i — a; — B;)?, it follows that ) is, actually,
the projection of Y into the space V;, ;_;. It followsthenthat ) = Zfi{’ -1 Zioy.
Under Hy 4, the vector 7, minimizes ||Y —n4[* = Y_; >~ ;(¥Yi; — u — B;)?, and
therefore is the projection of Y into the space V;. Thus, 7, = Zfiffl Z;ia.
ThenY — i) = Y177, ) Zice, Y —fia = Y121 Zici+ 3107y Zicwi,and i) —fy, =
Zf;ll Z;a;. Because of the orthonormality of the «;’s, it follows that:

IxJ IxdJ
Y=l =Y Ziei|= Y Z,
i=I+J i=I+J
I-1 IxJ -1 IxdJ
Y =il =Y Ziw+ Y Ziew| =Y ZE+ Y Z,
i=1 i=I+J i=1 i=I+J
and
I-1 I-1
i —nal? = Y Zii| = > Z2.
=1 =1
However,
Y =alP =YY Wy —pa-a—-pB*=>. Y ¥y~ Y- Y, +Y.)* =S5,
i J i
and

i =il =YY a3 =YY W -V ) =JY (Vi —¥)* =SS
1 J 1 J 1

Therefore
-1 IxJ
SSa=>» 7z, SS.= )Y Zi. (50)
i=1 i=I+J
Now, observe that the r.v.’s Zy, ..., Z;.; are the transformation of the r.v.’s
Y1, ..., Y1« ; under the orthogonal matrix P Whoselrgws are the vectors a’s.
X

This follows immediately from the relation ¥ = .7} Z;«, if we multiply (in
the inner product sense) by ;. We then get ;Y = ZLXIJ Zi(a;a;), and this is
Z;, if j =1, and 0 otherwise. So, Z; = o;Y, i =1, ..., I x J. Since the Y;’s are
independent and Normally distributed with (common) variance o2, it follows
that the Z;’s are also independently Normally distributed with specified means

and the same variance o2. (See Theorem 8 in Chapter 6.) From the fact that
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7] € Viry_,itfollowsthatitslast I x J—(I4+1—1) = (I —1)(J —1) coordinates
are zero. Then so are the respective K Z;. That is, Z;,7 = 1,...,1 x I are
independent Normal, EZ; = 0 for the last (I — 1)(J — 1) coordinates, and they
all have variance o2. It follows that:

® iSzﬁ = g_lz Z{;IIJrJ Z5 ~ X(21—1)(J—1)-

(ii) The statistics SS, and SS4 are independent, because they are defined in
terms of nonoverlapping sets of the independent r.v.’s Z;’s (see relation
(50)).

(iii) The expectations of the coordinates of ) are i« +«; + B, and the expecta-
tions of the coordinates of 7) , are u + B;. It follows that the expectations
of the coordinates of ) — 7}, are (u + o; + B;) — (u + B;) = «;. Therefore,
if Hy 4 is true, these expectations are 0, and then so are the expectations
of Zyi=1,...,1—1,since j — A, = S i_} Z;cv;. It follows that

SS

N 1 I-1
§ : 2 2
R — Z ~ X 1.
0_2 02 = 7 I-1

(iv) Immediate from parts (i)—(iii) and the definition of the F' distribution. = A
PROOF OF LEMMA 9  We have to show that
DY Wi —u=1) (Wi—y)+ Y. > Wiy—yi—y;+u)
i g J i
As in the proof of Lemma 7,

SS =2 Wi —vi—y;+u)=>_> [Wij—vi)— W —y)P
T T
=)D W=yl + Y)W U =2 Y Wy — )W — ¥i)
g 77 g

= IJok + SSp — 2SS = I.Jo% — SSp, because

S Wi — v —u) = Wi—u) Y (Wi—v)
J J i

A

=Y Wi—u)Uy;—Iy)=1Y (y;—y) =SSs. A
J J

PROOF OF LEMMA 10

(i) Itisthe same as (i) in Lemma 8.

(ii) Itis done as in Lemma 8(ii), where H, 4 is replaced by Hy g.
(iii) Again, it is a repetition of the arguments in Lemma 8(iii).
(iv) Immediate from parts (i)—(iii). A

PROOF OF LEMMA 11

(i) They are all a direct application of the identity: Y, (X — X)* =
>, X2 —nX2
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(ii) Clearly,
S, =>"> (wij—yi — y; +y.)
i g

=> > 1wy —v)— Wi —y)— W, —u)l
e
=3 Wi —ul+JIY Wi—yl+IY (- u)
-2 E E Wi —y )y —y)—2 E E W —y)Wi; —y.)
Y Y

+2 E E Wi — Y)W —y.) =SSy — SSy — SS5,
i g
because

K2

DY Wi —udw—y) =Y (Wi — u)Jyi — Jy.)
J [
=J ) Wi —y) =SS,
SO i =y )W —u) =Y (- y)Iy; — Iy)
g J

=1) (y;—y) =SSs
J

and

DD Wi -y —y) =) Wi —u)Jy —Jy)=0. A
i g i

REMARK 7 In atwo-way layout of ANOVA, we may have K(>2) observa-
tions per cell rather than one. The concepts remain the same, but the analysis
is somewhat more complicated. The reader may wish to refer to Section 17.3
in Chapter 17 of the book A Course in Mathematical Statistics, 2nd edition,
Academic Press (1997), by G. G. Roussas. The more general cases, where there
is an unequal number of observations per cell or there are more than two fac-
tors influencing the outcome, are the subject matter of the ANOVA branch of
statistics and are, usually, not discussed in an introductory course.

3.1 Apply the two-way layout (with one observation per cell) analysis of vari-
ance to the data given in the table below. Take o = 0.05.

Levels of

Levels of Factor B 1 2 3 4 5

Factor A

1 110 | 128 | 48 | 123 | 19
214 | 183 | 115 | 114 | 129
3 208 | 183 | 130 | 225 | 114




426

Chapter 14 Two Models of Analysis of Variance

3.2 Under the null hypothesis H 4 stated in relation (30), show that the MLE’s

of wand B4, j =1, ..., J are, indeed, given by the expressions in relation
(33).

3.3 Under the null hypothesis Hy 4 stated in relation (30), show that the MLE

of o2 is, indeed, given by the expression in relation (34).

3.4 In reference to the proof of Lemma 8, show that n is an (I + J — 1)-

dimensional vector.

Hint: This problem may be approached as follows.

I J
1100 0100 0
1100 0010 0

DY J

100 000 0 0 1
10 0100

1010 0010 of ,

X = :

1010 000 0 0 1
1000 - -011200 0
1000 .- -01010 0
...............J
1000 .--01000.- .01

Consider the IJ x (I + J + 1) matrix X’ given above and let the 1 x (I +
J + 1) vector 3 be defined by: 8’ = (u, @1, ..., a5, B1, ..., Bs). Then do
the following:

(i) Observe that n = X’[3, so that 7 lies in the vector space generated by
the columns (rows) of X'.

(ii) For I > 2 and J > %, observe that rank X’ < I +J 4+ 1 = min
(I+J+1,1J}.

(iii) Show thatrank X’ = I+ J—1by showing that: (a) The 1st column of X’
is the sum of the subsequent I columns of X’. (b) The 2nd column is the
(sum of the last J columns) — (sum of the 3rd, 4th, ..., Ith columns).
(c) The I + J — 1 columns, except for the first two, are linearly inde-
pendent (by showing that any linear combination of them by scalars
is the zero vector if and only if all scalars are zero). It will then follow
that the dimension of nis I + J — 1.

3.5 Inreference to the proof of Lemma 8, and under the hypothesis Hy 4, show

that the dimension of the vector 14 is J.
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Hint: As in Exercise 3.4, one may use similar steps in showing that
14 belongs in a J-dimensional vector space and thus is of dimension J.
To this end, consider the IJ x (J + 1) matrix X, given below, and let
B4 =, Bi, ..., Bs). Then do the following:

J
1 1 0 O 0
1019 OJ
0 0 O 0 1
1 0 0
X/ZIOI(? OJ
1 0 0 O 0 1
1100 - - -0
R
1 0 0 0 - - 01

(1) Observe thatn, = X34, so that 14 lies in the vector space generated
by the columns (rows) of X .

(i) For I =2, it is always true that J 4+ 1 < IJ, and therefore rank X 1{, <
J+1=min{J + 1, IJ}.

(iii) Show that rank X, = J by showing that: (a) The 1st column of X}
is the sum of the subsequent J columns. (b) The J columns, except
for the 1st one, are linearly independent. It will then follow that the
dimension of 4 is J.
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Chapter 15

Some Topics
in Nonparametric
Inference

In Chapters 9, 10, 11, and 12, we concerned ourselves with the question of
point estimation, interval estimation, and testing hypotheses about (most of
the time) a real-valued parameter 6. This inference was hedged on the basic
premise that we were able to stipulate each time a probability model, which
was completely known except for a parameter 6 (real-valued or of higher
dimension).

The natural question which arises is this: What do we do, if there isno sound
basis for the stipulation of a probability model from which the observations
are drawn? In such a situation, we don’t have parametric inference problems
to worry about, because, simply, we don’t have a parametric model. In certain
situations things may not be as bad as this, but they are nearly so. Namely, we
are in a position to assume the existence of a parametric model which governs
the observations. However, the number of parameters required to render the
model meaningful is exceedingly large, and therefore inference about them is
practically precluded.

It is in situations like this, where the so-called nonparametric models and
nonparametric inference enter the picture. Accordingly, a nonparametric ap-
proach starts out with a bare minimum of assumptions, which certainly do not
include the existence of a parametric model, and proceeds to derive inference
for a multitude of important quantities. This chapter is devoted to discussing
a handful of problems of this variety.

Specifically, in the first section confidence intervals are constructed for the
mean p of a distribution, and also the value at x of the d.f. F', F(x). The confi-
dence coefficients are approximately 1 —« for large n. Illustrative examples are
also provided. In the following section confidence intervals are constructed
for the quantiles of a d.f. F. Here the concept of a confidence coefficient is
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replaced by that of the coverage probability. In the subsequent two sections,
two populations are compared by means of the sign test, when the sample
sizes are equal, and the rank sum test and the Wilcoxon—-Mann—Whitney test
in the general case. Some examples are also discussed. The last section con-
sists of two subsections. One is devoted to estimating (nonparametrically) a
p.d.f. and the formulation of a number of desirable properties of the proposed
estimate. The other subsection addresses very briefly two very important prob-
lems; namely, the problem of regression estimation under a fixed design, and
the problem of prediction when the design is stochastic.

15.1 Some Confidence Intervals with Given Approximate Confidence Coefficient

We are in a position to construct a confidence interval for the (unknown) mean
u of nii.d. observations Xj, ..., X, with very little information as to where
these observations are coming from. Specifically, all we have to know is that
these r.v.’s have finite mean ;. and variance o2 € (0, o), and nothing else. Then,
by the CLT,

\/ﬁ(Xn )

o

d o 1¢
— Z~N(O, D), X"Z%;Xi' 6))

Suppose first that ¢ is known. Then, for all sufficiently large n, the normal
approximation in (1) yields:

—Za < < Za
=< - =z
or
— — o o
P Xn—Z%\/ﬁSMSXn—i-Z%ﬂ ~1—«
In other words,
X, X+ 2e 2 @)
— 2z — Za —
f BRIV
is a confidence interval for u with confidence coefficient approximately 1 — «

O <a<l.
Now, if u is unknown, it is quite likely that o is also unknown. What we do
then is to estimate o2 by

=1

and recall that (by Theorem 7(i) in Chapter 7):

2
P S: p

S — o or 2 1. 4
n—00 0—2 n—00
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Then convergences (1) and (4), along with Theorem 6(iii) in Chapter 7,
yield:

VI —w/e _ &= w) 4,
S 7o = 5 =5 Z~N(O, D).

Then, proceeding as before, we obtain that

_ S . S,
I:Xn—zgﬁy Xn+2';%i| )
is a confidence interval for u with confidence coefficient approximately 1 — «.

Here is an application of formula (5).

Refer to the GPA’s in Example 22 of Chapter 1, where we assume that the given
GPA scores are observed values of r.v.’s X;, ¢ = 1, ..., 34 with (unknown) mean
w and (unknown) variance o2, both finite. Construct a confidence interval for
u with confidence coefficient approximately 95%.

DISCUSSION In the discussion of Example 1 in Chapter 13, we saw that:
> ;2 =100.73 and ), #% = 304.7885, so that:

_100.73 o 304.7885 (100.73)> N N
T=—r = 2.963, s, = 31 YR 0.187, and s, >~ 0.432.
Since 2y 025 = 1.96, formula (5) gives:
0.432 0.432
2.9626 — 1.96 x ———, 2.9626 + 1.96 ~ [2.818, 3.108].
[ " 5.831" LI 5.831} [2.818, 3.108]

Another instance where a nonparametric approach provides a confidence
interval is the following. The i.i.d. r.v.’s Xi, ..., X,, have (unknown) d.f. F', and
let F,(x) be the empirical d.f. based on the X;’s, as defined in Application 5 to
the WLLN in Chapter 7. We saw there that

F.(x) = Z Y,(x), Yi(x),...,Y,(x)independent r.v.'s ~ B(1, F(x)).
i=1

Then, by the CLT,

VL@ — F@L ) v 1y, ©

VE@I[L = F(x)] "=

Also,

F@ — F(0)] p,
F@)[1—-F@)] n>>"

From (6) and (7) and Theorem 6(iii) in Chapter 7, it follows that:

VAlF@) - F@UVF@I - F@] _ VulFE@® - F@1 0, N(O, 1).

VE@I = F@I/VFDI-F@)]  VE@IL - F,@] "

Fy@) — F(),

(N
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It follows that, for all sufficiently large n (depending on x), the following
interval is a confidence interval for F'(x) with confidence coefficient approxi-
mately 1 — «; namely,

\/ Fn(@un— Fo(2)] Fo ()1 — Fn(@]} @

n

[Fn(x) — 2y , Fu(@) + zg\/

As an application of formula (8), consider the following example.

m Refer again to Example 22 in Chapter 1 (see also Example 1 in this chapter), and

construct a confidence interval for F'(3) with approximately 95% confidence
coefficient, where F' is the d.f. of the r.v.’s describing the GPA scores.

DISCUSSION In this example, n = 34 and the number of the observations
which are < 3 are 18 (the following; 2.36, 2.36, 2.66, 2.68, 2.48, 2.46, 2.63, 2.44,
2.13,2.41, 2.55, 2.80, 2.79, 2.89, 2.91, 2.75, 2.73, and 3.00). Then

- ~ 0.086,
17

and therefore the required (observed) confidence interval is:

[0.529 — 1.96 x 0.086, 0.529 + 1.96 x 0.086] ~ [0.360, 0.698].

REMARK 1 1t should be pointed out that the confidence interval given by
(8) is of limited usefulness, because the value of (the large enough) n for which
(8) holds depends on x.

15.2 Confidence Intervals for Quantiles of a Distribution Function

In the previous section, we constructed a confidence interval for the mean
u of a distribution, whether its variance is known or not, with confidence
coefficient approximately a prescribed number 1 — « (0 < o < 1). Also, such
an interval was constructed for each value F'(x) of a d.f. F. Now, we have seen
(in Section 3.4 of Chapter 3) that the median, and, more generally, the quantiles
of ad.f. F' are important quantities through which we gain information about F'.
It would then be worth investigating the possibility of constructing confidence
intervals for quantiles of F'. To simplify matters, it will be assumed that F' is
continuous, and that for each p € (0, 1), there is a unique pth quantile x,; i.e.,
F(xp) = P(X < x;,) = p. The objective is to construct a confidence interval for
Zp, and, in particular, for the median xy 59. This is done below in a rather neat
manner, except that we don’t have much control on the confidence coefficient
involved. Specifically, the following result is established.
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THEOREM 1

Let X1, ..., X, be ii.d. r.v.’s with d.f. F, and let Y3, ..., ¥, be the order
statistics of the X;’s. For p € (0, 1), let &, be the unique (by assump-
tion) pth quantile of F. Then, for any 1 < ¢ < j < n, the random interval
[Y;, Y;] is a confidence interval for x;, with confidence coefficient

L () ph — ).

PROOF  Define ther.v’'s W;, j =1, ..., nas follows:
1 if X; <ux
TTl0 it X s, j=1,...,n

Then the r.v.’s Wy, ..., W, are independent and distributed as B(n, p), since
P(W; =1) = P(X; < xp) = F(x,) = p. Therefore

" In
P(atleastiof Xy, ..., X, are <x,) = Z ( )pk(l —p)"*.

<\ k
k=1
However, P(at least? of X1, ..., X, are <x,) = P(Y; < xp). Thus,
n n B
PYi<x)=)_ <k>p"(1 - )" ©)
k=i

Next, for 1 <7 < j < n, we, clearly, have;
P(Y; =ap) = P(Y; S, Y 2 %) + P(Y; <2, ¥j < %)
= P(Y; <%, < Y)) + P(Y; < )
=P, =2, < Yj) + P(¥; < xp), (10)

since P(Y; < 2, Y; < ap) = P(Y; <, Y; < 2py) = P(Y; < %) by the fact
that (Y; < x)) € (¥; < ap). Then, relations (9) and (10) yield:

n

P, <mp<Y)=Y_ (Z)p’“(l —p)"* - P; <)
k=i

> (Z) Pra—pyrt->" (Z) P —p*
k=i k=j

J
>

j—1
k=i

LA n—k
(k)p 1-p"" (1D

So, the random interval [¥;, ¥;] contains the point x,, with probability Zi;ll (1) x
P(1 — p)"* aswastobeseen. A

REMARK 2

(i) From relation (11), it is clear that, although p is fixed, we can enlarge the
confidence coefficient Y 7~} (¥) p*(1—p)"* by taking asmaller i and/or alarger
7. The price we pay, however, is that of having a larger confidence interval.
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(ii) By the fact that the confidence interval [Y;, Y;] does not have a prescribed
confidence coefficient 1 — «, as is the case in the usual construction of confi-
dence intervals, we often refer to the probability Z,JC;LI (1) p*(1 — py** as the
probability of coverage of x, by [Y;, Y;].

m Consider the i.i.d. r.v.’s X7, ..., X5y with continuous d.f. F, which has unique

X050, X025, and x¢.75, and let Yy, ..., Yoo be the corresponding order statistics.
Then consider several confidence intervals for x50, X 25, and x¢ 75, and calcu-
late the respective coverage probabilities.

DISCUSSION Using formula (11), we obtain the coverage probabilities
listed in Table 15.1 for several confidence intervals for the median x; 50 and the
first quartile xg 25. For the calculation of coverage probabilities for confidence
intervals for the third quartile x 75, we employ the following formula, which
allows us to use the Binomial tables; namely,

1

J= 20 20—1 20
> ( )(0.75)’“(0.25>2°-’° =y ( )(0.25)7(0.75)20—",
o \ K r=20—j41 \ T
Table 15.1 Quantile Confidence Interval Coverage Probability
20,50 (Yo, Y12) 0.3364
(¥s, Y13) 0.6167
(Y7, Y1) 0.8107
Y, Y15) 0.9216
20.25 (Y, Ys) 0.2024
(¥, ¥7) 0.5606
Yz, Ys) 0.8069
1, Yo) 0.9348
20.75 Y15, 17) 0.2024
(Y14, Y18) 0.5606
(Y13, Y19) 0.8069
(Y12, Y20) 0.9348

15.3 The Two-Sample Sign Test

In this brief section, we discuss a technique of comparing two populations
by means of the so-called sign test. The test requires that the two samples
available are of the same size, and makes no direct use of the values observed;
instead, what is really used is the relative size of the components in the pairs
of r.v.’s. Some cases where such a test would be appropriate include those in
which one is interested in comparing the effectiveness of two different drugs
used for the treatment of the same disease, the efficiency of two manufacturing
processes producing the same item, the response of n customers regarding
their preferences toward a certain consumer item, etc.
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THEOREM 2

In more precise terms, let X1, ..., X, be i.i.d. r.v.’s with continuous d.f. F,
and let Y3, ..., Y, be ii.d. r.v.’s with continuous d.f. G; the two samples are
assumed to be independent. On the basis of the X;’s and Y;’s, we wish to test
the null hypothesis Hj: F' = G against any one of the alternatives Hy: F' > G,
H,: F < G, H;: F # G. The inequality F' > G means that F(2) > G(z) for all
z, and F(2) > G(2) for at least one z; likewise for F' < G. To this end, set

Ziz{l ifrX; <Y

n
0 ifx;, >y P=P&Ei<Y)i=l...mn Z=;Z1;. (12)

It is clear that the r.v.’s Zy, ..., Z, are independent and distributed as B(1, p),
so that the r.v. Z is distributed as B(n, p). Under the hypothesis Hy, p = %,
whereas under Hy, H), and H), we have, respectively, p > 1, p <1 p# 1.
Thus, the problem of testing Hy becomes, equivalently, that of testing Hy: p = %
in the B(n, p) distribution. Formulating the relevant results, and drawing upon
Application 1 in Section 11.3 of Chapter 11, we have the following theorem.

Consider the independent samples of the ii.d. r.v.’s Xy, ..., X, and
Y1, ..., Y, with respective continuous d.f.’s F' and G. Then, for testing
the null hypothesis Hy: F' = G against any one of the alternatives Hj:
F > G,or H: F < G, or Hj: F' # G, at level of significance «, the
hypothesis H is rejected, respectively, whenever

Z>C, or Z<C(C', or Z<C; or Z=>Cs. (13)
The cutoff points C, C’, and C4, Cs are determined by the relations:
P(Z>C)+yP(Z=C)=a, or P(Z<C)—yP(Z=C)=1—q,
P(Z<CHY+y'P(Z=C")=aq,
P(Z <C)+nP(Z=C)=5 and P(Z > Cy) + nP(Z =C) =3,
or
P(Z<C)+nP(Z=C)=% and P(Z<Cs)—nP(Z=C)=1-%,
(14)
and Z ~ B(n, 1/2) under Hj.
For large values of n, the CLT applies and the cutoff points are given
by the relations:

n n

cxgrall, Oxi-aY (15)
n n

Clzg—Z%é_, Cz’ig+2’%é_.

Refer to Example 25 in Chapter 1 regarding the plant height (in 1/8 inches) of
cross-fertilized and self-fertilized plants. Denote by X;’s and Y;’s, respectively,
the heights of cross-fertilized and self-fertilized plants. Then the observed val-
ues for the 15 pairs are given in Example 25 of Chapter 1, which are reproduced
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in the Table 15.2 for convenience. At the level of significance o = 0.05, test the
null hypothesis Hy: F = G, where F and G are the d.f.’s of the X;’s and Y;’s,
respectively.

Table 15.2 Pair Cross- Self- Pair Cross- Self-

1 188 139 9 146 132
2 96 163 10 173 144
3 168 160 11 186 130
4 176 160 12 168 144
5 153 147 13 177 102
6 172 149 14 184 124
7 177 149 15 96 144
8 163 122

DISCUSSION From Table 15.2) we have:
Zi=0, Zo=1, Zy=0, Zy=0, Z5=0, Zs=0, Z3 =0, Zg=0,
Zg=0, Zip=0, Z11 =0, Z3=0, Z3=0, Z3u=0, Z5=1,

so that Z = 2. Suppose first that the alternative is H: F' # G. Then H, is
rejected in favor of H whenever Z < C; or Z > Cy, where:

P(Z < C))+ywP(Z =C;) =0.025 and P(Z < Cs) — yyP(Z = Cy) = 0.975,
and Z ~ B(15, 1/2).

From the Binomial tables, we find C; =4, C» =11, and y,= 2 ~0.178.
Since Z =2 < Ci(= 4), the null hypothesis is rejected. Next, test Hy against
the alternative H): p < % again at level « = 0.05. Then H, is rejected in favor
of H), whenever Z < C’, where C’ is determined by:

P(Z <C)+y'P(Z=C")=005 Z~ B(l5, 1/2).

From the Binomial tables, we find C’ = 4 and y’' = % ~ (.779. Since
Z =2 < C'(=4), H is rejected in favor of H, which is consistent with what
the data say.

For the Normal approximation, we get from (15): 29025 = 1.96, so that
C, =3.703, Co ~ 11.297, and Hj is rejected again, since Z = 2 < C;(=~ 3.703).
Also, 2905 = 1.645, and hence C’ >~ 4.314. Again, H, is rejected in favor of H,
since Z =2 < C'(~ 4.314).

15.4 The Rank Sum and the Wilcoxon-Mann-Whitney Two-Sample Tests

The purpose of this section is the same as that of the previous section; namely,
the comparison of the d.f.’s of two independent samples of i.i.d. r.v.’s. However,
the technique used in the last section may not apply here, as the two samples
may be of different size, and therefore no pairwise comparison is possible
(without discarding observations!)
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So, what we have here is two independent samples consisting of the i.i.d.
rv’s Xy, ..., X,, with continuous d.f. F, and the iid. r.v.s Y7, ..., Y, with
continuous d.f. G. The problem is that of testing the null hypothesis Hy: F = G
against any one of the alternatives Hy: F' > G,or H;: F < G,or H}: F # G.
The test statistic to be used makes no use of the actual values of the X;’s and
the Y;’s, but rather of their ranks in the combined sample, which are defined
as follows. Consider the combined sample of X3, ..., X,, and Y7, ..., Y, and
order them in ascending order. Because of the assumption of continuity of
F and G, we are going to have strict inequalities with probability one. Then
the rank of X;, to be denoted by R(X;), is that integer among the integers
1,2, ..., m+mn, which corresponds to the position of X;. The rank R(Y;) of Y;
is defined similarly. Next, consider the rank sums Ry and Ry defined by:

Ry=) RX),  Ry=) R (16)
i=1 j=1
Then
Ry+ By = "EOANED, an

because Rx + Ry = ) ;"\, R(X) + )} RY)) = 14+2+ - +m+n =
(i muintD Before we go further, let us illustrate the concepts introduced

so far by a numerical example.

Let m = 5, n = 4, and suppose that:
X1=178, Xo=065 X3=T4, X,=45 X5;=82,
Y1=110, Y»=T71, Y3=53, Y;=50.
Combining the X;’s and the Y;’s and arranging them in ascending order, we get:

45 50 53 65 71 74 78 82 110
@) & @O & ¢ & X & @)

Then: R(X)) =7, R(X2)=4, R(X3)=6 RXy)=1 RX;5) =S8,
RY1)=9, RYz) =5 R(Y3)=3, R(Yy=2.
It follows that: Ry = 26, Ry = 19, and, of course, Ry + Ry = 45 = 210,

The m ranks (R(X1), ..., R(Xy,)) can be placed in m positions out of m + n
possible in ("*") different ways (the remaining » positions will be taken up
by the n ranks (R(Y?), ..., R(Y,)), and under the null hypothesis H, each
one of them is equally likely to occur. So, each one of the (m;") positions of
(R(X1), ..., R(X,,)) has probability 1/(™"). The alternative H, stipulates that
F > Gjie., F(z2) > G(») forall 2z, or P(X < 2) > P(Y < 2) for all 2z, with the
inequalities strict for at least one z, where the r.v.’s X and Y are distributed
as the X;’s and the Y}’s, respectively. That is, under Hy, the X;’s tend to be
smaller than any 2 with higher probability than the Y;’s are smaller than any

z. Consequently, since Ry + Ry is fixed = (m+ n)(m+ n + 1)/2, this suggests
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THEOREM 3

that the rank sum Rx would tend to take small values. Therefore, Hy should be
rejected in favor of H4 whenever Ry < C. The rejection region is determined
as follows: Consider the (™) positions of the ranks (R(X)), .. ., R(X,,)), and
for each one of them, form the respective sum Rx. We start with the smallest
value of Ry and proceed with the next smallest, etc, until we get to the kth
smallest, where k is determined by: &/(" "

) = . (In the present setting, the
level of significance « is taken to be an integer multiple of 1/ (m+"), if we wish

m
to have an exact level.) So, the rejection region consists of the k smallest values

of Ry, where k/(" ") equals a.

Likewise, the hypothesis Hj is rejected in favor of the alternative H): F' < G
whenever Ry > C’, and the rejection region consists of the k largest values
of Ry, where k/(™ ") equals . Also, H, is rejected in favor of H: F # G
whenever Ry < Cj or Rx > Cs, and the rejection region consists of the smallest
r values of Rx and the largest » values of Ry, where 7 satisfies the requirement
r/("") equals «/2.

Summarize these results in the following theorem.

Consider the independent samples of the i.i.d. r.v.s Xi,..., X,, and
Y1, ..., Y, with respective continuous d.f.’s F' and G. Then, for testing
the null hypothesis Hy: F' = G against any one of the alternatives Hj:
F>G,or Hy: F<G,or Hy: F # G, at level of significance « (so that o
or 5 are integer multiples of 1/ (m;")), the respective rejection regions
of the rank sum tests consist of: The k smallest values of the rank sum
Rx, where k/(" ") = a; the k largest values of the rank sum Ry, where
k is as above; the r smallest and the r largest values of the rank sum Ry,

where r/(" ") = %

5.

REMARK3 Intheory, carrying out the test procedures described in Theorem
3 is straightforward and neat. Their practical implementation, however, is an-
other matter. To illustrate the difficulties involved, consider Example 5, where
m=>5andn = 4,sothat (") = (g) = 126. Thus, one would have to consider
the 126 possible arrangements of the ranks (R(X)), ..., R(X5)), form the re-
spective rank sums, and see which ones of its values are to be included in the re-
jectionregions. Clearly, this is not an easy task even for such small sample sizes.

A special interesting case where the rank sum test is appropriate is that
where the d.f. G of the ¥;’s is assumed to be of the form:

G(x) = F(x — A), x € i, for some unknown A € 0.

In such a case, we say that G is a shift of F' (to the right, if A > 0, and to
the left, if A < 0). Then the hypothesis Hy: F = G is equivalent to testing
A =0, and the alternatives Hy: F > G, H): F <G, H): F # G are equivalent
to: A >0, A<0, A#0.
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Because of the difficulties associated with the implementation of the rank
sum tests, there is an alternative closely related to it, for which a Normal
approximation may be used. This is the Wilcoxon—-Mann—Whitney two-sample
test. For the construction of the relevant test statistic, consider all mn pairs
(X;, Yj), and among them, count those for which X; > Y;. The resulting r.v.
is denoted by U and is the statistic to be employed. More formally, let the
function u be defined by:

ifz>0

ifz<0. (18)

w) = {(1)

Then, clearly, the statistic U may be written thus:

m n

U= > uX;—Y). (19)

i=1 j=1
The statistics U, Rx, and Ry are related as follows.

LEMMA 1 Let Ry, Ry, and U be defined, respectively, by (16) and (19).
Then:

m(m+ 1) nn+1)
B R

PROOF  Deferred to Subsection 15.4.1.
On the basis of (20), Theorem 3 may be rephrased as follows in terms of
the U statistics. A

U=Ry— Ry. (20)

In the notation of Theorem 3 and for testing the null hypothesis Hy against
any one of the alternatives Hy, or H, or H; as described there, at level of
significance «, the Wilcoxon-Mann—Whitney test rejects Hy, respectively:

For U < C, where C is determined by P(U < C | Hy) = «;
or U > C’, where C’is determined by P(U > C' | Hy) = «;
or U < CyorU > Cy, where C; and Cs are determined

by P(U < C1|Hy) = P(U > C2 | Hp) = 5.

ey

In determining the cutoff points C, C’, Ci, and Cs above, we are faced
with the same difficulty as that in the implementation of the rank sum tests.
However, presently, there are two ways out of it. First, tables are available for
small values of m and n (n < m < 10) (see page 341 in the book Handbook
of Statistical Tables, Addison-Wesley (1962), by D. B. Owen), and second, for
large values of m and n, and under Hy,

U—-FEU
——— >~ 7Z~N(0,1 22
sd () 0, 1, (22)
where, under Hy,
1
EU = %17 Var(U) = % (23)
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Refer to Example 5 and test the hypothesis Hjy: F' = G against the alternatives
H:F+#Gand Hy: F > G.

DISCUSSION In Example 5 we saw that Ry = 26 (and Ry = 19). Since
m = b and n = 4, relation (20) gives: U = 11. From the tables cited above,
we have: P(U < 2) = P(U > 17) = 0.032. So, C; = 2, Cs = 17, and H, is
rejected in favor of H’; at the level of significance 0.064. From the same tables,
we have that P(U < 3) = 0.056, so that C = 3, and H, is rejected in favor of
H, at level of significance 0.056. The results stated in (23) are formulated as a
lemma below.

LEMMA 2 With U defined by (19), the relations in (23) hold true under Hy.

PROOF  Deferred to Subsection 15.4.1.
For the statistic U, the CLT holds. Namely,

LEMMA 38 With U, EU, and Var(U) defined, respectively, by (19) and (23),
U-FEU ¢
—_—
s.d.(U) mn—oo

PROOF Tt is omitted. By means of the result in (24), the cutoff points in (21)

may be determined approximately, by means of the Normal tables. That is, we
have the following corollary.

Z ~ N(0, 1). 29

COROLLARY (to Theorem 4 and Lemma 3) For large mand n, the cutoff
points in (21) are given by the following approximate quantities:

~ mn _ mn(m+n+1 I~ mn mn(m+n+1)
C =5 =2y iz C' =5 + 2y iz
~ mn __ 4. mn(m+n+1) ~ mn " mn(m+n+1)
Cr= 5 —2gy 12 ’ Co = 55 +2gy 2 .

PROOF  Follows immediately, from (21) and (24). A

(25)

Refer to Example 25 in Chapter 1 (see also Example 4 here), and test the null
hypothesis Hy: F' = G at level of significance « = 0.05 by using Theorem 4 and
the above corollary.

DISCUSSION Here m=mn= 15,205 = 1.645, and 2 o25—-1.96. Then:
C; >~ 112.50 — 1.96 x 24.105 = 112.50 — 47.2458 ~ 65.254,
Cy >~ 112.50 + 47.2458 ~ 159.746,
C =~ 112.50 — 1.645 x 24.105 >~ 112.50 — 39.653 = 72.847,
C’ ~ 112.50 + 39.653 = 152.153.

Next, comparing all 15 x 15 pairs in Table 15.3, we get the observed value of
U = 185.
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Table 15.3 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

X 188 96 168 176 153 172 177 163 146 173 186 168 177 184 96
Y 139 163 160 160 147 149 149 122 132 144 130 144 102 124 144

Therefore the hypothesis H) is rejected in favor of Hj, since U = 185 >
159.746 = Cjy; the null hypothesis is also rejected in favor of H);, since U =
185 > 152.153 = C’; but the null hypothesis is not rejected when the alternative
is Hu, because U = 185 +72.847 = C.

-l 15.4.1 Proofs of Lemmas 1 and 2

PROOF OF LEMMA 1  Let Xy, ..., X be the order statistics of the r.v.’s
X1, ..., Xm, and look at the rank R(X(;) in the combined sample of the X;’s
and the Y;’s. For each R(X(;)), there are R(X(;)) —1 X;’s and Y;’s preceding X;).
Of these, 7 — 1 are X;’s and hence R(X(;)) — 1 — (¢ — 1) = R(X(;)) — ¢ are ¥’s.
Therefore
U=[RXw) 1]+ + [R(Xaw) —m]
= [R(Xw) + -+ R(Xem)] — A +---+m)
m(m+ 1) m(m+ 1)
T Ry -
2 2
since R(X)) + --- + R(X@) is simply a rearrangement of the terms in the

rank sum R(X)) + - - - + R(X,,) = Rx. Next, from the result just obtained and
(17), we have:

=[R(XD + -+ R(Xw)] —

g mdnimtntd o mm+ D
9 2
_ (m+n)(m+n—;1)—m(M+ D R —mns @ _Ry. A

PROOF OF LEMMA 2  Recall that all derivations below are carried out under
the assumption that Hy(F' = G) holds. Next, for any 7 and j:

1 1
EuX;-Y)=1xPX;>Y))= 5 EV(X;—-Y)=1"xPX;>Y)= 5

so that
Ve X, —Y)) = 1_1_
ar(u(X; — j))_i_é_l__
Therefore EU =Y " 3| § = ", and
m n m n m n
Var(U) =Y Var(u(X; = Y)+ Y Y Y Y Covu(X; — Yy), u(Xx — Y1)
i=1j=1 i=1 j=1 k=1 I=1

mn
=T + sum of the covariances on the right-hand side above. (26)
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Regarding the covariances, we consider the following cases. First, let ¢« # k
and j # l. Then Cov(u(X; — Y;), w(X; — ¥;)) = 0 by independence. Thus, it
suffices to restrict ourselves to pairs (X;, ¥;) and (Xj, Y;) for which ¢ = k and
J #l,and ¢ # k and j = [. In order to see how many such pairs there are,
consider the following array:

(Xl, Yl))y (Xl’ YZ), RN (Xl, Yn)
X2, 1), X, ¥o), ..., (X2, V)

X, Y1), (X, Y2), -, (X, Y.

From each one of the mrows, we obtain (Z) x 2 = n(n— 1) terms of the form:

Cov(u(X —Y), (X — Z)), where X, Y, Z are independent r.v.’s with d.f. F = G.
Since Coviu(X — Y), (X —Z2)) = P(X > Yand X > Z) — %, we have then
nmnm—1DPX > Yand X > 2) — ”("T’D as a contribution to the sum of the
covariances from each row, and therefore from the m rows, the contribution
to the sum of the covariances is:

mn(n— 1)
—
Next, from each one of the n columns, we obtain (72") x 2 = m(m— 1) terms of
the form: Cov(u(X — 2),w(Y —2))=P(X > ZandY > Z) — %‘. Therefore the
contribution from the 7 columns to the sum of the covariances is:
mn(m— 1)
—

mnn— DPX > Yand X > Z) — 270

mn(m— 1DP(X > ZandY > Z2) — (28)
Now,
X>YandX>2)=X>Y,Y>Z X>2)H)UX>Y,Y<Z X>2)

—X>Y,Y>2DUX>Z Z>YV)=X>Y>2)UX>Z>Y),

since

X>YY>2)c(X>2), and X>Z,Z>=Y)C(X>7Y).
Thus,

PX>Y and X>2)=PX>Y>2)+PX>Z>Y7). (29)
Likewise,

X>Z and Y>2)=X>Y,Y>Z, X>2)UX<Y,Y>Z X>12)
=X>Y,Y>2) U >X, X>2)=X>Y>2OHU¥ >=X=>2),
since
X>Y,Y>Z2)C(X>Z2), and Y =X, X>2)<C (Y > 2).
Thus,
PX>ZandY >2Z2)=PX>Y>2Z)+PY >X>2). 30)
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Ther.v’s X, Y, and Z satisfy, with probability one, exactly one of the inequali-
ties:

X>Y>Z X>7Z>Y, Y>X>1Z,
Y>Z>X, Z>X>Y, Z>Y>JX,

and each one of these inequalities has probability 1/6. Then, the expressions

in (27) and (28) become, by means of (29) and (30), respectively:

mn(n—1) mnn—-1) mnn—-1) mn(m—1) mn(m—1) mn(m—1)
3 4 N 12 ’ 3 4 B 12

Then, formula (26) yields:

A

mn n mn(n — 1) n mn(m—1)  mn(m+mn+ 1)
12 12 N 12 '

15.5 Nonparametric Curve Estimation

For quite a few years now, work on nonparametric methodology has switched
decisively in what is referred to as nonparametric curve estimation. Such esti-
mation includes estimation of d.f.’s, of p.d.f.’s or functions thereof, regression
functions, etc. The empirical d.f. is a case of nonparametric estimation of a
d.f., although there are others as well. In this section, we are going to de-
scribe briefly a way of estimating nonparametrically a p.d.f., and record some
of the (asymptotic) desirable properties of the proposed estimate. Also, the
problem of estimating, again nonparametrically, a regression function will be
discussed very briefly. There is already a huge statistical literature in this area,
and research is currently very active.

Var(U) =

-I 15.5.1 Nonparametric Estimation of a Probability Density Function

The problem we are faced with here is the following: We are given ni.i.d. r.v.’s
X1, ..., X, with p.d.f. f of the continuous type, for which very little is known,
and we are asked to construct a nonparametric estimate f,(x) of f(x), for each
x € N, based on the random sample X7, ..., X,. The approach to be used here
is the so-called kernel-estimation approach. According to this method, we
select a (known) p.d.f. to be denoted by K and to be termed a kernel, subject
to some rather minor requirements. Also, we choose a sequence of positive
numbers, denoted by {h,}, which has the property that 2, — 0 asn — oo
and also satisfies some additional requirements. The numbers h,, n > 1, are
referred to as bandwidth for a reason to be seen below. Then, on the basis of
the random sample Xj, ..., X, the kernel K, and the bandwidths h,, n > 1,
the proposed estimate of (%) is f,(x) given by:

N 1 < - X;
fn(x)=n—m;K(xhn ) 3D
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l EXAMPLE 8§

THEOREM 5

THEOREM 6

Construct the kernel estimate of f(x), for each x € N, by using the U(-1, 1)
kernel; i.e., by taking

1
K(x) = 2 for —1 <x <1, and 0, otherwise.
DISCUSSION Here, it is convenient to use the indicator notation, namely,

K(x) = Ii—1,y(x) (where, it is recalled, I4(x) = 1if x € A, and 0 if x € A°).
Then the estimate (31) becomes as follows:

~ 1 L x—Xi
fn(x)=m;I[—1,1]< o ) veR. (32)

So, IH,I](“;XO =1, ifand only if x — h,, < X; < x + hy; in other words,

n

in forming f,(x), we use only those observations X; which lie in the window
[x — hy, x + hy]. The breadth of this window is, clearly, determined by #,,, and
this is the reason that h,, is referred to as the bandwidth.

Usually, the minimum of assumptions required of the kernel K and the
bandwidth %, in order for us to be able to establish some desirable properties
of the estimate f,(x) given in (31), are the following:

K is bounded; i.e., sup {K(x); x € i} < o0.
xK(x) tends to 0 as x — £o0; i.e., |9€K(9c)|| ‘_>0. (33)
X|—> 00

K is symmetric about 0;i.e., K(—x) = K(x), x € R.

Asn—o0: (1) (0<)h,— 0
(i) nh, — oo 34
(i) nh? — co.

REMARK 4 Observe that requirements (33) are met for the kernel used
in (32). Furthermore, the convergences in (34) are satisfied if one takes, e.g.,
h, = n* with 0 < « < 1/2. Below, we record three (asymptotic) results
regarding the estimate f,(x) given in (31).

Under assumptions (33) and (34)(i), the estimate f,,(x) given in (31) is an
asymptotically unbiased estimate of f(x) for every x € i at which f is
continuous; i.e.,

Ef,(x¥) —> f(x)asn— oc.

Under assumptions (33) and (34)(i), (ii), the estimate £, () given in (31)
is a consistent in quadratic mean estimate of f(x) for every x € N at
which f is continuous; i.e.,

Elfu(®x)— f@))P? —> 0 asn— oc.
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THEOREM 7
Under assumptions (33) and (34)(i)(iii), the estimate f,,(x) given in (31)
is asymptotically normal, when properly normalized, for every x € ) at
which f is continuous; i.e.,
B@=BR@ a4y ey
s.d.(fu(x)) "7

We have no intention of even attempting to prove any of the theorems just
stated. Their proofs can be found in the second reference given below. In
closing this section, it is only fitting to mention that the concept of kernel
estimation of a p.d.f. was introduced by Murray Rosenblatt in 1956, and it
was popularized by a fundamental paper by E. Parzen in 1962. The relevant
references are as follows:

“Remarks on some nonparametric estimates of a density function” by
M. Rosenblatt in the Annals of Mathematical Statistics, Vol. 27 (1956), pages
823-835. “On estimation of a probability density function and mode” by
E. Parzen in the Annals of Mathematical Statistics, Vol. 33 (1962), pages 1065—
1076.

-I 15.5.2 Nonparametric Regression Estimation

In Chapter 13, a simple linear regression model was studied and its usefulness
was demonstrated by means of specific examples. It was also stated that there
is a definite need for more general regression models, where the linearity is
retained, or it is discarded altogether. This issue is addressed, to a considerable
extent, in this section.

Specifically, the model considered here is the following: For each n =
1,2, ..., consider points &, . .., Xy, in N, and at each one of them, an obser-
vation is taken, to be denoted by Y,;,7 = 1, ..., n It is assumed that Y,,; is
equal to some unknown function g evaluated at x,,; except for an error e,;; i.e.,

Yi=9@w)t+en, i=1...,n (35)

On the errors e,;, 1 = 1, ..., n, we make the usual assumptions that they are
ii.d. r.v’s with Ee,; = 0 and Var(e,;) = 02 < oc.

The model in (1) of Chapter 13 is a very special case of the model just de-
scribed. In the first place, the points where observations are taken are allowed
here to depend on %, and second, the regression function in (1) of Chapter
13 is taken from here by setting g(x) = p1 + pax, so that g1 + faxi = g(x;),
t=1,...,n. The function g in (35) is subject only to the requirement that it is
defined on a bounded subset S of )i and that it is continuous.

The objective here is to (nonparametrically) estimate the function g(x), for
each x € S, by means of the observations Y, ..., ¥,,. The proposed estimate
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THEOREM 8

THEOREM 9

THEOREM 10

is the statistic g,,(x; x,) defined as follows:

n
In(2; Xy) = Z Wi (; X0) Vs, (36)
i=1
where X, = (X1, . . ., Znyn) and w,,; are weights, properly chosen, which depend
on the particular point x in S and also the points x,1, ..., Zu,, Where obser-

vations are taken. The weights are required to satisfy certain conditions, and
there is considerable flexibility in choosing them. We do not intend to enter
here into this kind of detail. Instead, we restrict ourselves to stating three basic
properties that the estimate defined in (36) satisfies.

Under suitable regularity conditions, the estimate g,(x; x,) defined in
(36) is an asymptotically unbiased estimate of g(x); i.e.,

Eg,(x; xy) et g(x), foreveryx e S. 37

Under suitable regularity conditions, the estimate g,,(«; x,,) is a consistent
in quadratic mean estimate of g(x); i.e.,

E[gu(x; x,) — g(@)]? % 0, foreveryx e S. (38)

Under suitable regularity conditions, the estimate g,(x; x,), properly
normalized, is asymptotically Normal; i.e.,
In(; X)) — Egn(2; X))  a

—> Z ~N(0,1), foreveryxeS.
S.d.(gn(x; X)) oo

Also,

In(X; X)) — 9(X)  a
———— — Z~N(,1), foreveryxceS. 39)
8.d.(gn(x; X)) "7

Convergences (37) and (38) provide asymptotic optimal properties for the
estimate proposed in (36). If it happens that the error variance o2 is known,
or an estimate of it is available, then convergence (39) provides a way of
constructing confidence interval for g(x) with confidence coefficient approx-
imately equal to 1 — « for large n. (See also Exercise 5.2.)

In the regression model considered in Chapter 13, one of the basic tenets
was that the point « at which an observation Y is to be made can be chosen,
more or less, at will. This, however, need not always be the case. Instead, it
may happen that the point x itself is the observed value of a r.v. X. Thus, the
setup here is as follows: A r.v. X is observed, and if X = x, then an observation
is taken at the point x.
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THEOREM 11

In this framework, several questions may be posed. One of the most impor-
tant is this: Given that X = x, construct a predictor of Y corresponding to x.
The proposed predictor is the conditional expectation of Y, given X = x, call

it m(x); i.e.,
m(x)=EY|X =x). (40)

The quantity defined in (40) is an unknown function of x, since the conditional
p.d.f. Y, given X = x, is unknown. The problem which then arises is that
of estimating m(x). The discussion in the remainder of this section revolves
around this question.

Clearly, the estimation of m(x) must be made on the basis of available data.
To this effect, we assume that we have at our disposal n pairs of r.v.’s (X;, Y;),
i1 = 1,..., n which are independent and distributed as the pair (X, Y). Then
the proposed estimate of m(x), call it 7,,(x), is the following:

L 1 & - X;
Mp(X) = 7 Z) ,  where ,(x) = . Z YJ((x A Z), (41)
n i=1 n

A A - - X;
Ja(x) is given in (31); i.e., f(x) = K (x l).
nhn i=1 h”

The estimated predictor 7,(x) has several asymptotic optimal properties of
which we single out only one here; namely, asymptotic normality.

Let 7m,(x) be the estimate of the predictor m(x) given by (41) and (40),
respectively, and let o%(x) be defined by:

a5 (@)
S (@)
where 002 () is the conditional variance of Y, given X = x. Then the esti-

mated predictor m,(x), properly normalized, is asymptotically Normal;
ie.,

ol(x) =

/ - K*)dt (for f(x) > 0), (42)

Vil [ () = m@)] ~ N(O, 0% (@). (43)

n—00

The variance o%(x) of the limiting normal distribution is unknown, but an
estimate of it may be constructed. Then the convergence (43) may be used to
setup a confidence interval for m(x) with confidence coefficient approximately
equal to 1 — « for large n. (See also Exercise 5.3.)

In closing this section, it should be mentioned that its purpose has been
not to list detailed assumptions and present proofs (many of which are beyond
the assumed level of this book anyway), but rather to point out that there are
regression results available in the literature, way beyond the simple linear
model studied in Chapter 13. Finally, let us mention a piece a terminology
used in the literature, namely, the regression model defined by (35) is referred



Exercises 447

to as afixed design regression model, whereas the one defined by (40) is called
a stochastic design regression model. The reasons for this are obvious. In the
former case, the points where observations are taken are fixzed, whereas in the
latter case they are values of a r.v. X.

5.1 Note: All convergences in this exercise hold for continuity points x of
S(@). In Theorem 7.1, it is stated that
Ju(@) = Efu(®) a
— .
s.d.( fulx)) "7

By this fact, Theorem 5, and some additional assumptions, it is also shown
that

N(O, 1).

J@ = 1@
sd. (@) "

(i) Use expression (31) in order to show that

N(O, 1). (44)

Var( f,(x)) = iVar(K<x — X )) so that

nh? "

(mh,)Var( f,(x)) = }%Var([f (x ;z X )) .

n

(ii) Use the formula Var(X) = EX? — (EX)?, and the transformation

T =y with —0o < u < 00, in order to show that
n

(nh)Var( fu(x) = K Tk () f (@ — ko) du

- hn[ / K f @ — ho) duT.
Now, it can be shown that h
/ Z K@)/~ haddu — [ [ Z Kadu = f(),
and
[ Z K*(w) f(x — hyawdu — f(@) [ : K?(u) du.

From these results, assumption (34)(i), and part (ii), it follows then
that

o2(@) E nh)Var(fu() — f(@) / K2 du ™ o2 (@)

(45)
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(iii) From convergence (45) and Theorem 7, conclude (by means of the
Corollary to Theorem 5 in Chapter 7) that

Ju@) — Efu(@) %5 0, andhence f,(x) — Efu(®) 2> 0.  (46)

(iv) Use convergence (46) and Theorem 5 in order to conclude that f,,(x) is
a consistent estimate of f(x) (in the probability sense); i.e., f,(x) 1&;

J(@).
Set

62(x) = fu(@) / h K%(w) du. 47

(v) Use relations (45) and (47) to conclude that

Gi(@)  p Gn(®)
2 n—>oo njgo :
0, (%) on()

Since, by (44) and (45),
@) = f@) VAl fu(@) — f@)]

SA-CR@)  fun Var( f.(2)

_ VPl @) = S@)

it follows from this and (48) (by means of Theorem 6 in Chapter 7) that
VT fu(@) = S (@)]/00(2) _ VT (@) = f@)] a

(48)

—> N(0, 1).
6n(2)/0n() () e
(vi) Use convergence (49) in order to conclude that, for all sufficiently
large n,
. () A Gn() ]
P xX) — 2u2 < f(x) < fulx) + 2y ~1—q;

|:fn( ) e, a2 S(@) = fu(2) N

i.e., the interval [ f,(x) — ?;%za/g, ful@) + %za ;2] is a confidence

interval for f(x) with confidence coefficient approximately 1 — «, for
all sufficiently large n.

5.2 Referto convergence (39), and set 0,,(x) = s.d.(gn(x; 4,)). Use relation (39)
in order to conclude that, for all sufficiently, large n,

Plgn(x; 1) — 2aj200(X) < 9(X) < gn(X; Xn) + Rappon(@)] =1 —a.  (50)

Thus, if o,(x) is known, then expression (50) states that the interval
[9n(2; 20) =20 /200(X), 9n(X; X)+20/200(%)]is a confidence interval for g(x)
with confidence coefficient approximately 1 — «, for all sufficiently large
n. If 0,,(x) is not known, but a suitable estimate of it, 6,,(x), can be con-
structed, then the interval [9,,(x; Xx) — 24/200(%), 9u(%; Xy) + 2u/26,()] is
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a confidence interval for g(x) with confidence coefficient approximately
1 — «, for all sufficiently large 7. One arrives at this conclusion working as
in Exercise 5.1.

5.3 Refer to convergence (43), and go through the usual manipulations to
conclude that, for all sufficiently large 7,

. o (%) X o (x) ]
P|my,(x) — < m(x) < my(x)+ ~1-—a. 51
[n() T = m() < @)+ T 5
Thus if o (x) is known, then expression (51) states that the interval [, (x)—
G{Wza /2> Moy (X)) + %za 2] is a confidence interval for m(x) with confi-

ce coefficient approximately 1 — «, for all sufficiently large n. If o (x) is
not known, but a suitable estimate of it, 5,,(«), can be constructed, then the
interval [, (x) — %%za /2, M () + %T’”—lza ,2] is a confidence interval for
m(x) with confidence coefficient approximately 1 — «, for all sufficiently
large n.
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Appendix

The tabulated quantity is

Tables

J

k
(7?) P py.
—\j

P
n kK 1/16 2/16 3/16 4/16 5/16 6/16  7/16  8/16
2 0 0878 07656 0.6602 05625 04727 03906 03164  0.2500
1 09961 09844 09648 09375 09023  0.8594  0.8086  0.7500
2 10000 1.0000 1.0000 1.0000 1.0000  1.0000  1.0000  1.0000
3 0 08240 06699 05364 04219 03250 02441  0.1780  0.1250
10988 09570 09077 08437 0.7681  0.6836  0.5933  0.5000
2 09998 09980 09934 09844 09695 09473 09163  0.8750
3 1.0000 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
4 0 07725 0582 04358 03164 02234 01526  0.1001  0.0625
1 09785 09211 08381 07383 06296 05188 04116 03125
2 09991 09929 09773  0.9492 09065  0.8484  0.7749  0.6875
3 10000 09998 09988 09961 09905 09802 09634  0.9375
4 10000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
5 0 07242 05129 03541 02373 01536  0.0954  0.0563  0.0312
1 09656 08793 07627 0.6328 05027 03815 02753  0.1875
2 09978 09839 09512  0.8965 0.8200 0.7248  0.6160  0.5000
309999 09989 09947 09844 09642 09308  0.8809  0.8125
4 10000 10000  0.9998  0.9990 09970  0.9926 09840  0.9687
5 10000 10000 1.0000 1.0000 1.0000  1.0000  1.0000  1.0000
6 0 06789 04488 02877 01780 0.1056  0.0596  0.0317  0.0156
1 09505 08335 0.6861 05339 03936 02742 01795  0.1094
2 09958 09709 09159  0.8306 0.7208 05960  0.4669  0.3437
309998 09970 09866 09624 09192 08535  0.7650  0.6562
4 10000 09998 09988 09954 09868 09694 09389  0.8906
5 1.0000 10000 1.0000 09998 09991  0.9972 09930  0.9844
6 1.0000 1.0000 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
7 0 06365 03927 02338 01335 00726 00373 0.0178  0.0078
1 09335 07854 06114 04449 03036  0.1937 01148  0.0625
2 09929 09537 08728 0.7564 0.6186 04753 03412  0.2266
309995 09938 09733 09294 0.8572  0.7570  0.6346  0.5000
4 10000 09995 09965 09871 09656  0.9260  0.8628  0.7734
5 1.0000 1.0000 09997 09987 09952 09868 09693  0.9375
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Table 1 (continued)

4
n kK 1/16 2/16 3/16  4/16 5/16  6/16  7/16  8/16
7 6 10000 10000 10000 09999 09997  0.9990 09969  0.9922
7 10000 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
8 0 05967 03436 01899 01001  0.0499  0.0233  0.0100  0.0039
1 09150 07363 05406 03671 02314 01350  0.0724  0.0352
2 09892 09327  0.8238  0.6785 05201 03697 02422  0.1445
3 09991 09888 09545  0.8862  0.7826  0.6514 05062  0.3633
4 10000 09988 09922 09727 09318  0.8626 07630  0.6367
5 10000 09999 09991 09958 09860 09640 09227  0.8555
6 1.0000  1.0000 09999 09996 09983 09944 09849  0.9648
7 10000  1.0000  1.0000 10000 09999 09996  0.9987  0.9961
8 10000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
9 0 05594 03007 01543 00751  0.0343  0.0146  0.0056  0.0020
1 08951 06872 04748 03003  0.1747  0.0931  0.0451  0.0195
2 09846 09081 07707  0.6007 04299 02817  0.1679  0.0898
309985 09817 09300 0.8343  0.7006  0.5458  0.3907  0.2539
409999 09975 09851 09511  0.8851  0.7834  0.6506  0.5000
5 10000 09998 09978  0.9900 09690 09260  0.8528  0.7461
6 1.0000  1.0000 09998 09987 09945 09830 09577  0.9102
7 10000  1.0000  1.0000 09999 09994 09977 09926  0.9805
8 10000  1.0000  1.0000  1.0000  1.0000  0.9999 09994  0.9980
9 10000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
10 0 0525 02631 01254 00563 00236 00091  0.0032  0.0010
1 08741 06389 04147 02440  0.1308 00637 00278  0.0107
2 09790 08805 07152 05256 03501 02110  0.1142  0.0547
309976 09725 09001 07759  0.6160 04467 02932  0.1719
4 09998 09955 09748 09219  0.8275  0.6943 05369  0.3770
5 10000 09995 09955 09803 09428  0.8725  0.7644  0.6230
6 10000  1.0000 09994 09965 09865 09616 09118  0.8281
7 10000  1.0000  1.0000  0.9996  0.9979 09922 09773  0.9453
8 10000  1.0000  1.0000  1.0000 09998  0.9990 09964  0.9893
9 10000  1.0000  1.0000  1.0000  1.0000 09999 09997  0.9990
10 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
11 0 04917 02302 01019 00422 00162  0.0057  0.0018  0.0005
108522 05919 03605 01971  0.0973  0.0432  0.0170  0.0059
2 09724 08503  0.6589 04552 02816  0.1558  0.0764  0.0327
309965 09610 08654 07133 05329 03583 02149  0.1133
4 09997 09927 09608  0.8854  0.7614  0.6014 04303 02744
5 10000 09990 09916 09657  0.9068  0.8057  0.6649  0.5000
6 1.0000 09999 09987 09924 09729 09282  0.8473  0.7256
7 10000  1.0000 09999 09988  0.9943 09807  0.9487  0.8867
8 10000  1.0000  1.0000 09999  0.9992 09965 09881  0.9673
9 10000  1.0000  1.0000  1.0000 09999 09996 09983  0.9941
10 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  0.9999  0.9995
11 10000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
12 0 04610 02014 00828 00317 00111  0.0036  0.0010  0.0002
1 08297 05467 03120 0158 00720  0.0291  0.0104  0.0032
2 09649 08180  0.6029 03907 02240 01135  0.0504  0.0193
3 09950 09472 0.8267  0.6488 04544 02824  0.1543  0.0730

(Continued)
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Table 1 (continued) B

n Kk 1/16  2/16 3/16 4/16 5/16  6/16  7/16  8/16
12 4 0.9995 0.9887 0.9429 0.8424 0.6900 0.5103 0.3361 0.1938
5 1.0000 0.9982 0.9858 0.9456 0.8613 0.7291 0.5622 0.3872

6 1.0000 0.9998 0.9973 0.9857 0.9522 0.8822 0.7675 0.6128

7 1.0000 1.0000 0.9996 0.9972 0.9876 0.9610 0.9043 0.8062

8 1.0000 1.0000 1.0000 0.9996 0.9977 0.9905 0.9708 0.9270

9 1.0000 1.0000 1.0000 1.0000 0.9997 0.9984 0.9938 0.9807

10 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9992 0.9968

11 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998

12 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

13 0 0.4321 0.1762 0.0673 0.0238 0.0077 0.0022 0.0006 0.0001
1 0.8067 0.5035 0.2690 0.1267 0.0530 0.0195 0.0063 0.0017

2 0.9565 0.7841 0.5484 0.3326 0.1765 0.0819 0.0329 0.0112

3 0.9931 0.9310 0.7847 0.5843 0.3824 0.2191 0.1089 0.0461

4 0.9992 0.9835 0.9211 0.7940 0.6164 0.4248 0.2565 0.1334

5 0.9999 0.9970 0.9778 0.9198 0.8078 0.6470 0.4633 0.2905

6 1.0000 0.9996 0.9952 0.9757 0.9238 0.8248 0.6777 0.5000

7 1.0000 1.0000 0.9992 0.9944 0.9765 0.9315 0.8445 0.7095

8 1.0000 1.0000 0.9999 0.9990 0.9945 0.9795 0.9417 0.8666

9 1.0000 1.0000 1.0000 0.9999 0.9991 0.9955 0.9838 0.9539

10 1.0000 1.0000 1.0000 1.0000 0.9999 0.9993 0.9968 0.9888

11 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9996 0.9983

12 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999

13 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

14 0 0.4051 0.1542 0.0546 0.0178 0.0053 0.0014 0.0003 0.0001
1 0.7833 0.4626 0.2312 0.1010 0.0388 0.0130 0.0038 0.0009

2 0.9471 0.7490 0.4960 0.2811 0.1379 0.0585 0.0213 0.0065

3 0.9908 0.9127 0.7404 0.5213 0.3181 0.1676 0.0756 0.0287

4 0.9988 0.9970 0.8955 0.7415 0.5432 0.3477 0.1919 0.0898

5 0.9999 0.9953 0.9671 0.8883 0.7480 0.5637 0.3728 0.2120

6 1.0000 0.9993 0.9919 0.9167 0.8876 0.7581 0.56839 0.3953

7 1.0000 0.9999 0.9985 0.9897 0.9601 0.8915 0.7715 0.6047

8 1.0000 1.0000 0.9998 0.9978 0.9889 0.9615 0.8992 0.7880

9 1.0000 1.0000 1.0000 0.9997 0.9976 0.9895 0.9654 0.9102

10 1.0000 1.0000 1.0000 1.0000 0.9996 0.9979 0.9911 0.9713

11 1.0000 1.0000 1.0000 1.0000 1.0000 0.9997 0.9984 0.9935

12 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9991

13 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999

14 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

15 0 0.3798 0.1349 0.0444 0.0134 0.0036 0.0009 0.0002 0.0000
1 0.7596 0.4241 0.1981 0.0802 0.0283 0.0087 0.0023 0.0005

2 0.9369 0.7132 0.4463 0.2361 0.1069 0.0415 0.0136 0.0037

3 0.9881 0.8922 0.6946 0.4613 0.2618 0.1267 0.0518 0.0176

4 0.9983 0.9689 0.8665 0.6865 0.4729 0.2801 0.1410 0.0592

5 0.9998 0.9930 0.9537 0.8516 0.6840 0.4827 0.2937 0.1509

6 1.0000 0.9988 0.9873 0.9434 0.8435 0.6852 0.4916 0.3036

7 1.0000 0.9998 0.9972 0.9827 0.9374 0.8415 0.6894 0.5000

8 1.0000 1.0000 0.9995 0.9958 0.9799 0.9352 0.8433 0.6964

9 1.0000 1.0000 0.9999 0.9992 0.9949 0.9790 0.9364 0.8491

10 1.0000 1.0000 1.0000 0.9999 0.9990 0.9947 0.9799 0.9408

11 1.0000 1.0000 1.0000 1.0000 0.9999 0.9990 0.9952 0.9824

12 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9992 0.9963
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Table 1 (continued)

4

n kK 1/16 2/16 3/16  4/16 5/16  6/16  7/16  8/16
15 13 10000  1.0000  1.0000  1.0000  1.0000  1.0000 09999  0.9995
14 1.0000 10000  1.0000  1.0000 10000  1.0000  1.0000  1.0000

15 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000

16 0 03561 01181 00361 00100 00025  0.0005  0.0001  0.0000
1 07359 03879 01693 00635 00206  0.0057 00014  0.0003

2 09258 06771 03998 01971 00824  0.0292  0.0086  0.0021

3 09849 08698  0.6480 04050 02134 00947 00351  0.0106

4 09977 09593 08342  0.6302 04069 02226 01020  0.0384

5 09997 09900 09373 08103  0.6180 04067 02269  0.1051

6 10000 09981 09810 09204 07940  0.6093  0.4050  0.2272

7 10000 09997 09954 09729 09082 07829  0.6029  0.4018

8 10000  1.0000 09991 09925 09666  0.9001  0.7760  0.5982

9 1.0000 1.0000 0.9999 0.9984 0.9902 0.9626 0.8957 0.7728
10 1.0000 1.0000 1.0000 0.9997 0.9977 0.9888 0.9609 0.8949
11 1.0000 1.0000 1.0000 1.0000 0.9996 0.9974 0.9885 0.9616
12 1.0000 1.0000 1.0000 1.0000 0.9999 0.9995 0.9975 0.9894
13 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9996 0.9979
14 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9997
15 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
16 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

17 0 0.3338 0.1033 0.0293 0.0075 0.0017 0.0003 0.0001 0.0000
1 0.7121 0.3542 0.1443 0.0501 0.0149 0.0038 0.0008 0.0001
2 0.9139 0.6409 0.3566 0.1637 0.0631 0.0204 0.0055 0.0012
3 0.9812 0.8457 0.6015 0.3530 0.1724 0.0701 0.0235 0.0064
4 0.9969 0.9482 0.7993 0.5739 0.3464 0.1747 0.0727 0.0245
5 0.9996 0.9862 0.9180 0.7653 0.5520 0.3377 0.1723 0.0717
6 1.0000 0.9971 0.9728 0.8929 0.7390 0.5333 0.3271 0.1662
7 1.0000 0.9995 0.9927 0.9598 0.8725 0.7178 0.5163 0.3145
8 1.0000 0.9999 0.9984 0.9876 0.9484 0.8561 0.7002 0.5000
9 1.0000 1.0000 0.9997 0.9969 0.9828 0.9391 0.8433 0.6855

10 1.0000 1.0000 1.0000 0.9994 0.9954 0.9790 0.9323 0.8338
11 1.0000 1.0000 1.0000 0.9999 0.9990 0.9942 0.9764 0.9283
12 1.0000 1.0000 1.0000 1.0000 0.9998 0.9987 0.9935 0.9755
13 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9987 0.9936
14 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9988
15 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999
16 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

18 0 0.3130 0.0904 0.0238 0.0056 0.0012 0.0002 0.0000 0.0000

1 0.6885 0.3228 0.1227 0.0395 0.0108 0.0025 0.0005 0.0001
2 0.9013 0.6051 0.3168 0.1353 0.0480 0.0142 0.0034 0.0007
3 0.9770 0.8201 0.5556 0.3057 0.1383 0.0515 0.0156 0.0038
4 0.9959 0.9354 0.7622 0.5187 0.2920 0.1355 0.0512 0.0154
5 0.9994 0.9814 0.8958 0.7175 0.4878 0.2765 0.1287 0.0481
6 0.9999 0.9957 0.9625 0.8610 0.6806 0.4600 0.2593 0.1189
7 1.0000 0.9992 0.9889 0.9431 0.8308 0.6486 0.4335 0.2403
8 1.0000 0.9999 0.9973 0.9807 0.9247 0.8042 0.6198 0.4073
9 1.0000 1.0000 0.9995 0.9946 0.9721 0.9080 0.7807 0.56927
10 1.0000 1.0000 0.9999 0.9988 0.9915 0.9640 0.8934 0.7597
11 1.0000 1.0000 1.0000 0.9998 0.9979 0.9885 0.9571 0.8811

(Continued)
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Table 1 (continued) B

n Kk 1/16  2/16 3/16 4/16 5/16  6/16  7/16  8/16
18 12 1.0000 1.0000 1.0000 1.0000 0.9996 0.9970 0.9860 0.9519
13 1.0000 1.0000 1.0000 1.0000 0.9999 0.9994 0.9964 0.9846

14 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9993 0.9962

15 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9993

16 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999

17 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

19 0 0.2934 0.0791 0.0193 0.0042 0.0008 0.0001 0.0000 0.0000
1 0.6650 0.2938 0.1042 0.0310 0.0078 0.0016 0.0003 0.0000

2 0.8880 0.5698 0.2804 0.1113 0.0364 0.0098 0.0021 0.0004

3 0.9722 0.7933 0.5108 0.2631 0.1101 0.0375 0.0103 0.0022

4 0.9947 0.9209 0.7235 0.4654 0.2440 0.1040 0.0356 0.0096

5 0.9992 0.9757 0.8707 0.6678 0.4266 0.2236 0.0948 0.0318

6 0.9999 0.9939 0.9500 0.8251 0.6203 0.3912 0.2022 0.0835

7 1.0000 0.9988 0.9840 0.9225 0.7838 0.5779 0.3573 0.1796

8 1.0000 0.9998 0.9957 0.9713 0.8953 0.7459 0.5383 0.3238

9 1.0000 1.0000 0.9991 0.9911 0.9573 0.8691 0.7103 0.5000

10 1.0000 1.0000 0.9998 0.9977 0.9854 0.9430 0.8441 0.0672

11 1.0000 1.0000 1.0000 0.9995 0.9959 0.9793 0.9292 0.8204

12 1.0000 1.0000 1.0000 0.9999 0.9990 0.9938 0.9734 0.9165

13 1.0000 1.0000 1.0000 1.0000 0.9998 0.9985 0.9919 0.9682

14 1.0000 1.0000 1.0000 1.0000 1.0000 0.9997 0.9980 0.9904

15 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9996 0.9978

16 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9996

17 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

18 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

20 0 0.2751 0.0692 0.0157 0.0032 0.0006 0.0001 0.0000 0.0000
1 0.6148 0.2669 0.0883 0.0243 0.0056 0.0011 0.0002 0.0000

2 0.8741 0.5353 0.2473 0.0913 0.0275 0.0067 0.0013 0.0002

3 0.9670 0.7653 0.4676 0.2252 0.0870 0.0271 0.0067 0.0013

4 0.9933 0.9050 0.6836 0.4148 0.2021 0.0790 0.0245 0.0059

5 0.9989 0.9688 0.8431 0.6172 0.3695 0.1788 0.0689 0.0207

[ 0.9999 0.9916 0.9351 0.7858 0.5598 0.3284 0.1552 0.0577

7 1.0000 0.9981 0.9776 0.8982 0.7327 0.5079 0.2894 0.1316

8 1.0000 0.9997 0.9935 0.9591 0.8605 0.6829 0.4591 0.2517

9 1.0000 0.9999 0.9984 0.9861 0.9379 0.8229 0.6350 0.4119

10 1.0000 1.0000 0.9997 0.9961 0.9766 0.9153 0.7856 0.5881

11 1.0000 1.0000 0.9999 0.9991 0.9926 0.9657 0.8920 0.7483

12 1.0000 1.0000 1.0000 0.9998 0.9981 0.9884 0.9541 0.8684

13 1.0000 1.0000 1.0000 1.0000 0.9996 0.9968 0.9838 0.9423

14 1.0000 1.0000 1.0000 1.0000 0.9999 0.9993 0.9953 0.9793

15 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9989 0.9941

16 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9987

17 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998

18 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

19 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

21 0 0.2579 0.0606 0.0128 0.0024 0.0004 0.0001 0.0000 0.0000
1 0.6189 0.2422 0.0747 0.0190 0.0040 0.0007 0.0001 0.0000

2 0.8596 0.5018 0.2175 0.0745 0.0206 0.0046 0.0008 0.0001

3 0.9612 0.7366 0.4263 0.1917 0.0684 0.0195 0.0044 0.0007

4 0.9917 0.8875 0.6431 0.3674 0.1662 0.0596 0.0167 0.0036
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Table 1 (continued) »

n kK 1/16 2/16 3/16  4/16 5/16  6/16  7/16  8/16

21 5 0.9986 0.9609 0.8132 0.5666 0.3172 0.1414 0.0495 0.0133
6 0.9998 0.9888 0.9179 0.7436 0.5003 0.2723 0.1175 0.0392
7 1.0000 0.9973 0.9696 0.8701 0.6787 0.4405 0.2307 0.0946
8 1.0000 0.9995 0.9906 0.9439 0.8206 0.6172 0.3849 0.1917
9 1.0000 0.9999 0.9975 0.9794 0.9137 0.7704 0.5581 0.3318

10 1.0000 1.0000 0.9995 0.9936 0.9645 0.8806 0.7197 0.5000

11 1.0000 1.0000 0.9999 0.9983 0.9876 0.9468 0.8454 0.6682

12 1.0000 1.0000 1.0000 0.9996 0.9964 0.9799 0.9269 0.8083

13 1.0000 1.0000 1.0000 0.9999 0.9991 0.9936 0.9708 0.9054

14 1.0000 1.0000 1.0000 1.0000 0.9998 0.9983 0.9903 0.9605

15 1.0000 1.0000 1.0000 1.0000 1.0000 0.9996 0.9974 0.9867

16 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9994 0.9964

17 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9993

18 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999

19 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

20 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

22 0 0.2418 0.0530 0.0104 0.0018 0.0003 0.0000 0.0000 0.0000
1 0.5963 0.2195 0.0631 0.0149 0.0029 0.0005 0.0001 0.0000
2 0.8445 0.4693 0.1907 0.0606 0.0154 0.0031 0.0005 0.0001
3 0.9548 0.7072 0.3871 0.1624 0.0535 0.0139 0.0028 0.0004
4 0.9898 0.8687 0.6024 0.3235 0.1356 0.0445 0.0133 0.0022
5 0.9981 0.9517 0.7813 0.5168 0.2700 0.1107 0.0352 0.0085
6 0.9997 0.9853 0.8983 0.6994 0.4431 0.2232 0.0877 0.0267
7 1.0000 0.9963 0.9599 0.8385 0.6230 0.3774 0.1812 0.0669
8 1.0000 0.9992 0.9866 0.9254 0.7762 0.5510 0.3174 0.1431
9 1.0000 0.9999 0.9962 0.9705 0.8846 0.7130 0.4823 0.2617

10 1.0000 1.0000 0.9991 0.9900 0.9486 0.8393 0.6490 0.4159
11 1.0000 1.0000 0.9998 0.9971 0.9804 0.9220 0.7904 0.5841
12 1.0000 1.0000 1.0000 0.9993 0.9936 0.9675 0.8913 0.7383
13 1.0000 1.0000 1.0000 0.9999 0.9982 0.9885 0.9516 0.8569
14 1.0000 1.0000 1.0000 1.0000 0.9996 0.9966 0.9818 0.9331
15 1.0000 1.0000 1.0000 1.0000 0.9999 0.9991 0.9943 0.9739
16 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9985 0.9915
17 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9997 0.9978
18 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995
19 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999
20 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

23 0 0.2266 0.0464 0.0084 0.0013 0.0002 0.0000 0.0000 0.0000

1 0.5742 0.1987 0.0532 0.0116 0.0021 0.0003 0.0000 0.0000
2 0.8290 0.4381 0.1668 0.0492 0.0115 0.0021 0.0003 0.0000
3 0.9479 0.6775 0.3503 0.1370 0.0416 0.0099 0.0018 0.0002
4 0.9876 0.8485 0.5621 0.2832 0.1100 0.0330 0.0076 0.0013
5 0.9976 0.9413 0.7478 0.4685 0.2280 0.0859 0.0247 0.0053
6 0.9996 0.9811 0.8763 0.6537 0.3890 0.1810 0.0647 0.0173
7 1.0000 0.9949 0.9484 0.8037 0.5668 0.3196 0.1403 0.0466
8 1.0000 0.9988 0.9816 0.9037 0.7283 0.4859 0.2578 0.1050
9 1.0000 0.9998 0.9944 0.9592 0.8507 0.6522 0.4102 0.2024
10 1.0000 1.0000 0.9986 0.9851 0.9286 0.7919 0.5761 0.3388
11 1.0000 1.0000 0.9997 0.9954 0.9705 0.8910 0.7285 0.5000

(Continued)
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Table 1 (continued) B

n Kk 1/16  2/16 3/16 4/16 5/16  6/16  7/16  8/16
23 12 1.0000 1.0000 0.9999 0.9988 0.9895 0.9504 0.8471 0.6612
13 1.0000 1.0000 1.0000 0.9997 0.9968 0.9806 0.9252 0.7976

14 1.0000 1.0000 1.0000 0.9999 0.9992 0.9935 0.9686 0.8950

15 1.0000 1.0000 1.0000 1.0000 0.9998 0.9982 0.9888 0.9534

16 1.0000 1.0000 1.0000 1.0000 1.0000 0.9996 0.9967 0.9827

17 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9992 0.9947

18 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9987

19 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998

20 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

21 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

24 0 0.2125 0.0406 0.0069 0.0010 0.0001 0.0000 0.0000 0.0000
1 0.5524 0.1797 0.0448 0.0090 0.0015 0.0002 0.0000 0.0000

2 0.8131 0.4082 0.1455 0.0398 0.0086 0.0014 0.0002 0.0000

3 0.9405 0.6476 0.3159 0.1150 0.0322 0.0070 0.0011 0.0001

4 0.9851 0.8271 0.5224 0.2466 0.0886 0.0243 0.0051 0.0008

5 0.9970 0.9297 0.7130 0.4222 0.1911 0.0661 0.0172 0.0033

6 0.9995 0.9761 0.8522 0.6074 0.3387 0.1453 0.0472 0.0113

7 0.9999 0.9932 0.9349 0.7662 0.5112 0.2676 0.1072 0.0320

8 1.0000 0.9983 0.9754 0.8787 0.6778 0.4235 0.2064 0.0758

9 1.0000 0.9997 0.9920 0.9453 0.8125 0.5898 0.3435 0.1537

10 1.0000 0.9999 0.9978 0.9787 0.9043 0.7395 0.5035 0.2706

11 1.0000 1.0000 0.9995 0.9928 0.9574 0.8538 0.6618 0.4194

12 1.0000 1.0000 0.9999 0.9979 0.9835 0.9281 0.7953 0.5806

13 1.0000 1.0000 1.0000 0.9995 0.9945 0.9693 0.8911 0.7294

14 1.0000 1.0000 1.0000 0.9999 0.9984 0.9887 0.9496 0.8463

15 1.0000 1.0000 1.0000 1.0000 0.9996 0.9964 0.9799 0.9242

16 1.0000 1.0000 1.0000 1.0000 0.9999 0.9990 0.9932 0.9680

17 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9981 0.9887

18 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9996 0.9967

19 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9992

20 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999

21 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

22 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

25 0 0.1992 0.0355 0.0056 0.0008 0.0001 0.0000 0.0000 0.0000
1 0.5132 0.1623 0.0377 0.0070 0.0011 0.0001 0.0000 0.0000

2 0.7968 0.3796 0.1266 0.0321 0.0064 0.0010 0.0001 0.0000

3 0.9325 0.6176 0.2840 0.0962 0.0248 0.0049 0.0007 0.0001

4 0.9823 0.8047 0.4837 0.2137 0.0710 0.0178 0.0033 0.0005

5 0.9962 0.9169 0.6772 0.3783 0.1591 0.0504 0.0119 0.0028

6 0.9993 0.9703 0.8261 0.5611 0.2926 0.1156 0.0341 0.0073

7 0.9999 0.9910 0.9194 0.7265 0.4573 0.2218 0.0810 0.0216

8 1.0000 0.9977 0.9678 0.8506 0.62568 0.3651 0.1630 0.0539

9 1.0000 0.9995 0.9889 0.9287 0.7704 0.5275 0.2835 0.1148

10 1.0000 0.9999 0.9967 0.9703 0.8756 0.6834 0.4335 0.2122

11 1.0000 1.0000 0.9992 0.9893 0.9408 0.8110 0.5926 0.3450

12 1.0000 1.0000 0.9998 0.9966 0.9754 0.9003 0.7369 0.5000

13 1.0000 1.0000 1.0000 0.9991 0.9911 0.9538 0.8491 0.6550

14 1.0000 1.0000 1.0000 0.9998 0.9972 0.9814 0.9240 0.7878

15 1.0000 1.0000 1.0000 1.0000 0.9992 0.9935 0.9667 0.8852

16 1.0000 1.0000 1.0000 1.0000 0.9998 0.9981 0.9874 0.9462

17 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 0.9960 0.9784
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Table 1 (continued) »

n kK 1/16 2/16 3/16  4/16 5/16  6/16  7/16  8/16

25 18 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9989 0.9927
19 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9980
20 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995
21 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999
22 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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Table 2 The tabulated quantity is
k A J
The Cumulative Poisson Z et I
Distribution =0
A
k 0.001 0.005 0.010 0.015 0.020 0.025
0 099900050  0.9950 1248  0.99004983  0.98511194  0.98019867  0.9753 099
1 0.9999 9950 0.9999 8754 0.9999 5033 0.9998 8862 0.9998 0264 0.9996 927
2 1.00000000  0.9999 9998  0.99999983  0.9999 9945  0.9999 9868  0.9999 974
3 1.0000 0000 1.0000 0000 1.0000 0000 0.9999 9999 1.0000 000
4 1.0000 0000 1.0000 000
A
k 0.030 0.035 0.040 0.045 0.050 0.055
0 0.970 446 0.965 605 0.960 789 0.955 997 0.951 229 0.946 485
1 0.999 559 0.999 402 0.999 221 0.999 017 0.998 791 0.998 542
2 0.999 996 0.999 993 0.999 990 0.999 985 0.999 980 0.999 973
3 1.000 000 1.000 000 1.000 000 1.000 000 1.000 000 1.000 000
A
k 0.060 0.065 0.070 0.075 0.080 0.085
0 0.941 765 0.937 067 0.932 394 0.927 743 0.923 116 0.918 512
1 0.998 270 0.997 977 0.997 661 0.997 324 0.996 966 0.996 586
2 0.999 966 0.999 956 0.999 946 0.999 934 0.999 920 0.999 904
3 0.999 999 0.999 999 0.999 999 0.999 999 0.999 998 0.999 998
4 1.000 000 1.000 000 1.000 000 1.000 000 1.000 000 1.000 000
A
k 0.090 0.095 0.100 0.200 0.300 0.400
0 0.913 931 0.909 373 0.904 837 0.818 731 0.740 818 0.670 320
1 0.996 185 0.995 763 0.995 321 0.982 477 0.963 064 0.938 448
2 0.999 886 0.999 867 0.999 845 0.998 852 0.996 401 0.992 074
3 0.999 997 0.999 997 0.999 996 0.999 943 0.999 734 0.999 224
4 1.000 000 1.000 000 1.000 000 0.999 998 0.999 984 0.999 939
5 1.000 000 0.999 999 0.999 996
6 1.000 000 1.000 000
A
k 0.500 0.600 0.700 0.800 0.900 1.000
0 0.606 531 0.548 812 0.496 585 0.449 329 0.406 329 0.367 879
1 0.909 796 0.878 099 0.844 195 0.808 792 0.772 482 0.735 759
2 0.985 612 0.976 885 0.965 858 0.952 577 0.937 143 0.919 699
3 0.998 248 0.996 642 0.994 247 0.990 920 0.986 541 0.981 012
4 0.999 828 0.999 606 0.999 214 0.998 589 0.997 656 0.996 340
5 0.999 986 0.999 961 0.999 910 0.999 816 0.999 657 0.999 406
6 0.999 999 0.999 997 0.999 991 0.999 979 0.999 957 0.999 917
7 1.000 000 1.000 000 0.999 999 0.999 998 0.999 995 0.999 990
8 1.000 000 1.000 000 1.000 000 0.999 999
9 1.000 000
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Table 2 (continued)

A
k 1.20 1.40 1.60 1.80 2.00 2.50 3.00 3.50
0 0.3012 0.2466 0.2019 0.1653 0.1353 0.0821 0.0498 0.0302
1 0.6626 0.5918 0.5249 0.4628 0.4060 0.2873 0.1991 0.1359
2 0.8795 0.8335 0.7834 0.7306 0.6767 0.5438 0.4232 0.3208
3 0.9662 0.9463 0.9212 0.8913 0.8571 0.7576 0.6472 0.5366
4 0.9923 0.9857 0.9763 0.9636 0.9473 0.8912 0.8153 0.7254
5 0.9985 0.9968 0.9940 0.9896 0.9834 0.9580 0.9161 0.8576
6 0.9997 0.9994 0.9987 0.9974 0.9955 0.9858 0.9665 0.9347
7 1.0000 0.9999 0.9997 0.9994 0.9989 0.9958 0.9881 0.9733
8 1.0000 1.0000 0.9999 0.9998 0.9989 0.9962 0.9901
9 1.0000 1.0000 0.9997 0.9989 0.9967
10 0.9999 0.9997 0.9990
11 1.0000 0.9999 0.9997
12 1.0000 0.9999
13 1.0000
A
k 4.00 4.50 5.00 6.00 7.00 8.00 9.00 10.00
0 0.0183 0.0111 0.0067 0.0025 0.0009 0.0003 0.0001 0.0000
1 0.0916 0.0611 0.0404 0.0174 0.0073 0.0030 0.0012 0.0005
2 0.2381 0.1736 0.1247 0.0620 0.0296 0.0138 0.0062 0.0028
3 0.4335 0.3423 0.2650 0.1512 0.0818 0.0424 0.0212 0.0103
4 0.6288 0.5321 0.4405 0.2851 0.1730 0.0996 0.0550 0.0293
5 0.7851 0.7029 0.6160 0.4457 0.3007 0.1912 0.1157 0.0671
6 0.8893 0.8311 0.7622 0.6063 0.4497 0.3134 0.2068 0.1301
7 0.9489 0.9134 0.8666 0.7440 0.5987 0.4530 0.3239 0.2202
8 0.9786 0.9597 0.9319 0.8472 0.7291 0.5925 0.4577 0.3328
9 0.9919 0.9829 0.9682 0.9161 0.8305 0.7166 0.5874 0.4579

10 0.9972 0.9933 0.9863 0.9574 0.9015 0.8159 0.7060 0.5830
11 0.9991 0.9976 0.9945 0.9799 0.9467 0.8881 0.8030 0.6968
12 0.9997 0.9992 0.9980 0.9912 0.9730 0.9362 0.8758 0.7916
13 0.9999 0.9997 0.9993 0.9964 0.9872 0.9658 0.9261 0.8645
14 1.0000 0.9999 0.9998 0.9986 0.9943 0.9827 0.9585 0.9165

15 1.0000 0.9999 0.9995 0.9976 0.9918 0.9780 0.9513
16 1.0000 0.9998 0.9990 0.9963 0.9889 0.9730
17 0.9999 0.9996 0.9984 0.9947 0.9857
18 1.0000 0.9999 0.9993 0.9976 0.9928
19 0.9997 0.9989 0.9965
20 1.0000 0.9999 0.9996 0.9984
21 1.0000 0.9998 0.9993
22 0.9999 0.9997
23 1.0000 0.9999

24 1.0000
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Table 3 The tabulated quantity is
1 v 2
- —1%/2
The Normal Distribution *@= 7= f, e .
[®(=2) =1 - D))
x P (x) x P (x) X P (x) x P (x)

0.00 0.500000 0.45 0.673645 0.90 0.815940 1.35 0.911492
0.01 0.503989 0.46 0.677242 0.91 0.818589 1.36 0.913085
0.02 0.507978 0.47 0.680822 0.92 0.821214 1.37 0.914657
0.03 0.511966 0.48 0.684386 0.93 0.823814 1.38 0.916207
0.04 0.515953 0.49 0.687933 0.94 0.826391 1.39 0.917736
0.05 0.519939 0.50 0.691462 0.95 0.828944 1.40 0.919243
0.06 0.523922 0.51 0.694974 0.96 0.831472 141 0.920730
0.07 0.527903 0.52 0.698468 0.97 0.833977 1.42 0.922196
0.08 0.531881 0.53 0.701944 0.98 0.836457 1.43 0.923641
0.09 0.535856 0.54 0.705401 0.99 0.838913 1.44 0.925066
0.10 0.539828 0.55 0.708840 1.00 0.841345 1.45 0.926471
0.11 0.543795 0.56 0.712260 1.01 0.843752 1.46 0.927855
0.12 0.547758 0.57 0.715661 1.02 0.846136 1.47 0.929219
0.13 0.651717 0.58 0.719043 1.03 0.848495 1.48 0.930563
0.14 0.555670 0.59 0.722405 1.04 0.850830 1.49 0.931888

0.15 0.559618 0.60 0.725747 1.05 0.853141 1.50 0.933193
0.16 0.563559 0.61 0.279069 1.06 0.855428 1.51 0.934478
0.17 0.567495 0.62 0.732371 1.07 0.857690 1.52 0.935745

0.18 0.571424 0.63 0.735653 1.08 0.859929 1.563 0.936992
0.19 0.575345 0.64 0.738914 1.09 0.862143 1.54 0.938220
0.20 0.579260 0.65 0.742154 1.10 0.864334 1.55 0.939429
0.21 0.583166 0.66 0.745373 1.11 0.866500 1.56 0.940620
0.22 0.587064 0.67 0.748571 1.12 0.868643 1.57 0.941792
0.23 0.590954 0.68 0.751748 1.13 0.870762 1.58 0.942947
0.24 0.594835 0.69 0.754903 1.14 0.872857 1.59 0.944083
0.25 0.598706 0.70 0.758036 1.15 0.874928 1.60 0.945201
0.26 0.602568 0.71 0.761148 1.16 0.876976 1.61 0.946301
0.27 0.606420 0.72 0.764238 1.17 0.879000 1.62 0.947384
0.28 0.610261 0.73 0.767305 1.18 0.881000 1.63 0.948449
0.29 0.614092 0.74 0.770350 1.19 0.882977 1.64 0.949497
0.30 0.617911 0.75 0.773373 1.20 0.884930 1.65 0.950529

0.31 0.621720 0.76 0.776373 1.21 0.886861 1.66 0.951543
0.32 0.625516 0.77 0.779350 1.22 0.888768 1.67 0.952540
0.33 0.629300 0.78 0.782305 1.23 0.890651 1.68 0.953521

0.34 0.633072 0.79 0.785236 1.24 0.892512 1.69 0.954486
0.35 0.636831 0.80 0.788145 1.25 0.894350 1.70 0.955435
0.36 0.640576 0.81 0.791030 1.26 0.896165 1.71 0.956367
0.37 0.644309 0.82 0.793892 1.27 0.897958 1.72 0.957284
0.38 0.648027 0.83 0.796731 1.28 0.899727 1.73 0.958185
0.39 0.651732 0.84 0.799546 1.29 0.901475 1.74 0.959070
0.40 0.655422 0.85 0.802337 1.30 0.903200 1.75 0.959941
0.41 0.6569097 0.86 0.805105 1.31 0.904902 1.76 0.960796
0.42 0.662757 0.87 0.807850 1.32 0.906582 1.77 0.961636
0.43 0.666402 0.88 0.810570 1.33 0.908241 1.78 0.962462
0.44 0.670031 0.89 0.813267 1.34 0.909877 1.79 0.963273
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Table 3 (continued) N B (x) N ®(x) N »(x) N B (x)
1.80 0.964070 2.30 0.989276 2.80 0.997445 3.30 0.999517
1.81 0.964852 2.31 0.989556 2.81 0.997523 3.31 0.999534
1.82 0.965620 2.32 0.989830 2.82 0.997599 3.32 0.999550
1.83 0.966375 2.33 0.990097 2.83 0.997673 3.33 0.999566
1.84 0.967116 2.34 0.990358 2.84 0.997744 3.34 0.999581
1.85 0.967843 2.35 0.990613 2.85 0.997814 3.35 0.999596
1.86 0.968557 2.36 0.990863 2.86 0.997882 3.36 0.999610
1.87 0.969258 2.37 0.991106 2.87 0.997948 3.37 0.999624
1.88 0.969946 2.38 0.991344 2.88 0.998012 3.38 0.999638
1.89 0.970621 2.39 0.991576 2.89 0.998074 3.39 0.999651
1.90 0.971283 2.40 0.991802 2.90 0.998134 3.40 0.999663
191 0.971933 2.41 0.992024 291 0.998193 3.41 0.999675
1.92 0.972571 242 0.992240 2.92 0.998250 3.42 0.999687
1.93 0.973197 2.43 0.992451 2.93 0.998305 3.43 0.999698
1.94 0.973810 244 0.992656 2.94 0.998359 3.44 0.999709
1.95 0.974412 2.45 0.992857 2.95 0.998411 3.45 0.999720
1.96 0.975002 2.46 0.993053 2.96 0.998462 3.46 0.999730
1.97 0.975581 2.47 0.993244 2.97 0.998511 3.47 0.999740
1.98 0.976148 2.48 0.993431 2.98 0.998559 3.48 0.999749
1.99 0.976705 2.49 0.993613 2.99 0.998605 3.49 0.999758
2.00 0.977250 2.50 0.993790 3.00 0.998650 3.50 0.999767
2.01 0.977784 2.51 0.993963 3.01 0.998694 3.51 0.999776
2.02 0.978308 2.62 0.994132 3.02 0.998736 3.52 0.999784
2.03 0.978822 2.53 0.994297 3.03 0.998777 3.53 0.999792
2.04 0.979325 2.54 0.994457 3.04 0.998817 3.54 0.999800
2.05 0.979818 2.55 0.994614 3.05 0.998856 3.55 0.999807
2.06 0.980301 2.56 0.994766 3.06 0.998893 3.56 0.999815
2.07 0.980774 2.57 0.994915 3.07 0.998930 3.57 0.999822
2.08 0.981237 2.58 0.995060 3.08 0.998965 3.58 0.999828
2.09 0.981691 2.59 0.995201 3.09 0.998999 3.59 0.999835
2.10 0.982136 2.60 0.995339 3.10 0.999032 3.60 0.999841
2.11 0.982571 2.61 0.995473 3.11 0.999065 3.61 0.999847
2.12 0.982997 2.62 0.995604 3.12 0.999096 3.62 0.999853
2.13 0.983414 2.63 0.995731 3.13 0.999126 3.63 0.999858
2.14 0.983823 2.64 0.995855 3.14 0.999155 3.64 0.999864
2.15 0.984222 2.65 0.995975 3.15 0.999184 3.65 0.999869
2.16 0.984614 2.66 0.996093 3.16 0.999211 3.66 0.999874
2.17 0.984997 2.67 0.996207 3.17 0.999238 3.67 0.999879
2.18 0.985371 2.68 0.996319 3.18 0.999264 3.68 0.999883
2.19 0.985738 2.69 0.996427 3.19 0.999289 3.69 0.999888
2.20 0.986097 2.70 0.996533 3.20 0.999313 3.70 0.999892
2.21 0.986447 2.71 0.996636 3.21 0.999336 3.71 0.999896
2.22 0.986791 2.72 0.996736 3.22 0.999359 3.72 0.999900
2.23 0.987126 2.73 0.996833 3.23 0.999381 3.73 0.999904
2.24 0.987455 2.74 0.996928 3.24 0.999402 3.74 0.999908
2.25 0.987776 2.75 0.997020 3.25 0.999423 3.75 0.999912
2.26 0.988089 2.76 0.997110 3.26 0.999443 3.76 0.999915
2.27 0.988396 2.717 0.997197 3.27 0.999462 3.77 0.999918
2.28 0.988696 2.78 0.997282 3.28 0.999481 3.78 0.999922
2.29 0.988989 2.79 0.997365 3.29 0.999499 3.79 0.999925

(Continued)
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Table 3 (continued
3 ( ) x P (x) x P (x) x P (x) x P (x)

3.80 0.999928 3.85 0.999941 3.90 0.999952 3.95 0.999961
3.81 0.999931 3.86 0.999943 3.91 0.999954 3.96 0.999963
3.82 0.999933 3.87 0.999946 3.92 0.999956 3.97 0.999964
3.83 0.999936 3.88 0.999948 3.93 0.999958 3.98 0.999966
3.84 0.999938 3.89 0.999950 3.94 0.999959 3.99 0.999967
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Table 4

Critical Values for
Student’s ¢-Distribution

Let t, be a random variable having the Student’s ¢-distribution with » degrees of freedom. Then

the tabulated quantities are the numbers x for which

P, <x)=y.
Y

r 0.75 0.90 0.95 0.975 0.99 0.995

1 1.0000 3.0777 6.3138 12.7062 31.8207 63.6574
2 0.8165 1.8856 2.9200 4.3027 6.9646 9.9248
3 0.7649 1.6377 2.3534 3.1824 4.5407 5.8409
4 0.7407 1.6332 2.1318 2.7764 3.7649 4.6041
5 0.7267 1.4759 2.0150 2.5706 3.3649 4.0322
6 0.7176 1.4398 1.9432 2.4469 3.1427 3.7074

7 0.7111 1.4149 1.8946 2.3646 2.9980 3.4995
8 0.7064 1.3968 1.8595 3.3060 2.8965 3.3564
9 0.7027 1.3830 1.8331 2.2622 2.8214 3.2498
10 0.6998 1.3722 1.8125 2.2281 2.7638 3.1693
11 0.6974 1.3634 1.7959 2.2010 2.7181 3.1058
12 0.6955 1.3562 1.7823 2.1788 2.6810 3.0545
13 0.6938 1.3502 1.7709 1.1604 2.6503 3.0123
14 0.6924 1.3450 1.7613 2.1448 2.6245 2.9768
15 0.6912 1.3406 1.7531 2.1315 2.6025 2.9467
16 0.6901 1.3368 1.7459 2.1199 2.5835 2.9208
17 0.6892 1.3334 1.7396 2.1098 2.5669 2.8982
18 0.6884 1.3304 1.7341 2.1009 2.5524 2.8784
19 0.6876 1.3277 1.7291 2.0930 2.5395 2.8609
20 0.6870 1.3253 1.7247 2.0860 2.5280 2.8453
21 0.6864 1.3232 1.7207 2.0796 2.5177 2.8314
22 0.6858 1.3212 1.7171 2.0739 2.5083 2.8188
23 0.6853 1.3195 1.7139 2.0687 2.4999 2.8073
24 0.6848 1.3178 1.7109 2.0639 2.4922 2.7969
25 0.6844 1.3163 1.7081 2.0695 2.4851 2.7874
26 0.6840 1.3150 1.7056 2.0555 2.4786 2.7787
27 0.6837 1.3137 1.7033 2.0518 2.4727 2.7707
28 0.6834 1.3125 1.7011 2.0484 2.4671 2.7633
29 0.6830 1.3114 1.6991 2.0452 2.4620 2.7564
30 0.6828 1.3104 1.6973 2.0423 2.4573 2.7500
31 0.6825 1.3095 1.6955 2.0395 2.4528 2.7440
32 0.6822 1.3086 1.6939 2.0369 2.4487 2.7385
33 0.6820 1.3077 1.6924 2.0345 2.4448 2.7333
34 0.6818 1.3070 1.6909 2.0322 2.4411 2.7284
35 0.6816 1.3062 1.6896 2.0301 24377 2.7238
36 0.6814 1.3055 1.6883 2.0281 2.4345 2.7195
37 0.6812 1.3049 1.6871 2.0262 2.4314 1.7154
38 0.6810 1.3042 1.6860 2.0244 2.4286 2.7116
39 0.6808 1.3036 1.6849 2.0227 2.4258 2.7079
40 0.6807 1.3031 1.6839 2.0211 2.4233 2.7045
41 0.6805 1.3025 1.6829 2.0195 2.4208 2.7012
42 0.6804 1.3020 1.6820 2.0181 2.4185 2.6981
43 0.6802 1.3016 1.6811 2.0167 2.4163 2.6951
44 0.6801 1.3011 1.6802 2.0154 24141 2.6923
45 0.6800 1.3006 1.6794 2.0141 24121 2.6896

(Continued)
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Table 4 (continued)

r 0.75 0.90 0.95 0.975 0.99 0.995
46 0.6799 1.3002 1.6787 2.0129 2.4102 2.6870
47 0.6797 1.2998 1.6779 2.0117 2.4083 2.6846
48 0.6796 1.2994 1.6772 2.0106 2.4066 2.6822
49 0.6795 1.2991 1.6766 2.0096 2.4069 2.6800
50 0.6794 1.2987 1.6759 2.0086 2.4033 2.6778
51 0.6793 1.2984 1.6753 2.0076 2.4017 2.6757
52 0.6792 1.2980 1.6747 2.0066 2.4002 2.6737
53 0.6791 1.2977 1.6741 2.0057 2.3988 2.6718
54 0.6791 1.2974 1.6736 2.0049 2.3974 2.6700
55 0.6790 1.2971 1.6730 2.0040 2.3961 2.6682
56 0.6789 1.2969 1.6725 2.0032 2.3948 2.6665
57 0.6788 1.2966 1.6720 2.0025 2.3936 2.6649
58 0.6787 1.2963 1.6716 2.0017 2.3924 2.6633
59 0.6787 1.2961 1.6711 2.0010 2.3912 2.6618
60 0.6786 1.2958 1.6706 2.0003 2.3901 2.6603
61 0.6785 1.2956 1.6702 1.9996 2.3890 2.6589
62 0.6785 1.2954 1.6698 1.9990 2.3880 2.6575
63 0.6784 1.2951 1.6694 1.9983 2.3870 2.6561
64 0.6783 1.2949 1.6690 1.9977 2.3860 2.6549
65 0.6783 1.2947 1.6686 1.9971 2.3851 2.6536
66 0.6782 1.2945 1.6683 1.9966 2.3842 2.6524
67 0.6782 1.2943 1.6679 1.9960 2.3833 2.6512
68 0.6781 1.2941 1.6676 1.9955 2.3824 2.6501
69 0.6781 1.2939 1.6672 1.9949 2.3816 2.6490
70 0.6780 1.2938 1.6669 1.9944 2.3808 2.6479
71 0.6780 1.2936 1.6666 1.9939 2.3800 2.6469
72 0.6779 1.2934 1.6663 1.9935 2.3793 2.6459
73 0.6779 1.2933 1.6660 1.9930 2.3785 2.6449
74 0.6778 1.2931 1.6657 1.9925 2.3778 2.6439
75 0.6778 1.2929 1.6654 1.9921 2.3771 2.6430
76 0.6777 1.2928 1.6652 1.9917 2.3764 2.6421
7 0.6777 1.2926 1.6649 1.9913 2.3758 2.6412
78 0.6776 1.2925 1.6646 1.9908 2.3751 2.6403
79 0.6776 1.2924 1.6644 1.9905 2.3745 2.6395
80 0.6776 1.2922 1.6641 1.9901 2.3739 2.6387
81 0.6775 1.2921 1.6639 1.9897 2.3733 2.6379
82 0.6775 1.2920 1.6636 1.9893 2.3727 2.6371
83 0.6775 1.2918 1.6634 1.9890 2.3721 2.6364
84 0.6774 1.2917 1.6632 1.9886 2.3716 2.6356
85 0.6774 1.2916 1.6630 1.9883 2.3710 2.6349
86 0.6774 1.2915 1.6628 1.9879 2.3705 2.6342
87 0.6773 1.2914 1.6626 1.9876 2.3700 2.6335
88 0.6773 1.2912 1.6624 1.9873 2.3695 2.6329
89 0.6773 1.2911 1.6622 1.9870 2.3690 2.6322
90 0.6772 1.2910 1.6620 1.9867 2.3685 2.6316
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Table 5

Critical Values for the
Chi-Square Distribution

Let x,? be a random variable having the chi-square distribution with 7 degrees of freedom. Then
the tabulated quantities are the numbers x for which

P(x}<x)=vy.
¥
r 0.005 0.01 0.025 0.05 0.10 0.25
1 — — 0.001 0.004 0.016 0.102
2 0.010 0.020 0.051 0.103 0211 0.575
3 0.072 0.115 0216 0.352 0.584 1.213
4 0.207 0.297 0.484 0.711 1.064 1.923
5 0.412 0.554 0.831 1145 1.610 2.675
6 0.676 0.872 1.237 1.635 2.204 3.455
7 0.989 1.239 1.690 2.167 2.833 4255
8 1.344 1.646 2.180 2.733 3.490 5.071
9 1735 2.088 2.700 2.325 4168 5.899
10 2.156 2,558 3.247 3.940 4.865 6.737
1 2.603 3.053 3.816 4575 5.578 7.584
12 3.074 3571 4.404 5.226 6.304 9.438
13 3.565 4107 5.009 5.892 7.042 9.209
14 4.075 4.660 5.629 6.571 7.790 10.165
15 4601 5.229 6.262 7.261 8.547 11.037
16 5.142 5.812 6.908 7.962 9.312 11.912
17 5.697 6.408 7.564 8.672 10.085 12.792
18 6.265 7.015 8.231 8.390 10.865 13.675
19 6.844 7.633 8.907 10.117 11.651 14.562
20 7.434 8.260 9.591 10.851 12.443 15.452
21 8.034 8.897 10.283 11.591 13.240 16.344
22 8.643 9.542 10.982 12.338 14.042 17.240
23 9.260 10.196 11.689 13.091 14.848 18.137
24 9.886 10.856 12.401 13.848 15.659 19.037
25 10.520 11.524 13.120 14.611 16.473 19.939
26 11.160 12.198 13.844 13.379 17.292 20.843
27 11.808 12.879 14573 16.151 18.114 21.749
28 12.461 13.565 15.308 16.928 18.939 22,657
29 13.121 14.957 16.047 17.708 19.768 23.567
30 13.787 14.954 16.791 18.493 20.599 24.478
31 14.458 15.655 17.539 19.281 21.434 25.390
32 15.134 16.362 18.291 20.072 22,971 26.304
33 15.815 17.074 19.047 20.867 23.110 27.219
34 16.501 17.789 19.806 21.664 23.952 28.136
35 17.192 18.509 20.569 22.465 24.797 29.054
36 17.887 19.233 21.336 23.269 25.643 29.973
37 18.586 19.960 22.106 24.075 26.492 30.893
38 19.289 20.691 22,878 24.884 27.343 31.815
39 19.996 21.426 23.654 25.695 28.196 32.737
40 20.707 22.164 24.433 26.509 29.051 33.660
41 21.421 22.906 25.215 27.326 29.907 34.585
42 22,138 23.650 25.999 28.144 30.765 35.510
43 22.859 24.308 26.785 28.965 31.625 36.436
44 23.584 25.148 27.575 29.787 32.487 37.363
45 24.311 25.901 28.366 30.612 33.350 38.201

(Continued)
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r 0.75 0.90 0.95 0.975 0.99 0.995
1 1.323 2.706 3.841 5.024 6.635 7.879
2 2.773 4.605 5.991 7.378 9.210 10.597
3 4.108 6.251 7.815 9.348 11.345 12.838
4 5.385 7.779 9.488 11.143 13.277 14.860
5 6.626 9.236 11.071 12.833 15.086 16.750
6 7.841 10.645 12.592 14.449 16.812 18.548
7 9.037 12.017 14.067 16.013 18.475 20.278
8 10.219 13.362 15.507 17.535 20.090 21.955
9 11.389 14.684 16.919 19.023 21.666 23.589

10 12.549 15.987 18.307 20.483 23.209 25.188

11 13.701 17.275 19.675 21.920 24.725 26.757

12 14.845 18.549 21.026 23.337 26.217 28.299

13 15.984 19.812 23.362 24.736 27.688 29.819

14 17.117 21.064 23.685 26.119 29.141 31.319

15 18.245 22.307 24.996 27.488 30.578 32.801

16 19.369 23.542 26.296 28.845 32.000 34.267

17 20.489 24.769 27.5687 30.191 33.409 35.718

18 21.605 25.989 28.869 31.526 34.805 37.156

19 22.718 27.204 30.144 32.852 36.191 38.582

20 23.828 28.412 31.410 34.170 37.566 39.997

21 24.935 29.615 32.671 35.479 38.932 41.401

22 26.039 30.813 33.924 36.781 40.289 42.796

23 27.141 32.007 35.172 38.076 41.638 44.181

24 28.241 33.196 36.415 39.364 42.980 45.559

25 29.339 34.382 37.652 40.646 44.314 46.928

26 30.435 35.563 38.885 41.923 45.642 48.290

27 31.528 36.741 40.113 43.194 46.963 49.645

28 32.620 37.916 41.337 44.641 48.278 50.993

29 33.711 39.087 42.557 45.722 49.588 52.336

30 34.800 40.256 43.773 46.979 50.892 53.672

31 35.887 41.422 44.985 48.232 51.191 55.003

32 36.973 42.585 46.194 49.480 53.486 56.328

33 38.058 43.745 47.400 50.725 54.776 57.648

34 39.141 44.903 48.602 51.966 56.061 58.964

35 40.223 46.059 49.802 53.203 57.342 60.275

36 41.304 47.212 50.998 54.437 58.619 61.581

37 42.383 48.363 52.192 55.668 59.892 62.883

38 43.462 49.513 53.384 56.896 61.162 64.181

39 44.539 50.660 54.572 58.120 62.428 65.476

40 45.616 51.805 55.758 59.342 63.691 66.766

41 46.692 52.949 56.942 60.561 64.950 68.053

42 47.766 54.090 58.124 61.777 66.206 69.336

43 48.840 55.230 59.304 62.990 67.459 70.616

44 49.913 56.369 60.481 64.201 68.710 71.893

45 50.985 57.505 61.656 65.410 69.957 73.166
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Table 6

Critical Values for the
F-Distribution

Let F}, », be arandom variable having the F-distribution with 71, 75 degrees of freedom. Then
the tabulated quantities are the numbers x for which

P(Frm <x)=1y.

r

0% 1 2 3 4 5 6 0%
0.500 1.0000 1.5000 1.7092 1.8227 1.8937  1.9422  0.500
0.750  5.8285 75000 81999 85810  8.8198 89833 0.750
0.900  39.864 49.500 53593  55.833  57.241 58204 0.900
0.950 161.45 199.50  215.71 22458  230.16 23399 0.950 1
0.975  647.79 79950  864.16  899.58  921.85 937.11 0.975
0.990  4052.2 4999.5 54033  5624.6  H763.7 5859.0  0.990
0.995 16211 20000 21615 22500 23066 23437  0.995
0.500  0.66667 1.0000 1.1349 1.2071 1.2519  1.2824  0.500
0.750  2.5714 3.0000  3.1534  3.2320  3.2799 3.3121 0.750
0.900  8.5623 9.0000  9.1618  9.2434  9.2926  9.3255  0.900
0.950 18.513 19.000 19.164 19.247 19.296  19.330 0.950 2
0.975  38.506 39.000  39.165  39.248  39.298 39.331 0.975
0.990  98.503 99.000  99.166  99.249  99.299  99.332  0.990
0.995 198.50 199.00 199.17 199.25 199.30  199.33  0.995
0.500  0.58506  0.88110  1.0000 1.0632 1.1024  1.1289  0.500
0.750  2.0239 2.2798 23665 23901 24095 24218 0.750
0.900  5.5383 54624 53908  5.3427 53092 52847  0.900
0.950 10.128 9.5521 9.2766  9.1172  9.0135  8.9406 0.950 3
0.975 17.443 16.044 15.439 15.101 14.885  14.735 0.975
0.990  34.116 30.817 29457  28.710  28.237 27911 0.990
P 0.995  55.552 49.799 47467  46.195 45392  44.838 0.995 P
0.500  0.54863  0.82843 0.94054  1.0000 1.0367  1.0617  0.500
0.750 1.8074 2.0000  2.0467  2.0642  2.0723  2.0766 0.750
0.900  4.5448 43246  4.1908  4.1073  4.0506  4.0098  0.900
0.950  7.7086 6.9443  6.5914  6.3883  6.2560 6.1631 0.950 4
0.975 12.218 10.649 99792  9.6045  9.3645 9.1973 0.975
0.990  21.198 18.000 16.694 15.977 15522  15.207  0.990
0.995  31.333 26.284  24.259  23.165 22456 21975 0.995
0.500  0.52807  0.79877 0.90715 0.96456  1.0000  1.0240  0.500
0.750 1.6925 1.8528 1.8843 1.8927 1.8947  1.8945 0.750
0.900  4.0604 3.7797  3.6195  3.5202  3.4530  3.4045 0.900
0.950  6.6079 5.7861 54095 51922  5.0503 49503 0.950 5
0.975 10.007 84336  7.7636  7.3879  7.1464 6.9777 0.975
0.990 16.258 13.274 12.060 11.392 10.967  10.672  0.990
0.995  22.785 18.314 16.530 15.556 14.940 14513  0.995
0.500  0.51489  0.77976 0.88578 0.94191 0.97654 1.0000  0.500
0.750 1.6214 1.7622 1.7844 1.7872 1.7852  1.7821  0.750
0.900  3.7760 3.4633  3.2888  3.1808  3.1075  3.0546  0.900
0.950  5.9874 5.1433  4.7571  4.5337  4.3874 42839 0950 6
0975 88131 7.2598  6.5988  6.2272 59876  5.8197 0.975
0.990 13.745 10925 97795  9.1483  8.7459  8.4661  0.990
0.995 18.635 14.544 12.917 12.028 11464  11.073  0.995

(Continued)
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~ 7 8 9 10 11 12 ~
0.500 19774  2.0041 2.0250 2.0419 2.05658  2.0674  0.500
0.750  9.1021  9.1922  9.2631 9.3202  9.3672  9.4064  0.750
0.900 58906 59.439 59.858  60.195 60.473  60.705  0.900
1 0.950  236.77  238.88 240.54 241.88 24299 24391 0.950
0975 94822  956.66 963.28  968.63 973.04 976.71  0.975
0.990 5928.3  5981.1 6022.5  6055.8 6083.3  6106.3  0.990
0.995 23715 23925 24091 24224 24334 24426 0.995
0.500 1.3045 1.3213 1.3344 1.3450 1.3537 1.3610  0.500
0.750  3.3362  3.35626  3.3661 33770 3.3859  3.3934  0.750
0.900 9.3491 93668  9.3805  9.3916  9.4006  9.4081 0.900
2 0950 19353  19.371 19.385  19.396  19.405 19413  0.950
0975 39365  39.373  39.387  39.398 39407 39415  0.975
0990 99.356  99.374  99.388  99.399  99.408  99.416  0.990
0995 199.36 19937  199.39 19940 19941 199.42  0.995
0.500 1.1482 1.1627 1.1741 1.1833 1.1909 1.1972  0.500
0.750 24302 24364 24410 24447 24476 24500  0.750
0900 5.2662 5.2517 52400 52304 52223 5.2156  0.900
3 0950 8.8868 8.8452 8.8123 87855  8.7632  8.7446  0.950
0.975 14.624 14.540 14.473 14.419 14.374 14.337  0.975
0.990  27.672 27489 27345 27229 27.132  27.052  0.990
73 0.995 44434 44.126  43.882 43.686 43523  43.387  0.995 e
0.500  1.0797  1.0933  1.1040  1.1126  1.1196  1.1255  0.500
0.750  2.0790  2.0805  2.0814  2.0820 2.0823  2.0826  0.750
0.900 39790 3.9549 39357 39199 3.9066  3.8955  0.900
4 0950  6.0942 6.0410 59988 59644 59357 59117  0.950
0975  9.0741 89796 89047 88439 87933 8.7512  0.975
0.990 14.976 14.799 14.659 14.546 14.452 14.374  0.990
0995  21.622 21.352 21.139  20.967 20.824  20.705  0.995
0.500 1.0414 1.0545 1.0648 1.0730 1.0798 1.0855  0.500
0.750  1.8935  1.8923  1.8911 1.8899  1.8887  1.8877  0.750
0.900 3.3679 3.3393  3.3163 3.2974 32815  3.2682  0.900
5 0950 4.8759  4.8183 4.7725 47351  4.7038  4.6777  0.950
0975  6.8531 6.7572 6.6810  6.6192 6.5676  6.5246  0.975
0990 10456  10.289  10.1568  10.061  9.9623  9.8883  0.990
0.995 14.200 13.961 13.772 13.618 13.490 13.384  0.995
0.500 1.0169  1.0298 1.0398 1.0478 1.05645  1.0600  0.500
0.750 1.7789 1.7760 1.7733 1.7708 1.7686 1.7668  0.750
0.900 3.0145 29830 29577 29369 29193  2.9047  0.900
6 0950 4.2066  4.1468  4.0990  4.0600  4.0272  3.9999  0.950
0975  5.6955  5.5996  5.5234 54613 54094 5.3662  0.975
0990 82600 81016 79761 7.8741 7.7891  7.7183  0.990
0.995 10.786  10.566  10.391 10.250  10.132  10.034  0.995



Appendix 469
Table 6 (continued) "

0% 13 14 15 18 20 24 ¥
0.500  2.0773 2.0858 2.0931 2.1104 21190 2.1321  0.500
0.750  9.4399  9.4685 94934 9.5520 9.5813  9.6255  0.750
0.900 60.903 61.073 61.220 61.567 61.740  62.002  0.900

1 0950 244.69 24537 24595 24732 248.01 249.056 0950 1
0975  979.85 982.54  984.87 990.36  993.10 997.25  0.975
0.990 61259 6142.7 6157.3 6191.6 6208.7 6234.6  0.990
0.995 24504 24572 24630 24767 24836 24940  0.995
0.500 1.3672 1.3725 13771 1.3879 1.3933 1.4014  0.500
0.750  3.3997 3.4051 34098 3.4208 34263 3.4345 0.750
0.900 9.4145  9.4200 9.4247 94358 9.4413  9.4496  0.900

2 0950 19419 19424 19429 19440 19446 19454 0950 2
0975 39421 39426 39431 39.442 39448 39456  0.975
0.990 99.422 99427 99432  99.443  99.449  99.458  0.990
0.995 19942 19943 19943 199.44 19945 199.46  0.995
0.500 1.2025 1.2071 12111  1.2205 12252  1.2322  0.500
0.750 24520 24537 24552 24585 24602 24626  0.750
0.900 5.2097 5.2047 52003 5.1898 5.1845 5.1764  0.900

3 0950 87286 8.7148 8.7029 8.6744 8.6602 8.6385 0950 3
0975  14.306  14.277 14.253  14.196  14.167 14.124 0975
0.990 26.983 26923 26.872 26.751  26.690  26.598  0.990

7 0.995 43271 43.171 43.085 42.880 42.778  42.622  0.955 73

0.500 1.13056 1.1349 1.1386 1.1473  1.1517 1.1583  0.500
0.750  2.0827  2.0828 2.0829  2.0828  2.0828  2.0827  0.750
0.900 3.8853 3.8765 3.8689 3.8525  3.8443 3.8310  0.900

4 0950 5.8910 5.8732 58578 58209 58025 57744 0950 4
0975 87148 8.6836 8.6565 8.5921 85599 85109 0.975
0.990 14306 14.248 14.198 14.079 14.020 13.929  0.990
0995  20.602 20.514 20438 20.257  20.167  20.030  0.995
0.500  1.0903 1.0944 1.0980 1.1064 1.1106 1.1170  0.500
0.750 1.8867 1.8858 1.8851 1.8830  1.8820 1.8802  0.750
0.900  3.2566  3.2466 3.2380  3.2171  3.2067  3.1905  0.900

5 0.950 4.6550 4.6356  4.6188  4.5783 45581 45272 0950 5
0975  6.4873 6.4564  6.4277 6.3616 6.3285  6.2780  0.975
0990 9.8244 9.7697  9.7222  9.6092  9.5527  9.4665  0.990
0.995 13.292 13.214 13.146 12984 12903 12.780  0.995
0.500  1.0647  1.0687 1.0722 1.0804 1.0845 1.0907  0.500
0.750  1.7650 1.7634 1.7621  1.75686  1.7569  1.7540  0.750
0.900 2.8918 2.8808 2.8712 2.8479 28363 2.8183  0.900

6 0950 39761 3.9558 3.9381 3.8955 3.8742 3.8415 0950 6
0975  5.3287 52966 52687 52018 51684 5.1172 0975
0.990 7.6570 7.6045 7.5590 = 7.4502  7.3958  7.3127  0.990
0995 99494 9.8769 9.8140 9.6639 9.5888  9.4741  0.995

(Continued)
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Table 6 (continued) "
~ 30 40 48 60 120 oo ~
0.500  2.1452  2.1584  2.1650  2.1716  2.1848  2.1981  0.500
0.750  9.6698  9.7144  9.7368  9.7591 9.8041 9.8492  0.750
0.900 62.265  62.5629  62.662  62.794  63.061  63.328  0.990
1 0.950  250.09 251.14  251.67 25220 253.25  254.32  0.950
0975 10014 10056  1007.7  1009.8 1014.0 10183  0.975
0.990  6260.7 6286.8 62999 6313.0 63394 6366.0  0.990
0.995 25044 25148 25201 25253 25359 25465  0.995
0.500 1.4096 1.4178 1.4220 1.4261 1.4344 1.4427  0.500
0.750  3.4428 3.4511 3.4553 34594 34677 34761  0.750
0.900 9.4579 94663 94705  9.4746  9.4829  9.4913  0.900
2 0950 19462 19471 19475 19479 19487 19496  0.950
0975 39465 39473 39477 39481 39490 39498  0.975
0.990  99.466  99.474 99478  99.483 99491  99.499  0.990
0.995 19947 19947 19947 19948 19949 19951  0.995
0.500 1.2393  1.2464 1.2500 1.2536  1.2608  1.2680  0.500
0.750 24650  2.4674 24686  2.4697 24720 24742  0.750
0.900  5.1681 5.1597  5.1555  5.1512 5.1425  5.1337  0.900
3 0950 8.6166 8.5944 85832 85720 85494 85265  0.950
0975  14.081 14.037  14.015 13992 13947 13902 0.975
0.990 26.505  26.411 26.364 26.316  26.221  26.125  0.990
73 0.995 42466 42308 42229  42.149 41989  41.829  0.995 e
0500 1.1649 1.1716 1.1749  1.1782  1.1849  1.1916  0.500
0.750  2.0825  2.0821 2.0819 2.0817  2.0812  2.0806  0.750
0.900 38174 3.8036 3.7966  3.7896  3.7763  3.7607  0.900
4 0950 57459  b5.7170 57024  5.6878  5.6581 5.6281 0.950
0975 84613 84111 83858 83604 83092 82573  0.975
0.990 13.838 13.745 13.699 13.652 13.558 13.463  0.990
0995  19.892  19.7562  19.682  19.611 19.468  19.325  0.995
0.500 1.1234 1.1297 1.1329 1.1361 1.1426 1.1490  0.500
0.750 1.8784 1.8763 1.8763  1.8742 1.8719 1.8694  0.750
0.900 3.1741  3.1573  3.1488 1.1402  3.1228  3.1060  0.900
5 0950 44957 4.4638 4.4476 44314 43984  4.3650  0.950
0975  6.2269  6.1751 6.1488  6.1225  6.0693  6.01563  0.975
0990 9.3793  9.2912  9.2466  9.2020  9.1118  0.0204  0.990
0.995 12.656 12.530 12.466 12.402 12.274 12.144  0.995
0.500  1.0969  1.1031 1.1062  1.1093  1.11566  1.1219  0.500
0.750 1.7510 1.7477 1.7460 1.7443 1.7407 1.7368  0.750
0.900 2.8000 2.7812 27716  2.7620  2.7423  2.7222  0.900
6 0950 3.8082 3.7743  3.7671  3.7398  3.7047  3.6688  0.950
0975  5.0662  5.0125  4.9857 4.9589 49045 49491 0.975
0990 7.2285  7.1432 7.1000 7.0568  6.9690  6.8801  0.990
0995 9.3583  9.2408 9.1814  9.1219  9.0015  8.8793  0.995



Appendix 471
Table 6 (continued) "

~ 1 2 3 4 5 6 5
0.500 0.50572 0.76655 0.87095 0.92619 0.96026 0.98334 0.500
0.750  1.5732 1.7010 1.7169 1.7157 1.7111 1.7059  0.750
0.900 3.56894  3.2574  3.0741 2.9605  2.8833  2.8274  0.900

7 0950 5.5914 4.7374 4.3468 4.1203 3.9715 3.8660 0950 7
0975 8.0727  6.5415  5.8898  5.5226  5.2852  5.1186 0.975
0.990 12.246 9.5466 8.4513 7.8467 7.4604 7.1914  0.990
0.995  16.236 12.404 10.882 10.060  9.5221 9.1554  0.995
0.500 0.49898 0.75683 0.86004 0.91464 0.94831 0.97111 0.500
0.750  1.5384 1.6569 1.6683 1.6642 1.6575 1.6508  0.750
0.900  3.4579 3.1131 2.9238 2.8064 2.7265 2.6683  0.900

8 0.950 53177 44590 4.0662 3.8378  3.6875  3.5806 0950 8
0975 75709  6.0595 54160  5.0526  4.8173  4.6517 0.975
0990 11.259  8.6491 75910  7.0060 6.6318  6.3707  0.990
0.995  14.688 11.042  9.5965  8.8051  8.3018  7.9520  0.995
0.500 0.49382 0.74938 0.85168 0.90580 0.93916 0.96175 0.500
0.750  1.5121 1.6236 1.6315 1.6253 1.6170 1.6091  0.750
0.900 3.3603  3.00656  2.8129 = 2.6927  2.6106  2.5509  0.900

9 0950 5.1174  4.2565  3.8626  3.6331  3.4817 33738 0950 9
0975  7.2093 5.7147 5.0781 4.7181 4.4844 43197 0975
0.990 10.561  8.0215  6.9919  6.4221 6.0669  5.8018  0.990

7 0995 13.614 10.107 8.7171 7.9559 74711 7.1338  0.995 7

0.500 0.48973 0.74349 0.84508 0.89882 0.93193 0.95436 0.500
0.750  1.4915 1.5975 1.6028 1.5949 1.5853 1.5765  0.750
0.900 3.2850  2.9245  2.7277  2.60563  2.5216  2.4606  0.900

10 0.950  4.9646 4.1028 3.7083 3.4780 3.3258 32172  0.950 10
0975 6.9367 54564  4.8256  4.4683  4.2361 4.0721 0.975
0.990 10.044 7.5594 6.5523 5.9943 5.6363 5.3858  0.990
0995 12.826 94270  8.0807  7.3428  6.8723  6.5446  0.995
0.500 0.48644 0.73872 0.83973 0.89316 0.92608 0.94837 0.500
0.750  1.4749 1.5767 1.56798 1.5704 1.56598 1.6502  0.750
0.900  3.2252 2.8595 2.6602 2.5362 2.4512 2.3891  0.900

11 0950 4.8443 39823 3.5874  3.3567  3.2039  3.0946 0.950 11
0975  6.7241 5.2559 4.6300 4.2751 4.0440 3.8807  0.975
0.990 9.6460  7.2067  6.2167  5.6683  5.3160  5.0692  0.990
0.995  12.226 8.9122 7.6004 6.8809 6.4217 6.1015  0.995
0.500 0.48369 0.73477 0.83530 0.88848 0.92124 0.94342 0.500
0.750  1.4613 1.5595 1.5609 1.5503 1.5389 1.5286  0.750
0.900 3.1765  2.8068  2.6055  2.4801  2.3940  2.3310  0.900

12 0950 4.7472  3.8853  3.4903  3.2592  3.1069 29961 0.950 12
0975 6.5538  5.0959 44742  4.1212  3.8911 3.7283  0.975
0990 9.3302  6.9266  5.9526 54119  5.0643  4.8206  0.990
0995 11.754 85096  7.2258  6.5211 6.0711 57570  0.995

(Continued)
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Table 6 (continued) "

~ 7 8 9 10 11 12 v
0.500  1.0000 1.0216 1.0224 1.0304 1.0369  1.0423  0.500
0.750  1.7011 1.6969 1.6931 1.6898 1.6868  1.6843  0.750
0.900  2.7849 2.7516 2.7247 2.7025 2.6837  2.6681 0.900

7 0950  3.7870 3.7257 3.6767 3.6365 3.6028  3.5747 0950 7
0975 4.9949 4.8994 4.8232 4.7611 4.7091  4.6658 0.975
0.990  6.9928 6.8401 6.7188 6.6201 6.5377  6.4691  0.990
0.995  8.8854 8.6781 8.5138 8.3803 8.2691  8.1764 0.995
0.500 0.98757  1.0000 1.0097 1.0175 1.0239  1.0293  0.500
0.750  1.6448 1.6396 1.6350 1.6310 1.6274  1.6244 0.750
0.900 2.6241 2.5893 2.5612 2.5380 25184  2.5020 0.900

8 0.950  3.5005 3.4381 3.3881 3.3472 33127  3.2840 0950 8
0975  4.5286 4.4332 4.3572 4.2951 4.2431  4.1997 0.975
0990 6.1776 6.0289 5.9106 5.8143 5.7338  5.6668 0.990
0.995  7.6942 7.4960 7.3386 7.2107 7.1039  7.0149 0.995
0.500 0.97805 0.99037  1.0000 1.0077 1.0141  1.0194 0.500
0.750  1.6022 1.6961 1.56909 1.56863 1.56822 15788 0.750
0.900  2.5053 2.4694 2.4403 2.4163 2.3959  2.3789  0.900

9 0950  3.2927 3.2296 3.1789 3.1373 3.1022  3.0729 0950 9
0975  4.1971 4.1020 4.0260 3.9639 39117 3.8682 0.975
0.990  5.6129 5.4671 5.3511 5.2565 51774  5.1114  0.990
73 0.995  6.8849 6.6933 6.5411 6.4171 6.3136  6.2274  0.995
0.500 0.97054 0.98276 0.99232  1.0000 1.0063  1.0166 0.500
0.750  1.5688 1.5621 1.5563 1.5513 1.5468  1.56430 0.750
0.900  2.4140 2.3772 2.3473 2.3226 2.3016  2.2841  0.900

10 0950  3.1355 3.0717 3.0204 2.9782 29426 29130 0950 10
0975  3.9498 3.8549 3.7790 3.7168 3.6645  3.6209 0.975
0.990  5.2001 5.0567 4.9424 4.8492 4.7710  4.7059  0.990
0.995  6.3025 6.1159 5.9676 5.8467 5.7456  5.6613  0.995
0.500 0.96445 0.97661 0.98610 0.99373 0.99999 1.0052  0.500
0.750  1.5418 1.56346 1.56284 1.56230 156181  1.5140 0.750
0.900 2.3416 2.3040 2.2735 2.2482 2.2267  2.2087  0.900

11 0950 3.0123 2.9480 2.8962 2.8536 2.8176  2.7876 0.950 11
0975  3.7586 3.6638 3.5879 3.5257 34733 34296 0.975
0.990  4.8861 4.7445 4.6315 4.5393 44619 43974  0.990
0.995  5.8648 5.6821 5.5368 5.4182 53190 52363 0.995
0.500 0.95943 0.97152 0.98097 0.98856  0.99480 1.0000 0.500
0.750  1.5197 1.5120 1.5054 1.4996 1.4945  1.4902 0.750
0.900 2.2828 2.2446 2.2135 2.1878 1.16568  1.1474  0.900

12 0950 29134 2.8486 2.7964 2.7534 2.7170  2.6866 0.950 12
0975  3.6065 3.5118 3.4358 3.3736 3.3211  3.2773  0.975
0.990  4.6395 4.4994 4.3875 4.2961 4.2193  4.1553  0.990
0.995  5.5245 5.3451 5.2021 5.0855 4.9878  4.9063 0.995



Appendix 473
Table 6 (continued) "

0% 13 14 15 18 20 24 ¥
0.500 1.0469 1.0509 1.05643 1.0624 1.0664 1.0724  0.500
0.750  1.6819 1.6799 1.6781 1.6735 1.6712 1.6675 0.750
0.900 2.65643 2.6425 2.6322 2.6072 2.5947 257563  0.900

7 0.950 3.5501 35291 3.5108 3.4666 3.4445 3.4105 0.950 7
0975  4.6281 4.5958 4.5678 4.5004  4.4667 4.4150 0.975
0.990 6.4096 6.3585 6.3143 6.2084 6.15564  6.0743  0.990
0.995 8.0962 8.0274 7.9678 7.8253 7.75640 7.6450  0.995
0.500 1.0339 1.0378 1.0412 1.0491 1.05631 1.0591  0.500
0.750 1.6216 1.6191 1.6170 1.6115 1.6088 1.6043  0.750
0.900 2.4875 24750 24642 24378 24246  2.4041 0.900

8 0950 3.2588 3.2371 32184 3.1730 3.1503 3.1152 0950 8
0975 4.1618 4.1293 4.1012 4.0334 3.9995 3.9472 0.975
0.990 5.6085 5.5584 55151 54111 53591 52793  0.990
0.995 6.9377 6.8716 6.8143 6.6769 6.6082  6.5029  0.995
0.500 1.0239 1.0278 1.0311 1.0390 1.0429 1.0489  0.500
0.750 16756  1.5729 15705 1.5642 1.5611 1.56560  0.750
0.900 2.3638 2.3508 2.3396 2.3121 29893 2.2768  0.900

9 0950 3.0472 3.0252 3.0061 29597 29365 2.9005 0950 9
0975 3.8302 3.7976 3.7694 3.7011 3.6669 3.6142 0.975
0.990 5.0540 5.0048 49621 4.8594 4.8080 4.7290  0.990

7 0995 6.1524 6.0882 6.0325 5.8987 5.8318 5.7292  0.995 7

0.500 1.0161 1.0199 1.0232 1.0310 1.0349 1.0408  0.500
0.750  1.5395 1.5364 1.5338 1.5269 1.5235 1.5179 0.750
0.900 22685 225561 22435 2.2150 2.2007 2.1784  0.900

10 0950 2.8868 2.8644 2.8450 27977 2.7740 27372 0.950 10
0975  3.5827 3.5500 3.5217 3.4530 3.4186 3.36564 0.975
0.990 4.6491 4.6004 4.5582 44563 3.4054 3.3269  0.990
0.995 55880 5.5252 54707 53396 52740 5.1732  0.995
0.500 1.0097 1.0135 1.0168 1.0245 1.0284 1.0343 0.500
0.750 1.56102 1.5069 1.5041 1.4967 1.4930 1.4869 0.750
0.900 2.1927 2.1790 2.1671  2.1377 2.1230  2.1000  0.900

11 0950 2.7611 27383 2.7186 2.6705 2.6464 2.6090 0.950 11
0975 3.3913 3.3584 3.3299 3.2607 3.2261 3.1725 0.975
0.990 4.3411 4.2928 4.2509 4.1496 4.0990  4.0209  0.990
0.995 5.1642 5.1024 5.0489 49198 4.8552  4.7557  0.995
0.500 1.0044 1.0082 1.0115 1.0192 1.0231 1.0289  0.500
0.750  1.4861 14826 14796 14717 14678 1.4613 0.750
0.900 2.1311 21170 1.1049 2.0748 2.0697 2.0360  0.900

12 0950 2.6598 2.6368 2.6169 2.5680 2.5436 2.56055 0.950 12
0975 3.2388 3.2068 3.1772 3.1076 3.0728 3.0187 0.975
0.990 4.0993 4.0612 4.0096 3.9088 3.8584 3.7805  0.990
0.995 4.8352 4.7742 4.7214 4.5937 4.5299 44315 0.995

(Continued)
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Table 6 (continued) "

v 30 40 48 60 120 00 v
0.500 1.0785 1.0846  1.0877 1.0908 1.0969  1.1031  0.500
0.750  1.6635 1.6593 1.6671 1.65648 1.6502  1.6452  0.750
0.900 2.6555  2.5351  2.5427 25142 24928 24708  0.900

7 0.950 3.3768 3.3404 3.3224 3.3043 3.2674  3.2298  0.950 7
0975 43624 4.3089 4.2817 4.2544 4.1989  4.1423  0.975
0.990 59921 59084 58660 5.8236 5.7372  5.6495  0.990
0995 7.5345 74225 73657 7.3088 7.1933  7.0760  0.995
0.500 1.06561 1.0711 1.0741 1.0771 1.0832 1.0893  0.500
0.750  1.5996  1.5945 1.5919  1.56892  1.56836  1.56777  0.750
0.900 2.3830 2.3614 23503 2.3391 2.3162 2.2926  0.900

8 0950 3.0794 3.0428 3.0241 3.0063  2.9669  2.9276  0.950 8
0975 3.8940 3.8398 3.8121 3.7844  3.7279 3.6702  0.975
0990 5.1981 5.11566 5.0736  5.0316  4.9460 4.8588  0.990
0.995 6.3961 6.2875  6.2324 6.1772  6.0649  5.9505  0.995
0.500 1.0548 1.0608 1.0638 1.0667 1.0727  1.0788  0.500
0.750  1.5506  1.5450 1.5420 1.56389  1.6325  1.6257  0.750
0.900 22547 22320 2.2203 2.2085 2.1843  2.1592  0.900

9 0.950 2.8637 2.8259 2.8066 2.7872  2.7475  2.7067  0.950 9
0975 3.5604 3.5055 3.4774 34493 3.3918 3.3329 0.975
0.990 4.6486  4.5667 4.5249 4.4831 4.3978 4.3106  0.990

7 0995 5.6248 55186 54645 54104 53001 5.1875  0.995 )

0.500 1.0467 1.0526 1.0556 1.05685 1.0645 1.0705  0.500
0.750  1.5119 15056 1.5023 14990 14919 14843 0.750
0.900 2.1554 1.1317 2.1195 2.1072 2.0818 2.0554  0.900

10 0950  2.6996  2.6609  2.6410 2.6211 2.5801 2.5379 0.950 10
0975 33110 3.25564 3.2269 3.1984 3.1399 3.0798  0.975
0.990 4.2469 4.1663 4.1236  4.0819  3.9965  3.9090  0.990
0.995 5.0706 4.9659 4.9126 4.8592 4.7501 4.6385  0.995
0.500 1.0401 1.0460 1.0490 1.05619 1.0678  1.0637  0.500
0.750  1.4805 1.4737 14701 1.4664 1.4587 1.4504  0.750
0.900 2.0762 2.0516 2.0389  2.0261 1.9997 1.9721  0.900

11 0950 25705 25309 25105 24901 24480 2.4045 0950 11
0975  3.1176 3.0613 3.0324  3.0035  2.9441 2.8828 0.975
0.990 39411 3.8596 3.8179 3.7761 3.6904  3.6025  0.990
0.995 4.65643 45508 44979 44450 4.3367 4.2256  0.995
0.500 1.0347 1.0405 1.0435 1.0464 1.0523 1.0582  0.500
0.750  1.4544 14471 14432 14393 14310 14221 0.750
0.900 2.0115 19861 19729 1.9597 1.9323 1.9036  0.900

12 0950 24663 24259 24051 2.3842 2.3410 2.2962 0.950 12
0975 29633 29063 2.8771 2.8478 2.7874 2.7249  0.975
0.990 3.7008 3.6192 3.56774 3.56356 3.4494 3.3608  0.990
0995 4.3309 4.2282 4.1756  4.1229  4.0149  3.9039  0.995



Appendix 475
Table 6 (continued) "

v 1 2 3 4 5 6 ~
0.500 0.48141 0.73145 0.83159 0.88454 0.91718 0.93926 0.500
0.750  1.4500 1.5452 1.5451 1.5336 1.5214 1.5105  0.750
0.900  3.1362 2.7632 2.5603 24337  2.3467  2.2830  0.900

13 0950 4.6672 3.8056 3.4105 3.1791 3.0254 291563  0.950 13
0975 64143  4.9653  4.3472 3.9959 3.7667  3.6043  0.975
0.990 9.0738 6.7010 5.7394 5.2053 4.8616 4.6204  0.990
0.995 11.374 8.1865 6.9257  6.2335 5.7910 54819  0.995
0.500 0.47944 0.72862 0.82842 0.88119 0.91371 0.93573 0.500
0.750  1.4403 1.56331 1.6317 1.56194 1.5066 1.4952  0.750
0.900  3.1022 2.7265 2.5222 2.3947 2.3069 2.2426  0.900

14 0950 4.6001 3.7389 3.3439 3.1122 2.9582 2.8477 0950 14
0975  6.2979 4.8567 4.2417 3.8919 3.6634 3.5014  0.975
0.990 8.8616 6.5149 5.5639 5.0354  4.6950 4.4558  0.990
0.995  11.060 7.9216 6.6803 59984  5.5623 52574  0.995
0.500 0.47775 0.72619 0.82569 0.87830 0.91073 0.93267 0.500
0.750 14321 1.5227 1.5202 1.5071 1.4938 1.4820  0.750
0.900 3.0732 2.6952 2.4898 2.3614  2.2730 2.2081  0.900

15 0950 4.5431 3.6823  3.2874  3.0556  2.9013 2.7905 0950 15
0975  6.1995 4.7650 4.1528 3.8043 3.5764 34147 0975
0.990 8.6831 6.3589 54170  4.8932  4.5566  4.3183  0.990

7 0.995  10.798 7.7008 6.4760 5.8029 5.3721 5.0708  0.995 73

0.500 0.47628 0.72406 0.82330 0.87578 0.90812 0.93001 0.500
0.750  1.4249 1.5137 1.5103 1.4965 1.4827 1.4705  0.750
0.900 3.0481 2.6682 2.4618 23327  2.2438 2.1783  0.900

16 0950  4.4940 3.6337 3.2389 3.0069 2.8524 2.7413  0.950 16
0975  6.1151 4.6867  4.0768 3.7294  3.5021 3.3406  0.975
0.990 8.5310 6.2262 5.2922 4.7726 44374 4.2016  0.990
0.995  10.575 7.5138 6.3034  5.6378 52117 49134 0.995
0.500 0.47499 0.72219 0.82121 0.87357 0.90584 0.92767 0.500
0.750  1.4186 1.56057 1.5015 1.4873 1.4730 1.4605  0.750
0.900  3.0262 2.6446 24374 2.3077 2.2183 2.1524  0.900

17 0950 4.4513 35915  3.1968 2.9647  2.8100 2.6987 0950 17
0.975  6.0420 4.6189 4.0112 3.6648 3.4379 3.2767  0.975
0.990 83997  6.1121 51850  4.6690  4.3359 4.1015  0.990
0.995 10.384 7.3536 6.1556 5.4967 5.0746 5.7789  0.995
0.500 0.47385 0.72053 0.81936 0.87161 0.90381 0.92560 0.500
0.750  1.4130 1.4988 1.4938 1.4790 1.4644 1.4516  0.750
0.900  3.0070 2.6239 2.4160 2.2858  2.1958 1.1296  0.900

18 0950 4.4139 3.5546 3.1599 2.9277 2.7729 2.6613  0.950 18
0975 59781 4.5597  3.9539 3.6083 3.3820 3.2209 0975
0.990 8.2854 6.0129 5.0919 45790  4.2479 4.0146  0.990
0.995 10.218 7.2148 6.0277  5.3746  4.9560 4.6627  0.995

(Continued)
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Table 6 (continued) "

v 7 8 9 10 11 12 ~
0.500 0.95520 0.96724 0.97665 0.98421 0.99042 0.99560 0.500
0.750  1.5011 1.4931 1.4861 1.4801 1.4746 1.4701  0.750
0.900 2.2341 2.1953  2.1638 1.1376 1.1152 2.0966  0.900

13 0950 2.8321 2.7669 2.7144 2.6710 2.6343 2.6037 0950 13
0975 34827 3.3880 33120 3.2497  3.1971 3.15632  0.975
0.990  4.4410 4.3021 4.1911 4.1003 4.0239 3.9603  0.990
0.995  5.2529 5.0761 4.9351 48199  4.7234  4.6429  0.995
0.500 0.95161 0.96360 0.97298 0.98051 0.98670 0.99186 0.500
0.750  1.4854 1.4770 1.4697 1.4634 1.4577 1.4530  0.750
0.900  2.1931 2.1539 2.1220 2.0954 2.0727 2.0637  0.900

14 0950 2.7642 2.6987  2.6548  2.6021 2.5651 2.6342 0950 14
0975  3.3799 2.2853 3.2093 3.1469 3.0941 3.0601  0.975
0.990 4.2779 4.1399  4.0297 39394 3.8634  3.8001  0.990
0.995  5.0313 4.8566  4.7173  4.6034  4.5078  4.4281  0.995
0.500 0.94850 0.96046 0.96981 0.97732 0.98349 0.98863 0.500
0.750  1.4718 1.4631 1.4556 1.4491 1.4432 1.4383  0.750
0.900 2.1582 2.1185  2.0862 2.0593  2.0363 2.0171  0.900

15 0950 2.7066  2.6408  2.5876  2.6437  2.5064 24753 0950 15
0975 32934  3.1987  3.1227  3.0602 3.0073 2.9633 0.975
0.990 4.1415  4.0045  3.8948  3.8049  3.7292 3.6662  0.990

73 0.995  4.8473 4.6743 45364 44236  4.3288  4.2498  0.995 7

0.500 0.94580 0.95773 0.96705 0.97454 0.98069 0.98582  0.500
0.750  1.4601 1.4511 1.4433 1.4366 1.4305 1.4255  0.750
0.900 2.1280  2.0880  2.0553 = 2.0281 2.0048 1.9854  0.900

16 0950  2.6572 2.5911 2.6377 2.4935 2.4560 24247 0950 16
0975 32194  3.1248  3.0488  2.9862 2.9332 2.8890  0.975
0.990  4.0259 3.8896 3.7804 3.6909 3.6155 3.5527  0.990
0.995 4.6920  4.5207  4.3838  4.2719  4.1778  4.0994  0.995
0.500 0.94342 0.95532 0.96462 0.97209 0.97823 0.98334 0.500
0.750  1.4497 1.4405 1.4325 1.4256 1.4194 14142  0.750
0.900  2.1017 2.0613 2.0284 2.0009 1.9773 1.9577  0.900

17 0950 2.6143 2.5480 24943 24499 24122 2.3807  0.950 17
0.975  3.1556 3.0610 2.9849 2.9222 2.8691 2.8249 0975
0990 39267  3.7910  3.6822 3.5931 35179  3.4552  0.990
0.995  4.5594 4.3893 4.2535 4.1423 4.0488 3.9709  0.995
0.500 0.94132 0.95319 0.96247 0.96993 0.97606 0.98116 0.500
0.750  1.4406 1.4312 1.4320 1.4159 1.4095 1.4042  0.750
0.900 2.0785  2.0379  2.0047 1.9770 1.9532 1.9333  0.900

18 0.950 2.5767 2.5102 2.4563 24117 2.3737 2.3421  0.950 18
0975  3.0999 3.0063  2.9291 2.8664  2.8132 2.7689  0.975
0.990 3.8406  3.7064  3.5971 3.6082 3.4331 3.3706  0.990
0.995  4.4448 42759 = 4.1410  4.0305 39374  3.8599  0.995

These tables have been adapted from Donald B. Owen’s Handbook of Statistical Tables, published
by Addison-Wesley, by permission of the publishers.
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Table 7 Table of Selected Discrete and Continuous Distributions and Some of Their Characteristics

PROBABILITY DENSITY FUNCTIONS IN ONE VARIABLE

Distribution Probability Density Function Mean Variance
Binomial, B(n, p) f@) = (") P e =0,1,...,n np npq
x
O<p<lg=1-p
(Bernoulli, B(1, p) S@ =p"g",x=0,1 p q)
. 1 1 q
Geometric f@=pg* ", x=12 ... — -
D P
O<p<lg=1-p
)\'.Z'
Poisson, P()\) f(x):e‘ly,x:O, L,..;A>0 A Py
m n
Hypergeometric Sf(x) = (x ) (T — x) where mr mnr(n+n =)
P B (m+n ’ m+n (m~+n2m+n—1)
r
x =0, 1,...,V<(m> :0,r>m)
r
1 x ;
G e — a—1 _ 0: 2
amma S(x) F@)p” x exp ( 8 ), x> 0; off 1753
o, B >0
. . 1 1
Negative Exponential S(x) = rexp(—rx), x > 0; A > 0; or i el
1 .
S@ == x> 0pu>0 I u?
"
1 r X
Chi-S =271 —Z 0; 2
i-Square S(x) r(f)g?‘/zx exp( 2>,x> ; r r
2
r > 0 integer
1 (x — )y
N 1, N 2 = T 2
ormal, ([l,, o ) f({I}) \/EU exp |: 20_2 ) 23 o
rxeN neRho=>0
(Standard Normal, N(0, 1) flx)= L ex] 2* xreN 0 1
tl b - \/E p 2 b JU
1 _ By
Uniform, U(a, ) F@ = azx<p axh el
B—« 2 12

—o<a<f <00

(Continued)
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Table 7 (continued)
PROBABILITY DENSITY FUNCTIONS IN MANY VARIABLES
Distribution Probability Density Function Means Variances
n!
Multinomial S, ..., o) = ———X npi, ..., NPk np1qi, - . -, MPRqk-
x1lo! - x!

Py py? - P, @ > 0 integers, Gi=1-pi,j=1..k

x+x2t o tar=wp;>0j=1

2, kkpi+p++o=1
Bivariate Normal Sf(xy, x2) = ; exp| — a 1, 12 02, o2

’ 2moi094/1 — p? 2] ’ b2
2
1 X1 — 11 X1 — K1
q= 1 5 —2p| ——
- p o1 o1
2
X(xz —Mz) N (xz —ﬂz) }
09 02

X1, X2, € N; w1, u2 € R, 01,02 > 0, —1 < p < 1, p = correlation coefficient

k-Variate Normal, N(p, ) fx) = @n) *2|z712x Ly ey [k Covariance matrix: 3

1 _
exp [ LG DR C D}
xeW peW X kxk

nonsingular symmetric matrix
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Table 7 (continued)

Distribution

Moment Generating Function

Binomial, B(n, p)
(Bernoulli, B(1, p)

Geometric

Poisson, P(\)

Hypergeometric

Gamma
Negative Exponential

Chi-Square

Normal, N(p, o2)

(Standard Normal, N(0, 1)

Uniform, U(«a, 3)

Multinomial

Bivariate Normal

k-Variate Normal, N(u, X)

M) = (pe' +q), t e R
M) = pel +q,t € R)

pe’

M@)= ——,t < —logq
1—qe!

M) =exp(re! — 1), t e N

1
M —
®= /3 i<
A 1
M@) = Jt <A or M(t) =

1
MO =G 3ym =3

M(t) = exp <p.t+ 2), teNn

M(t)_exp<2) teN)

tp to

ef —e N
MO =5 ten

My, ..., t) = (pret + --- + pre' )™,
t,...,lp €N

M(ty, t2) = exp {Mlh + patz

2
t1,l2 €N

1
+= (oftlz + 2poro3tity + ngtgz)},

1
M(t) = exp <t/u + 2t’2t>,

tent

—t<
1—pt’ n

1




AC

AUB

ANB

A—B

r.v.

I,

(X € B)= X {(B)

X(S)

P

P(A)

Px

Fyx

Jx

P(AIB)

()

Pn,k

n!

EX or u(X) or uy or just u
Var(X) or 02(X) or o2 or just o

480

Some Notation
and Abbreviations

real line

k-dimensional Euclidean space

increasing (nondecreasing) and decreasing (nonincreasing),
respectively

sample space; also, sure (or certain) event

empty set; also, impossible event

event A is contained in event B (event A implies event B)

complement of event A

union of events A and B

intersection of events A and B

difference of events A and B (in this order)

random variable

indicator of the set A: Iy(x) = lifw € A Iy(x) =0ifx ¢ A

inverse image of the set Bunder X: X"}(B) = {s € S; X(s) € B}

range of X

probability function (measure)

probability of the event A

probability distribution of X (or just distribution of X )

distribution function (d.f.) of X

probability density function ( p.d.f.) of X

conditional probability of A, given B

combinations of n objects taken k at a time

permutations of n objects taken k at a time

n factorial

expectation (mean value, mean) of X

variance of X
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+/Var(X) or o (X) or ox or just o

My or just M
B(n, p)

PQ)

Xz

N(u, 0?)

o

U(q, B) or R(e, B)
X ~ B(n, p) etc.
P

2

Plem,Xn or PX

Fx, . x,orFx
Jx,..x, Or fx

iid. (r.v.’s)

JxiyClY =y or fxiy(1y)
EX|Y =y)

Var(X|Y = y) or 62(X|Y = ¥)
Cov(X, V)
p(X,Y)orpxy

L,

t'r;a

F"“m’z

By rya

X(j or Y

P d q.m.
—, —>, —>

WLLN
CLT

(%

0

Q

ML
MLE
UMV
UMVU
LS
LSE
H

Hy

standard deviation (s.d.) of X

moment generating function (m.g.f.) of X

Binomial distribution with parameters n and p

Poisson distribution with parameter A

Chi-Square distribution with 7 degrees of freedom (d.f.)

Normal distribution with parameters x and o

distribution function (d.f.) of the standard N (0, 1) distribution

Uniform (or Rectangular) distribution with parameters « and g

the r.v. X has the distribution indicated

the point for which P(X > x2) = o, X ~ x?

the point for which P(Z > z,) = o, where Z ~ N(0, 1)

joint probability distribution of the r.v.’s X, ..., X,, or probability
distribution of the random vector X

joint d.f. of the r.v.’s X, ..., X, or d.f. of the random vector X

joint p.d.f. of the r.v.’s X1, ..., X,, or p.d.f. of the random vector X

joint m.g.f. of the r.v.’s X7, ..., X,, or m.g.f. of the random vector X

independent identically distributed (r.v.’s)

conditional p.d.f. of X, given Y = y

conditional expectation of X, given Y = y

conditional variance of X, given Y = y

covariance of X and Y

correlation coefficient of X and YV

(Student’s) t distribution with » degrees of freedom (d.f.)

the point for which P(X > ¢,.,) = o, X ~ 1,

F distribution with 7 and 7, degrees of freedom (d.f.)

the point for which P(X > F,, ,.0) = o, X ~ F,, ,

Jth order statistic of Xy, ..., X,

convergence in probability, distribution, quadratic mean,
respectively

Weak Law of Large Numbers

Central Limit Theorem

letter used for a one-dimensional parameter

symbol used for a multidimensional parameter

letter used for a parameter space

maximum likelihood

maximum likelihood estimate

uniformly minimum variance

uniformly minimum variance unbiased

least squares

least squares estimate

null hypothesis

alternative hypothesis
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7 letter used for a test function

o letter used for level of significance

B(0) or B(0) probability of type II error at 6(0)

(0) or 7(0) power of a test at 6(6)

MP most powerful (test)

UMP uniformly most powerful (test)

LR likelihood ratio

r=Aalxn, ..o, 20) likelihood ratio test function

log x the logarithm of x(>0) with base always e whether it is so explicitly

stated or not



Answers to
Even-Numbered
Exercises

-I Section 1.2

22 () S={n,n,r), @nb),rr9), b)), b, b),1b,9),9,71),
(7”? g? b)’ (T’ g’ g)? (b’ ,r! 7‘)) (b7 7', b)) (b7 1/'} g)’ (b) b’ V)} (b) b} b))
®,b,9),®,9,1),(,9,b),(,9,9), (9,7r,7),(9,7,0), (g, 7, 9),
(9,b,7),(9,b,b),(9,b,9),(9,9,1), (9, 9,b), (9, 9, D}
(i) A={(rb,9), (1,9,b),(®,1,9),®,9,7),(9,r,b),(g,b,1)},
B={(r,nrb), 1 9), @b 1), b b)g71),19 9,0 nr),
0,7,0), (b, b,1),(b, b, 9), (b, g, b), (b, 9,9), (g,7,7),
(9,1,9), (g,b,b),(9,b,9),(g,9,7), (9, 9, b)},
C=AUB=S§- {(7'7 &) T), (b7 b, b)7 (g’ 9, g)}

2.4 (i) Denoting by (1, x2) the cars sold in the first and the second sale, we
have:

S = {(a1, a), (a1, az), (a1, a3), (az, ar), (az, az), (az, as), (as, ar),
(a3, az), (as, az), (a1, by), (a1, be), (az, by), (az, b), (as, by),
(a3, b2), (a1, ©), (ag, ¢), (as, ¢), (b1, a1), (b1, az), (b1, as), (b, ar),
(b2, az), (b2, as), (b1, b1), (b1, b2), (b2, b1), (bs, b2), (b1, ), (b, ©),
(07 (11), (C’ aZ)’ (07 CLS)’ (C, bl)y (C, b2)’ (07 C)}

(i) A={(a1, m), (a1, az), (a1, a3), (az, a1), (a2, az), (az, as), (as, ar),
(as, az), (as, as)},
B={(a1, b1), (m, b2), (az, b1), (az, b2), (as, b1), (as, b2)},

483
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Answers to Even-Numbered Exercises

-I Section 1.3

C =BU{(by, ay), (b1, a2), (b, a3), (b2, a1), (b2, az), (b2, as)},
D = {(c, by), (¢, b), (by, ©), (b, 0)}.
26 E=A F=C—-D=CND°,G=B—C=BnNC,
H=A—B=A"NB° = (AUBY, I = B,
2.8 (i) By = AS N AN AS.
(i) By = (A N AS N AS) U (A N Ay N AU (AS N AS N Ag).
(i) By = (A; N Az N AU (A N AS N Ag) U (AS N Az N Ag).
(lV) B3 = A1 N Az N A3.
(V) C:BQUBlUBQ.
(vi) D = B, UByUB; = A; U Ay U As.
210 If A=@, then ANB‘=@, A'NB=SNB=B, so that (ANB°)U

(A°NB) = B for every B. Next, let (AN B) U (A°NB) = B and take
B=@toobtain ANB° = A, A°NB =, sothat A = @.

2.12 A € Bimplies that, for every s € A, we have s € B, whereas B C C implies
that, for every s € B, we have s € C. Thus, for every s € A, we have
seC,sothat AC C.

2.14 For se U; Aj, let jo > 1 be the first j for which s € Aj. Then, if jy = 1,
it follows that s € A; and therefore s belongs in the right-hand side of
the relation. If jo > 1,thens ¢ A;, j=1,..., 50— 1,buts € Aj, so that
s € AlN---NA% N Aj and hence s belongs to the right-hand side of the
relation. Next, let s belong to the right-hand side event. Then, if s € Aj,
it follows that s € U;A;. If s ¢ Ajfor j =1,...,jo—1buts € Ay, it
follows that s € U ]'A i. The identity is established.

2.16 (i) Since —5 + n+1 < -5+, 1 and 20 — 7% < 20 — +1’ it follows that
(—5+1,20-1y c (- 5+n+1,20—n}r1),orAnC Ayt 1, sothat {A,} is
increasing. Likewise, 7+m < 7+— so that (0, 7+n+1) c(0,7+2 =)
or B, C Bn, thus, {B,} is decreasmg.

(i) U°° 1Ay = U2 (=H + 1 ,20 — ) = (-5,20), and N B, =
1(O 7+ )— @, 7].

3.2 Each one of the r.v.'s X;,7 = 1,2, 3 takes on the values: 0, 1, 2, 3 and
X1+ X+ X3 =3.
3.4 X takes on the values: —3, —2, —1,0, 1,2, 3,4, 5,6, 7,

(X = 2) = {(_37 0)’ (_37 1)7 (_37 2)7 (_31 3)7 (_3a 4)’ (—2, O)a (_27 1),
(_2’ 2), (_2’ S)a (_27 4)7 (_17 0)7 (_17 1)7 (_1, 2) (_1’ 3),
(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (2, 0)},

B<X<5)=@A<X<5)=X=4orX=5)
=1{(0,4), (1,3),(1,4), (2 2), 2, 3), 3, 1), (3,2},
X>6)=X=7={3 D}

)
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36 () S={11),01,2),(,3),,4),2, 1), 2 2),23), 24,3, 1, 32),
3,3),3,9,4 D, 4, 2),4,3), 4}

(ii) The values of X are: 2, 3,4, 5,6, 7, 8.

(i) X <3)=X=20r X=3)= {1, 1), (1, 2), 2, 1},
2<X<hH)=R=X=z4dH=X=2o0rX=3orX=4)=
{d,1),1d,2),2D,{4,3),2,2),3 D}, X>8=

3.8 (i) § =[8:00, 8:15].
(ii) The values of X consist of the interval [8:00, 8:15].
(iii) The event described is the interval [8:10, 8:15].

-I Section 2.1

1.2 Since AUB D A, we have P(AUB) > P(A) = Also AN B C Bimplies
P(A NB)<P(B)= § Finally, P(AN B) = P(A) + P(B)— P(AUB) =
4—|—8 P(AUB) = ——P(AUB)>—— =§.

1.4 We have: AN B=BNA°=B— Aand A C B. Therefore P(A°N B) =
P(B—A) = P(B)— P(A) = & — 1 =1 =~ 0167 Likewise,
A°NC = C — A with A C C, so that PA°NC) = P(C—-A) =
P(C)—PA) = 5 -1 =12>0333BNnC =C - Bwith B C C,
so that P(B°NC) = P(C — B) = P(C) — P(B) = % — % = % =~ 0.167.
Next, ANB‘NC° = AN(B‘NC% = AN(BUC)Y = ANC*=A-C = 0,
so that P(AN B°NC% = 0,and A° N B°NC° =(AUBUC)C =C so
that P(A°NB°NC)=PCH=1—-P(C)=1-— 12 ~ 0.417.

1.6 The event A is defined as follows: A = “x = 7n, n=1,...,28” so that

P(A)=2=15=0.14. Likewise, B = “¢ = 3n+ 10, n = 1,...,63,

so that P(B) = % =0315,and C = “o*+1 < 375" = “@® < 374”

374" = “x < 19,” and then P(C) = 5% = 0.095.

1.8 Denote by A, B, and C the events that a student reads news magazines
A, B, and C, respectively. Then the required probability is P(A°NB°NC°).
However,

P(A°NB°NC% =P((AUBUC)Y)=1-P(AUBUC)
=1-[P(A)+ P(B) + P(C) — P(ANB)— P(ANC)
—P(BNC)+ P(ANBNC)]
=1—(0.20+ 0.15+ 0.10 — 0.05 — 0.04 — 0.03 + 0.02)
=1-10.35=0.65.

1.10 From the definition of A, B, and C, we have:
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A=1{(0,4),(0,6),(,3),(1L,5),1,9), 2 2), (24, 238), 3, 1), 3,3),
(3,7, (4,0), (4 2),(4,6), (5, 1), (5,5), (6,0), (6,4)},

B ={(0,0),(1,2), (24, G, 6), (4,8},

C=1{0, D, (0,2),(0,3),(0,4), (0, 5), (0, 6), (0, 7), (0, 8), (0, 9), 1, 0),
d,2), (1,3),d, 4, (1,5),(,6),(1,7),(,8),(1,9), (2 0), 2, 1),
23,29, 25),26),27),28),(29),(3,0), 3, 1), 2),
(3,4),(3,5),3,6),3,7,3,8),3,9),40), 4 1), 4 2), 43),
4,5),(4,6), 47, (4,8),(4,9),(5,0),5,1),5,2), (5,3), (5,4,
(5,6), (5,7, (5,8),(5,9),(6,0), 6, 1), (6,2), (6 3), (6,4), (6,5),
6,7, (6,8), (6,9}

or
C={0,0,1,1,(22),3 3,144, 55) (6, 6)}

Therefore, since the number of points in S is 7 x 10 = 70, we have:

18 9 5 1
P(A) = — = — ~0.257 PB)=— =— ~0.071
A 70 35 ’ (B) 70 14 ’

63 9 7 63
P(C):%ZEZO'Q’ or P(C):l—P(CC)=1—7—O=7—O=O.9.

-I Section 2.2

22 () For0 < o < 2, f(@) = L2c(@? — 32%) = 2¢Qx — x?). Thus,
S(@) =2cQRx —x?), 0<x <2 (and 0 elsewhere).

(ii) From f02 202w — x*)dx = 1, we get % =1, so that ¢ = 3/8.
24 (i)

F(x)

0.8 |-
0.6
04 —o0

0.2 F

() PX<65)=07,PX>81)=1-PX<81)=1-09 =0.1,
P6<X<8=PX<8-PX<5)=07-04=0.3.

2.6 (i) We need two relations which are provided by: fol (cx+d)dxr =1and
fll/z(cx +d)dx = 1/3, or: ¢ + 2d = 2 and 9¢ + 12d = 8§, and hence
c=—3d=2

3 3
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(i) For0 < <1, F(x) = ['(~4t+ D dt = -2 4 5 Thus,
0, x <0
F)y=3-2 1% (<p<l
1, x> 1.

28 From Y 22 jca® =c¢Y X ga”=cx 1= =1, wegetc=1—a.

2.10 (D) Z;;‘;Oc(g)xzc[1+-+(—)2+---]:L =% =1landc= 2%

1
13

(i) P(X =3)=33075(3)" = & x % = 5 ~0.037.

212 (i) [, ce da= — [} de™ "= —e | = —(0—1) = 1 forevery ¢ > 0.
(i) P(X>10)=/,jce dx = —e |53 = —(0 — e 1%) = ¢~ 10
(iii) P(X > 10) = 0.5 implies ¢! = 1, so that —-10¢c = —log2 and
= Llog2 =~ 288 ~ 0.069.

2.14 (i)FromZ‘j’.‘;M%:cZ;‘ioézcxﬁziczlWegetc=§.
(ii) P(X>3)_czj>33]—cx%_c xolo=2xlo =4 =1~0037
(iii) P(X1_32k+1 k=0,1,..)=cYiomr=cG+g+H+ )=
cxﬁ:cx%:%xgzo%
9

2.16 (i) P(no items are sold) = f(0) = l =0.b.
(ii) P(more than 3 items are sold) = Y22, (5" = (5)° x {17 = 5 =
0.0625. ’
(iii) P(an odd number of items are sold) = (3)*> + (3)* + (1)° +
(3% x o4 = 5 =~ 0.333.
4

2.18 (i) Since f0°° e dy = —cxe” |50 — e *|° = 1forall ¢ > 0, the
given function is a p.d.f. for all ¢ > 0.
(il)) From part (i),

; c(t+1
PX>t)=—cxe P —e X =c(te " +e ) = ( + )

(i) Here ¢(t + 1) = 0.2 x 11 = 2.2, ¢t = 0.2 x 10 = 2, so that <D =

22 ~0.297.
2.20 We have:
P(X > x0) = [, n(1 — @) 'da = — [, d(1 - 2)"

=—(1- x)" = (1 —x0)", and itis given that this probability
is 1/10%". Thus
(1 —x)" = 102", orl —x) = ﬁ and xy = 0.99.
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-I Section 2.3

. _ P(AN(AUB) _ P4 _ P . _
3.2 We have: P(A|AUB)= PAUB) ~ = PAUE = PGy P (since ANB =
. . __ P(BN(AUB)) __ P(B)
@), and likewise, P(B|AU B) = AR = P PE-

3.4 (i) P(bz2|by) = 15/26 ~ 0.577; (ii) P(g2191) = 13/24 ~ 0.542;
(iii) P(b2) = 0.52; (iv) P(b; Ng2) = 0.22.
3.6 Parts (i) and (ii) follow without any calculations by using the fact that

P(:|B) and P(-|C) are probability functions, or directly as follows:
: P(A°NB) _ P(B—ANB) _ P(B)—P(ANB P(ANB)
(i) P(A°|B) = ( ) (P(B) ) ()P(BE) ) — 1 —

PB) T P(B)
=1- P(A|B).
. P((AUB)NC P((ANC)U(BNC
(ii) P(AUB|C) = « ;(Cg“ ) — P(C ”P)(g)( ney
— PANO)+P(BNO)-PMANBNC) _ P(ANC) | P(BNC) _ P(ANB)NC)
= P(C) = PO P(C) P(C)

= P(A|C)+ P(B|C)— P(AN B|C).
(iii) In the sample space S = {HHH, HHT, HTH, THH, HTT, THT,TTH,
TTT} with all outcomes being equally likely, define the events:

A = “the # of H’s is <2” = {TTT, TTH, THT, HTT, THH,
HTH, HHT),
B="“the # of H's is >1” = {HHT, HTH, THH, HHH).

Then B¢ = {HTT,THT,TTH,TTT}, AN B° = B°, AN B = {HHT,
HTH,THH }, so that:
P(ANB° P(B° P(ANB
Paa) = M5 = B = Land LA = 1 - S0 =
— i3 =1— 7 =7 Thus, P(A|B%) #1— P(A|B).

(iv) Inthesamplespace S = {1, 2, 3, 4, 5} with all outcomes being equally
likely, consider the events A = {1, 2}, B = {3, 4}, and C = {2, 3}, so
that AN B=@and AU B = {1, 2, 3,4}, Then:

P(C|AUB) = BCOEUEN _ 25 — 2 — | whereas

P(AUB) — 4/6 T 4 T
__ PANC) __1/5 1 _ PBNO) 15 _ 1

P(C|AU B) # P(C|A) + P(C|B).

3.8 Forn=2, the theorem is true since P(A4s|A;) = W yields P(A; N Ay)
= P(A2|A1)P(A1) Next, assume P(Alﬁ- : ~ﬂAk) = P(Ak|A1ﬂ- . -ﬂAk_l) s
P(A3]A))P(A;)) and show that P(A1N - - NAg1) = P(Aki1lA;
N NA)P(AAL N N A1) - - P(A2]A)P(A). Indeed, P(A; NN
A1) =P((AIN - - NA)INApt1) = P(Ap411 AN - -NA) P(AIN: - -NA) (by
applying the theorem for two events A; N --- N A; and Ag11) = P(Agr1|A;
N -NADPA|AL NN A1)+ - P(A2] A1) P(A)) (by the induction hy-
pothesis).

3.10 With obvious notation, we have: P(1st white and 4th white) = P(W; N

WonWsnNWy)+P(WiNWoNBsNWy)+P(WiNBeNWsNWy)+P(WiNBN
By N W) = P(Wy|Wy N Wo N W) P(W|W N Wo) P(Wa| W) P(W1) + P(Wyl
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-l Section 2.4

W1 N W N Bg)P(Bs| W N Wa) P(W |W)P(W)+P(Wy|WiNBNW3) P(W3|
WiNBy)P 7(Bz | ng)lz (W11)0+ Pg (W, |5W1 r; B, ?032)5 (Bg |Wy 50 B11)0P (5;1 | Wh) X
PW)=pXxgXgXpgtoXgXuXsteXsXuXsteXsX

DX = mmm (T x8x9x10+5x8x9x10x2+4 x5 x9x 10)

_ _9x10x166  _ 3 ~
T 12x13x14x15 T 7T — 0.429.

3.12 (i) P(+) = 0.01188; (i) P(D|+) = i ~ 0.16.

3.14 Let I = “switch I is open,” II = “switch II is open,” S = “signal goes
through.” Then: (i) P(S)=0.48; (ii) P(1|S¢) = % =~ 0.385; (iii) P(II|S¢) =

10
10 ~ 0.769.

3.16 With F=“an individual is female,” M = “an individual is male,” C =“an
individual is color-blind,” we have:
P(F)=0.52, P(M)=0.48, P(C|[F)=0.25, P(CI]M)=0.05, and therefore

P(C) = 0.154, P(M|C) = £ ~ 0.156.

3.18 With obvious notation, we have:

(i) P(D) = 0.029; (ii) P(I|D) = £ ~ 0.414; (iii) P(I[|D) = 5 =~ 0.310,
and P(II|D) = & ~ 0.276.
320 () PX >0)= ["re™de=— [T de™ = —e | =M.

.. PX X PX
(i) POX > s +1|X > 5) = PEGrtiza - FostD

=<2 (bypart (D))

=e M,

(iii) The conditional probability that X is greater than ¢ units beyond s,
given that it has been greater than s, does not depend on s and is the
same as the (unconditional) probability that X is greater than ¢. That
is, this distribution has some sort of “memoryless” property.

4.2 Here P(A) = P(AN A) = P(A)P(A) = [P(A)}?, and this happens if
P(A) = 0, whereas, if P(A) # 0, it happens only if P(A) = 1.

4.4 Since P(A; N As) = P(A;)P(A2), we have to show that:

P(A; N (B1U By)) = P(A))P(B1 U By), P(A; N (B1 U By))
= P(A2)P(B1 U By), P(A1 N A; N (B U By))
= P(A)DP(A2)P(B1 U By).

Indeed, P(A; N (B U By)) = P((A, N B1)U (A, N By))
= P(A1 N By) + P(A1 N Bg) = P(A)P(By) + P(A)P(B2)
— P(A)P(B, U By), and similarly for P(As N (B, U By)).
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Finally,

P(A;N Ay N (BLU By)) = P((A; N As N B U (A N As N By))
= P(A;N Ay N By) + P(A; N Az N By)
= P(A1)P(A2)P(B1) + P(A1)P(A2)P(B2)
= P(A)P(A2)P(B1 U By).

4.6 (i) Clearly, A= (ANBNCYU(ANB°NCYU(ANBNCHU(ANB*NC®)
and hence P(A) = 0.6875. Likewise, P(B) = 0.4375, P(C) = 0.5625.
(i) A, B, and C are not independent.
(i) P(ANB) = 1%’ and then P(A|B) = ‘—é ~ (0.571.
(iv) A and B are not independent.
48 () S = {HHH,HHT,HTH, THH,HTT,THT,TTH,TTT}, A = {HHH,
TTT} with P(A) = p* + ¢ (¢ =1- p).
(ii)) P(A) =0.28.

410 () ¢=1/25.
(ii) See figure.

S@)

0.2

(iii) P(A) = P(X > 5)=0.50, P(B) = P(52 x 27.5) = 0.375.
(iv) P(B|A) = 0.75; (v) A and B are not independent.
412 (1) P(WNR{N---NRy _,NR,_ DUW NWoNR{N---NRS sNR,_2)
U.---uWwyn...nwy_,Nnw,_1NR,)) =0.54 Z?;ll(o.l)i‘l(o.él)”‘i‘l.
(i) For n = 5, the probability in part (i) is 0.0459.

4.14 (i) P(no circuitis closed) = (1 — p1)--- (1 — p,).
(ii) P(atleast 1 circuitisclosed)=1—(1— p1)---(1 — py,).
(iii) P(exactly 1 circuit is closed) = p1(1—p2)---(1—p,)+ (1 —p1) P2 X
A=-p3)--A=—p)+-+A=p) A= Pp-1)Pn
(iv) The answers above are: (1 — p)*, 1 — (1 — p)*, np(1 — p)" L.
(v) The numerical values are: 0.01024, 0.98976, 0.0768.
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-I Section 2.5

52 ()3 x4 x5=060;({)1x2x5=10;({ii)3 x4 x 1 =12.
54 ()3 x2x3x2x3=108;(ii)3x2x2x1x1=12.

5.6 27 25 = 32, 210 — 1,024, 215 = 32,768, 220 = 1,048,576,
225 — 33 554,432.

2~ 0.003.

5.8 The required probability is: 360 ~

5.10 Start with (berll) /(»), expand in terms of factorial, do the cancellations,

and you end up with (n+ 1)/(m+ 1).

5.12 Selecting r out of m + n in (m+") ways is equivalent to selecting x out
of min (') ways and r — x out of win (,",) ways where x = 0,1, ..., .

Then (ern) = ZZ':O (m) (rnx)

5.14 The required number is (%), which for n = 10 becomes () = 120.
5.16 The required probability is:

(2) x (5) x (3) x (1) _ 2,480,625

(‘fg) 66,661,386

~0.037.

n—1
5.18 The required probability is: ('" =1-2

m.

5.20 The required probability is: (0.5)%" Zm -0 (") which for n = 5, becomes:
252 x (0.5)1° ~ 0.246.

5.22 The required probability is: 31 - (1°)(0.2)%(0.8)1~* = 0.03279.
5.24 (a) (D) ()% (ii) 1 — (Zetrw)3; (i) etprow
("“)("B)("W)

3)

) @ G a1 - Fos i

-I Section 3.1

1.2 (i) EX =0, EX? = ¢, and Var(X) = .

Gi) P(X — EX| <¢)=P(-c<X<c)=PX=-¢X=c)=1=
¢ _ Var(X
cE=- &

1.4 If Y is the net loss to the company, then EY = $600, and if P is the
premium to be charged, then P = $700.
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1.6 Var(X) = EX? — (EX)?. by expanding and taking expectations. Also,
E[X(X —1)] = Var(X)+(EX)? — EX by expanding, taking expectations,
and using the first result. That Var(X) = E[X(X — 1)] + EX — (EX)?
follows from the first two results.

1.8 () EX = 2, E[X(X — 1)] = 4; (ii) Var(X) = 2.
110 EX = 4, EX? =2, s0 that Var(X) = £ and s.d. of X = %2 ~ 0.471,
112 ¢; = —1/12 s = 5/3.

1.14 (i) by adding and subtracting u, we get: E(X —¢)? = Var(X)+ (u — ¢)%;
(i) Immediate from part (i).

1.16 (i) f ~ 1+x2 = arctan x|* = arctan(oo) — arctan(—oo) = m, so that
0o 1
f 0o T X 1-‘,—3”2 = 1
i) § /75w x 145 = g [ M = g log(L+a)| ™ = gk (o0 —o0).

1.18 For the discrete case, X > ¢ means x; > c for all values x; of X.
Then x; fx(x:;) > cfx(x;) and hence }_, x;fx(x:;) > ), c¢fx(x;). But

Yo Xifx(x) = EXand ), cfx(x;) = ¢, fx(x;) = c. Thus, EX > c.
The particular case follows, of course, by taking ¢ = 0. In the continuous
case, summation signs are replaced by integrals.

-I Section 3.2

22 (i) ¢ =0/VT—a; (i) ¢ = 1= ~ 4.464.

2.4 (i) By the Tchebichev inequality, P(|X — | > ¢) =0forall ¢ > 0.

(ii) Consider a sequence 0 < ¢, | 0 asn — oo. Then P(| X — u| >c¢,) =0
for all n, or equivalently, P(|X — u| < ¢,) = 1 for all n, whereas,
clearly, {(]X — u| < ¢,)} is a nonincreasing sequence of events and
its limits is Y2 (X — u| < ¢y). Then, by Theorem 2 in Chapter 2,
1 = lim, P(|X nl < ) = P(N2,(IX — ul < cy)). However, it
is clear that N2, (|1 X — | < ¢p) = (|1 X — ul < 0) = (X = w). Thus,
P(X = ) =1, as was to be seen.

-I Section 3.3

3.2 (i) It follows by using the identity (") = (*) + (," ).
(i) B(26,0.25; 10) = 0.050725.

3.4 If X is the number of those favoring the proposal, then X ~ B(15, 0.4375).
Therefore: (i) P(X > 5) = 0.859; (ii) P(X > 8) = 0.3106.

3.6 If X is the number of times the bull’s eye is hit, then X ~ B(100, p).
Therefore:

() P(X = 40) = 3.2 (V) p"¢"™ (@ =1-p).
(i) P(X > 40) = Y12 (*%)(0.25)7(0.75)1%0-=,
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(iii) EX = np = 100p, Var(X) = npq = 100pq, and for p = 0.25,
EX =25, Var(X) = 18.75, s.d. of X = +/18.75 ~ 4.33.

3.8 From the Tchebichev inequality » = 8,000.

3.10 (i) Writing () in terms of factorials, and after cancellations, we get:
EX=np 2"71 ( N pYq™ Y=Y = mp x 1 = np. Likewise,
EX(X-1)] = n(n— Dp* Y- (nyz)pyq(" DY =pmn—-1Dp*x1

=nn— 1)p?.
(ii) From Exercise 1.6, Var(X) = n(n — 1)p* + np — (np)* = npq.
3.12 (i) P(X <10)=1—¢q'% (i) 1 — (0.8)1° ~ 0.893.
3.14 If X is the number of tosses to the first success, then X has the Geometric

distribution with p=1/6. Then:
() P(X=3)= 2> ~0.116;
(i) P(X>5) = (5) ~0.482.
3.16 () EX = 1, E[X(X —1)] = j}-‘g (ii) Var(X) = &.
3.18 1 =2.
320 fla+ 1) =e iy =2 xehh = 2 f(a).
322 (i) Mx(t) = e~ t € %, by applying the definition of My.
(i) EX = LMx(Dli=o = », EX? = dtzMx(t)h —0 = AMX + 1), so that
Var(X) = A

3.24 (i) (2) () ~ 0.503; (ii)

(*) © )[(70)(2)+(T)(1f)+(7°)( %)] ~ 0.987.

3.26 Writing the combinations in terms of factorials, and recombining the
terms, we get the result.

3.28 (i) By integration, usingthe deﬁmtlon of I'(«) and the recursive relation
for (a + 1), we get EX = ¢ )F(a + 1) = ap. Likewise, EX? =

r(a)r(“ +2) = aa + 1)B2, so that Var(X) = «p>.
(i) EX = 1/, Var(X) = 1/2 from part (i).
(iii) EX = r, Var(X) = 2r from part (i).

3.30 (i) (a) With g(X) = cX, we have Eg(X) =c/X.

(b) With g(X) = ¢(1 — 0.5¢*X), we have Eg(X) = {952,
(i) (a) 10; (b) 1.5.

3.32 Indeed(J P(T > t)=P (0 events occurred in the time interval (0, t)) =
e MU = ¢ So,1-Fr(t) = e, t > 0,and hence fr(1) = xe ™, > 0,
and T is as described.

334 () [ epaf e dy = — [[Fde " = e |2 = 1.

(i) B =1and any o > 0.
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-I Section 3.4

(iii) Forn=1,2, . =TI(5 + /o™’ Then EX = F( +1)/al/B,
EX? = F( +1)/a2/f’ andhenceVar(X)_{1‘(/3 1) — [F( + D]}/
o?/B.

3.36 All parts (i)—(iv) are immediate.
3.38 (i) P(X <¢)=0.875,and ¢ = u + 1.150; (ii) ¢ = 7.30.
3.40 (i) 0.997020; (ii) 0.10565; (iii) 0.532807.

3.42 Let X be the diameter of a ball bearing, and let p be the probability
that a ball bearing is defective. Then p = P(X > 0.5+ 0.0006 or X <
0.5 —0.0006), and by splitting the probabilities and normalizing, we have
that it is 0.583921.

3.44 (i) By the hint,

2+y 1 21 o) —1‘2/2
/ / dxdy—gfo dao /(;re dr

= g X 27T( 772/2| ) 1.

_ @-pw? ’
() 7 [+ du= o [Ze Pady=T=1.

_ (= t)

346 () Mx(t) =2 x L [ e~ dt =" x 1=, ten.

(ii) With Z = X2 ™2 = Mz(t) = M1y, (1) = e*?MX( ),

so that Mx (L) = e+ , and Mx(1) = e**°2 by replacing £ by
e
(iii) By differentiation of Mx(?) and evaluating at 0, we get: EX = u, EX?
= u? + o2, so that Var(X) = o2.
348 (i) EX*"*! = 0, and by the hint EX*" = (20 — 1)@n — 3)--

1% 2 5o x (20— 1) x (21) @2n)! — @t
CxDx-xPxm-—DIx@xn) . 291 m—Dn] . 2"

(i) EX =0, EX2 = 1, so that Var(X) = 1.

(iii) With Z = ==£,0 = EZ = 1(EX /,L), so that EX = p,and 1 =
Var(Z) = & Var(X ), so that Var(X) = o2
350 () P(-1<X<2)= —_075anda—2
(i) P(|X] < 1) = P(|X| > 2) is equivalent to = =1-2= from which
o =3.

3562 EX = é, so that: (i) —0.5 and (ii) 2(e — 1) >~ 3.44.

4.2 (i) x, = [(n+ Dp]/@D; (i) For p = 0.5 and n = 3: 295 = 24 ~ 1.189.
4.4 (1) C] =Cy = 1; (ll) xX1/3 = 0.
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46 (i)

x ] 2345|6789 10]1l]12
F(2)|1/36(2/36|3/36|4/36|5/36|6/36 | 5/36 |4/36 |3/36 | 2/36 | 1/36

(i) EX =7, (ili)) median = mode = mean = 7.
4.8 Mode = 25 and f(25) = (;¥)(2)?*(3)™; one would bet on X = 25.

4.10 By the hint, P(X < ¢) = [ f(@)dx = [;° f(c — y)dy, and P(X > ¢) =
L7 f@dx = [;° f(c+ y)dy. Since f(c — y) = f(c+ y), it follows that
P(X <c¢) = P(X > ¢), and hence c is the median.

412 ) p = PY < y) = Pl9X) < yl = PIX < g7'(y)), so that

g_l(yp) =1xpand Yy, = g(xp)
(i) xp = —log(1 — p).
(iii) y, =1/ — p).
(iv) xo5 = —10g(0.5) ~ 0.693, and y5 = 2.

Chapter 4

-I Section 4.1

-l Section 4.2

12PX=0Y=1)=PX=0,Y=2)=P(X=1,Y=2)=0,
PX=0,Y=0)=03PX=1Y=0)=02PX=1Y=1=02
P(X=2Y=0)=0075,PX=2Y=1)=015PX =2,V =2) =
0.075.

L4 @ fF [1@*+ Dydody=8x I =1; P(X > Y) = 1 ~0.268.

16 ) PX<o)=1-ea>0) P <y=1-cYy>0
(i) P(X <Y)=05@0) P(X+Y <3)=1—4e3 ~0.801.
1.8 ¢ =1/+/2m.
1.10 ¢ = 6/7.

2.2 fx(0)=0.3, fx(1) =04, fx(2) =03
fr(0) = 0.575, fy(1) = 0.35, fr(2) = 0.075.
24 () Sfx(1)=17/36, fx(2) =17/36, fx(3) = 12/36;
Jr(1) =7/36, fr(2) = 14/36, fr(3) = 15/36.
() fxrA1) =2/7, fxy@I1) =2/7, fxy(3I1) = 3/7;
Jxir(112) = 1/14, fxir(2I2) = 10/14, fxy(3|2) = 3/14;
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-I Section 4.3

Jxir(1[3) = 4/15, fx;r(2I3) = 5/15, fx;r(3|3) = 6/15;
Jrix(LD) = 2/7, frix@2[1) = 2/7, frix(3I1) = 3/7;
Jrix(112) = 2/17, frix(2|2) = 10/17, frx(3|2) = 5/17;
Jrix(1I3) = 3/12, frx(2[3) = 3/12, fyx(3|3) = 6/12.

2.6 (l) fX(x)_ n(?zzil)’le”n’ fY(y) Z(S(Wil_ﬁl_)l)’y L...,n
(i) leY(xly) b y+1,x= L...nw fYIX(y|x) x’ y=1...,x%
y=1...,x x=1...,n
) MDDy ,
(iii) EX|)Y = y) = "Z(n—yi’l)y,y_l,...,n
EYI X=x=2 x=1,...,n

28 fy@) =Sx+20<x<1 fr(==5y*+20=<y=<L

210 (G) fx@)=xe ", x>0; fr(y) =e Y, y>0.
(i) frix(ylx)=eY, 2> 0,y>0;
(i) P(X > log4) = 2% ~ 0.597.

212 () fx@)=%Cr+1D,0<x<L i) =Y +20<y<2

Srx(lo) =224 0 <x<1,0<y<2

(i) BEY =35 E¥|X=2) =, x £ 0<x <L

(iii) It follows by a direct integration.

(iv) P(Y > 11X < 1) =28 ~0.739.

12 Y
2.14 fxyy(xly) = %ye%e*?/x, O<y<w.

2.16 (i)
6x/7, O<x<l1
fx(x) =362 —2x)/7, l<x<?2
0, elsewhere.

() frylx)islfor0 < x < 1, andis 1/2 —x)for1l < x < 2 (and 0
otherwise), whereas 1 <x+ y < 2.

2.18 (i) fxyv(:|y) is the Poisson p.d.f. with parameter y.
(i) fry(@ y) =e L, x=0,1,...;
(i) fx@) =547, 2=0,1,....

2.20 (i), (ii) follow by applying the definitions.

3.2 It follows by an application of the definition and properties of a m.g.f.
3.4 Apply the exercise cited in the hint with Z =X —Yand Z = X + Y.
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36 () EX=1EY =05 EX? =16, EY? = 0.65, so that Var(X) = 0.6
and Var(Y) = 0.4.
(i) E(XY)=0.8, so that Cov(X, ¥)=0.3 and p(X, Y)=1.25,/024 ~
0.613.
(iii) The r.v.’s X and Y are positively correlated.

38 () EX=I EY=2 EX*>=18 Fy?=1% sothatVar(X) = 659/36
and Var(Y) = ’728/362
(i) E(XY)= 12, so that Cov(X, Y) =
~ —0.006.
3.10 EX=0,Var(X)=10/4, EY =5/2, EY? =34/4, Var(Y) =9/4, E(XY) =0,
so that Cov(X, Y)=0and p(X,Y) =0
312 (i) EX=EY =17/12;
(i) EX? = E’Y2 =5/12, so that Var(X) = Var(Y) = 11/144.
(iii) E(XY) = 3, sothat Cov(X, V) = 144 and p(X, Y) = —il
(iv) X and Y are negatlvely correlated.
3.14 With Var(X) = o, we get Cov(X, ¥) = ao® and p(X, ¥) = 1&;
Thus, |p(X, Y)|=1,and p(X, Y)=1ifandonlyifa > 0,and p(X, ¥)=—1
if and only if a < 0.

o 362 yand p(X, V) = «/1822 %659

3.16 By differentiation, with respect to « and g, of the function g(«, B) =
E[Y — (@X + B))?, and by equating the derivatives to 0, we find: & =
”—Yp(X Y), B = EY —@EX. The 2 x 2 matrix M of the second-order

derivatives is given by: M = 4( g§ EX ) which is positive definite. Then

& and f are minimizing values.

-I Section 4.4

4.2 MXI,XZ,Xg(tl, tz, t3) = CS/(C — tl)(c — tg)(C — tz), provided tl, tz, t3 are <c.

4.4 Follows by applying properties of expectations.

-l Section 4.5

5.2 If X1, X5, and X3 are the numbers of customers buying brand A, brand B,
or just browsing, then X;, X»2, X3 have the Multinomial distribution with
parameters n = 10, p; = 0.25, p» = 0.40, and ps = 0.35. Therefore:

() P(X;=2,Xo=3,X3=5)= %’5,(0 25)% x (0.40)? x (0.35)° ~ 0.053.

(11) P(Xl = 1 Xy = 3|X3 - 6) 1|3| 13) (13)3 =~ 0.358.

5.4 They follow by taking the appropriate derivatives and evaluating them
at 0.

5.6 The second line in (51) follows from the first line by adding and subtract-
ing the quantity ,02("1;—1’“)2. The expression in the following line follows
by the fact that the first three terms on the previous line form a perfect
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square. What follows is obvious and results from a suitable regrouping of
the entities involved.

5.8 InExerciseb.7,itwasfoundthat E(XY) = uius+po109, where u; = EX,
e = EY, 01 =s.d. of X and 0y = s.d. of Y. Then

Cov(X,Y) _ (uipz+ po10e) — jipz _

p(X,Y) =
0102 0102
5.10 They follow by differentiating the m.g.f. and evaluating the derivatives
at 0.

5.12 (i) It is not a Bivariate Normal p.d.f., because, for x and y outside the
interval [—1, 1], the given p.d.f. becomes f(x, y) = 5 exp[—(x? +
¥%)/2], which is the Bivariate Normal with yt; = ps = 0, 01 = 09 = 1,
and p = 0, whereas f(—1, —1) = % # ﬁ, the value of the Bivariate

Normal just mentioned evaluated at x = y = —1.
(i) foly) = \/%e‘yz/ 2 which is the p.d.f. of the N(0, 1) distribution. Sim-

ilarly, fi(x) = %ﬂe*xz/?.

-I Section 5.1

1.2 The relation fx y(x, ¥) = fx(x)fy(y) holds true for all values of x and y,
and therefore X and Y are independent.

1.4 Ther.v.s X and Y are notindependent, since, e.g., fx (0.1, 0.1) = 0.132 #
0.31824 = 0.52 x 0.612 = fx(0.1) fy(0.1).

L6 () fx@=2@?+D, 0=z f(=Lw+ ) 0=<y=<L
(i) The r.v.’s are not independent, since, e.g., fxyy(%, }1 = % #* 19—0 X
Sx(fr (D).
1.8 (@) fx(»)=2x0<x<1; fr(y)=2y,0<y<1,; fz2(e)=22,0<z<1.
(ii) The r.v.’s are independent because, clearly,

fX,Y,Z(xy Y, Z) = fX(x)fY(y)fZ(z)y
(iii) P(X < ¥ < Z) = 1/6.

g~

1.10 (i) ¢ can be any positive constant.
(i) Sfxy(®, y) = e %Y x> 0, y > 0, and likewise for fx z and fy,z.
(i) fx(®) =ce *, x > 0, and likewise for fy and f7.
(iv) The r.v.’s X and Y are independent, and likewise for the r.v.’s X, Z
and Y, Z. Finally, from part (iii), it follows that the r.v.’s X, ¥, and Z
are also independent.
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-l Section 5.2

1.12 (i) EX = 200 days; (ii) Mx,y(t) = 1/(1 — 200t)% t <0.005, and
Sx+v(®) = (0.005)%te=00% ¢ > (.
(iii) P(X + Y > 500) = 2.5 25 + ¢725 ~ (.287.
1.14 (i) My(t) = exp[(ap; + b))t + W] which is the m.g.f. of the N(au; +
b, (ac1)?) distribution. Likewise for V.
(i) My,v(h, t2) = expl(ap + b + 5 + (cps + d)ts + L3712,
(iii) Follows from parts (i) and (ii), since My (&4)My(t2) = My,v(h, t2)
for all ¢y, 5.
116 Mx(t) = [M()I",
1.18 (i) EX = p and Var(X) = pq/n; (i) n = 10,000.
120 () Sfx(=D =20+ B, fx(0) =28, fx(1) =20 + B;
Sr(=1) =2« + B, fr(0) =28, fr(1) =2« + B.
(i) EX = FY =0, and E(XY) = 0; (iii) Cov(X, Y) = 0.
(iv) Ther.v.’s are not independent, since, e.g., f(0,0) =0 # 28) x (28) =
Sx(0).fr(0).
1.22 (i) EX = p and Var(X) = o2/n.
(ii) Fork =1, n = 100; for k = 2, n = 25; and for k = 3, n = 12.

124 (i) EX = pand Var(X) = o2/n.
(ii) The smallest n which is > 1/(1 — a)c?.
(iii) Forc = 0.1, the required nis its smallest value > 100/(1 — ). Fora =
0.90, » = 1,000; for « = 0.95, n = 2,000; for « = 0.99, n = 10,000.

2.2 X +Y ~ B(30,1/6) and P(X + ¥ < 10) = Y10 () (1) (2)™™".

24 (@@ Sn~ Bn, p);
(i) EX; = p, Var(X;) = pq (¢ =1 — p).
(iii) ES,, = np, Var(S,) = npq.

2.6 If X be the r.v. denoting the breakdown voltage, then X ~ N(40, 1.5%),
and therefore:
i) P39 < X < 42) = 0.656812; (ii) = 0.382.

28 () X1+ +Xy~Phy+ -+ 1)
(i) EX =+ -+ a)/n Var(X) = G + - - - + An)/ 77
(iii) EX = A, Var(X) = 1/n.

210 () PXi=m|T=0)=(, )(5)"(1 - 5)™, so the X;|T=t ~ B(, %),
and likewise for the other r.v.’s.

(ii) Here A = nc, and therefore X;|T =t ~ B(t, 111 .
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212 ) PX>Y)=1- @( — %), (i) P(X > Y) = 0.5.
2.14 (i) Forr >0, P(R<7r)=PU <7?/0?),U ~ x2.
(i) For o = 1 and the given values of 7, the respective probabilities are:
0.75, 0.90, 0.95, 0.975, 0.99, and 0.995.

Chapter 6

-I Section 6.1

-l Section 6.2

12 () X ~ N, 29y, (i) g ~ 32.222, b = 35.

(ii) ap = 25190 — k%, by, = 210 4 oo
L4 fy(y) =2y 4Dy > L f2(2) = e, z e 0.

1.6 (i) fy(y) = 3¢ ¥? y> 0, which is the p.d.f. of a x3.
i) Y, Y ~ x2, since ¥; ~ x2,i=1,..., nindependent.

L8 fr(¥) = ayamyt e V™ y > 0.
1.10 The results follow by implementing the suggestions in the hint.

1.12 The results follow by implementing the suggestions in the hint.

22 @ fuvu,v)= ﬁe*", u>0v>0.
() frw) =ue ™, u>0; fy(v) =1/1+v)* v > 0.
(iii) U and V are independent.

24 (@) fo,v@,v) = oo fx(GD (5D, @ v)eT.

i _ 1 [u— (ap1 + b)) 1 [v—(cp2 + )P
(ll) fU,V(u; U) = Lxlao eXp{_ 2(0,011)2 } X Vo7 |clos exp{— 2(0022)2 })

and therefore U and V are independently distributed as N(au; + b,
(ac1)?) and N(cus + d, (coz)?), respectively.

2.6 (1) fuv(uv)= %ﬂe*uz/? x \/%76*”2/2, u, veR.
(i) U~N(, 1), V~N(Q,1).
(iii) U and V are independent.

(iv) By parts (ii) and (iii), X + ¥ ~ N(0,2) and X — Y ~ N(O, 2).
28 fuw)=1,0<u<1.
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Section 6.3

-I Section 6.5

3.2 It follows by forming the inner products of the row vectors.

3.4 It follows from the joint p.d.f. fx y, the transformationu = *, v = 212,
and the fact that the Jacobian J = o09.

3.6 (i) Itfollows from the joint p.d.f. fx y, the transformationu = x+y, v =
x — y, and the fact that the Jacobian J = —1/2.

(ii) U and V are independent by the fact that they have the Bivariate
Normal distribution and their correlation coefficient is 0.

(iii) It follows from part (i) as marginals of the Bivariate Normal.

38 (i) Plap <X <bu,0 < 8% < co?) = [®ED—1)y/n)— D (k(a—1)y/n)] x
P()(,?L_1 < c¢(n — 1)); (ii) The probability is 0.89757.

52 EY) = ;45, EY, = ;2, and EY, — lasn — oc.

5.4 E(11Y,) = ;1. Therefore, by Exercise 5.2, Cov(¥1, ;) = m
5.6 fz(2) =re** z> 0.
5.8 () gu(yn) = nie ¥ (1 —e )=t y, > 0.

(i) Forn =2, FY, = 3/2\, and forn = 3, EY; = 11/6A.

5.10 g1,(y1, Yn) = n(n— DIF(yn) — F@OI" > f W) f(Wn), @ < y1 < Yn < b.

-l Section 7.1

1.2 For every ¢ > 0, P(|1X,| > ¢) = P(X,, = 1) = p,, and therefore XniO if
and only if p, — 0 asn — oc.
14 (i) P([iul>e)=(10—-¢)"— 0,asn — oo.
i) P(\Ynn — 11 > &) = 1 = P(|Yyn — 1| < &) and P(|Yyn — 1] < &) =
1-(1—-¢)"— 1,sothat P(|Y,,, — 1| > &) — 0,asn — oo.
1.6 EX, = pand E(X,, — n)* = Var(X,) = "—nz — 0,asn — oo.

1.8 EY,—X)?=EY,—X,>+EX,— X)??+2E[(Y,, - X,)(X,— X)] — 0, as
n — o0, by the assumptions made and the fact that | E[(Y,,— X,,)(X,,— X)]| <
E'2\X, - Y,|? x EV2| X, — X|2.
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-I Section 7.2

22 () Mx(t)) =1 —a)/(1 —ae'), t < —loga;
(i) EX =a/(1 — ).
(iii) MX @ = (_a) - {1- at/(1- a)+[0t/(1 ) nR(L )} no_, /(- a)

1—aet/m n—00,

since R(%) — 0 for fixed ¢, and e*"/(~ ") is the m. gf. of ;&

2.4 Since X ~ B(1,000, p), we have; 1,000p 450
() P(L000p —50 = X < 1000p +50) = 2,2y, 5 (*5°) 27,
g=1-p.Forp=1andp=

550
1,000
P50 < X <550) = ) ( ’ )(0.5)1000,
w=150 \ ¥
300
1,000
P (200 < X < 300) = Z ( ’ )(0.25)90 x (0.75)1000-2
a=p00 \ ¥
(i) For p = 1 and p = 1, the approximate probabilities are 2&(3.16) —
1 = 0.998422 and 2®(3.65) — 1 = 0.999738.
2.6 EX; = 1, EX? = %, so that Var(X;) = 2. Therefore P(150 < X <
200) ~ 20(2.07) — 1 = 0.961548.

2.8 Since X ~ B(1,000,0.03), the required approximate probability is:
P(X <50) ~ &(3.71) = 0.999896.

X ~ 0.02/n _ _
2.10 P(|1% —0.53] < 0.02) = 20(J240) — 1 = 0.99, s0 that n = 4,146.

2.12 With S,, = >, X;, we have:
(i) P(S, < 2n) =~ d(v/An) — 0.50.
(i) P(S, = ) ~ ®(v/an) — (1/+/n).
(i) P(% <8, < %M ~ d(Van/2) — d(Van/4).
(iv) P(S, < 100) ~ 0.50, P(S, > 100) ~ 0.460172, P(50 < S,, < 75) ~
0.00621.

2.14 The total life time is X = 21 1 Xi, where X;’s are independently distri-
buted as Negative Exponential with A = 1/1,500. Then P(X > 80,000) ~
1— ®(0.47) = 0.319178.

2.16 (i) P(a < X < b) ~ d((2b — 1)v/3n) — d(2a — 1)/3n).
(ii) Here 2b — 1)v/3n = 0.75, 2a — 1)~/3n = —0.75, and the above
probability is: 2 &(0.75) — 1 = 0.546746.
2.18 P(IX — p| < 0.0001) ~ 28(0.2./%) — 1 = 0.99, and then n = 167.
220 (i) P(X,—pu| <ko)~2d(kyn)—1=p,sothatn= [%@‘1(%)]2.
(ii) Here n is the smallest integer >1/(1 — p)k?.

(iii) For p = 0.90, p = 0.95, and p = 0.99, and the respective values
of k, we determine the values of n by means of the CLT and the
Tchebichev inequality.
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Then, for the various values of k, the respective values of n are given in
the following table for part (i).

K\p 090 095 0.99

0.50 11 16 27
0.25 44 62 107
0.10 271 385 664

For the Tchebichev inequality, the values of n are given by the entries of
the table below.

K\p 090 0.95 0.99

0.50 40 80 400
0.25 160 320 1,600
0.10 1,000 2,000 10,000

222 (i) P(X — V| <0.250) = P(1Z| < 0.250) ~ 20(*54") — 1 = 0.95 and

then n = 123.
(ii) From 1 — m > 0.95, we find n = 640.
224 (i) P(X—-20] <2)~ @(%;JT";’) - q>(lj7;7’g’), and taking 1%5 =2
we find n = 50.

(i) For n = 50, the approximate probability in part (i) is 0.438086.
(iii) As in the hint.

Chapter 9

-I Section 9.1

1.2 The matrix is negative definite, because for 1, Ay with )\% + )»% # 0, we

have:
n/s* 0 A\
()"1; )"2) ( _n/2s4> ()"2) - _)\‘ls )"22 4 <0.

14 With ¥ = Y0 (¥35)® ~ 42 and 82 = o2¥/(n — 1), we have
Var,:(S?) = 204/(n— 1).
1.6 With L(0 | x) = 6"(1 — 9)"(9”‘1), x=(21,...,2,), wehave L log L(0 | x) =

0 produces § = 1/, and 25 log L(# | X) = — 5% — ?fxe)lz) < 0

962
1.8 The MLE of 8 is § = —n/ Y_} log ;.

1.10 (i) It follows from what it is given;
(i) 0 = 2/4.
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1.12 (i) The first two expressions are immediate. The third follows from
NS (le) = -5 g, and similarly for the fourth. The fifth follows from

_ _14p?
)=y

%(1*11’2) = UET)Z and %(lﬁ)2
(ii) Immediate from part (i).
(iii) 1; = # and fi2 = ¥ follow by solving the equations:
O2i41 — 0102 = 02X — 01PY, 0201 — O1lhg = 020X — 01Y
following from the first two likelihood equations.
(iv) They follow from part (ii).
(v) They follow from part (iv) by solving for o, o, and p.
1.14 (i) Immediate by the fact that di3(=ds)=du(=ds)=d5(=ds)=
dos(=dsz) = d24(=ds2) = da5(=d53) = 0.
(i) Immediate by the fact that d;2 = do; and d3q = dgs.
(iii) I~mmed~iate by the fact that dzl = (ilz, CZ43 = 6234, Ci54 = d~45, and

ds3 = dss.

. ~ ~ = 4

(IV) Dl = _72_/3’ D2 DS -z (ag;é) D4 - 4;2}35-

30,2 aly

(V) A = #a2§n y B = _aﬁz):sgﬂ C = 4;‘31/ 82

i) Ds = -5

(vii) Dg = 1 > 0, Dy = =" < 0, Dy = & > 0, Dy = —"@bd) _ g
Dy = % > 0,and D5 = %% < 0.

-I Section 9.2

22 (i) R(x;6) = e~*/%; (ii) The MLE of R(x;6) is e /7.
24 ) O=1L3" af; ()0 =x
2.6 (i) It follows by integration.
(i) [T;, X; is a sufficient statistic for 6, and sois ) ;_, log X;.

2.8 Y | 1X;| is a sufficient statistic for 6.

2.10 Here (X, ..., X,)isaset of statistics sufficient for (py, ...,p,),or (X, ...,
X,_1) is a set of statistics sufficient for (p, ..., pr_1). Furthermore,
(X, X)) is a set of statistics sufficient for («, B).

2.12 They follow by integration.

-I Section 9.3

32 () EsX =1, E’g(nYl) =1
(ii) Vary(X) = n92 < 92 —VQ.I'@(TLYl)
34 () 01(w) = 375 9 )Y, O <y <6y,
9u(y) = 02,91(;1,99‘1 YL 6 <y < b
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-I Section 9.4

Then, with @ = (61, 6),

nb; +nb: 01 +no.
oYy = =77, EpYu =7, and

Eo(U3) = 95%  Ep[“t(Y, — Y] =6, — 6y
(ii) The pair of statistics (Y7, Y,,) is sufficient for the pair of the parameters
(61, 62).

3.6 They follow by integration and by using part (ii) of Exercise 3.5.
3.8 (i) The Var,(U;) and Vary(Us) follow from the Var,(Y;) and Vary(Y,,) in
Exercise 3.6, and the Covy (Y, Y,,) from Exercise 3.7(ii).
(ii) Immediate by comparing variances.

3.10 (i) The required conditionis } i ;¢; = 1.
i) e==L%i=1..n

3.12 (i) EsX =6 and Var,(X)= 1= L.

i3 2 2 1 1
(ll) EgS =0 and Varg(S )= @ = @)

[

3.14 It follows by the hint and Exercise 3.13.

3.16 (i) See application to Theorem 3.
(ii) Esh(X) = Oisequivalentto} ,_, (®)(")t" = 0 (¢t = ;) from which
it follows h(x) =0, =0, 1, ..., n.
(iii) It follows by the fact that X = % and T ~ B(n, 0) is sufficient and
complete.

3.18 (i) X is sufficient by the Factorization Theorem, and also complete,
because Eyh(X) = ¥ Yoor i h(@)t" =0 (¢t = 1 — 0) implies h(x) =

0,x=12....

(i) U is unbiased, because E,)U = 1 x Py(U = 1) = P,(U = 1) =
P(X=1)=0.

(iii) U is UMVU, because it is unbiased and depends only on the sufficient
statistic X.

(iv) Vary(U) = 0(1 = 6) > 6*(1 = 6) = 15 (0 <6 < 1).
3.20 (i) Sufficiency of Y,, follows from Exercise 2.9(iii); completeness cannot
be established here.
(ii) It follows from part (i) and Exercise 3.3(ii).
(iii) Becausethe function L(6 | x) (=f(x; 6))isnot differentiable at6 = x.

4.2 Ttfollows by the fact that | 01 15 ((:’);ré)) 2%~ 1(1—x)P~ldx = 1 and the recursive

relation of the Gamma function.
4.4 Immediate from the hint.

4.6 R(0;d) = L, independent of 6, and then Theorem 9 applies.

n’
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52 (1) 8=010-2X)/(X—1); (ii)f =3andh ~ 3.116.
5.4 Follows from Exercise 3.15(i).

5.6 (i) The EX and EX? follow by integration, and Var(X) = 2.
(i) @ =X — S, B =5, where $> =1 3" (X; — X)%

5.8 By equating the second-order sample moment to @, we get 6 =

(G i XDV~
5.10 (i) It follows by integration;

(i) They also follow by integration.
(iii) # = 3X and hence Ez0 = 0 and Var,(9) = 6%/2n.
5.12 (i) and (ii) follow by straightforward calculations.
(iii) It follows by the expression of p,(X, Y) and the WLLN applied to
n! Z?:l(XiYi)» X ¥, nt Z?:l(Xi — X)% and ! Z:L:l(yz - )2
5.14 &= 212 ~ 161,533, s, = Y0800 ~ 97954 § = 140.6, and 5, = L1 ~

15 15 15
15.857.

Chapter 10

-I Section 10.1

1.2 m=4n.
14 (1) n= (22420/1)% (i) n= 1,537
1.6 (1) My@®)=1/0-0D)"t < 6—%, which is the m.g.f. of the Gamma distri-
bution with « = nand g = 6.
(i) My(t) = 1/(1 —20)*/%t < 1, which is the m.g f. of the x3, distribu-
tion, so that V ~ x2,.
(i) 26710 X, 207130 X0l
1.8 (i) Forx > 6, F(x;0) = 1 — e ™% and hence g(y;0) = ne "9,
y>0.
(ii) By settingt = 2n(y—0), we get fr(t;0) = %e*tﬂ, t > 0, which is the
p.d.f. of the xZ distribution.
(iii) It follows by the usual arguments.
1.10 (i) The transformation y = |x| which yields x = yforx > 0, x = —y for
x <0, and ‘%’ = 1. Then, by Theorem 6, g(y;6) = 2e~¥/%, y > 0.
(i) and (iii) are as in Exercise 1.9(ii) and (iii), respectively.

112 @) e—e?t=1—a.
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(i) Immediate by part (i) and the fact that T has the p.d.f. e™?, ¢ > 0.
(iii) Follows from the hint.
1.14 From the transformations » = y,, — y1, and s = y;, we get: y; = S, ¥, =

r+s,and |J| = 1.Then frs(, s; 0)—"(” Dyn=2 0 < <6,0 <s <0—r,
and then fr(r;0) = " 20 — 1), 0 <7 < 6.

1.16 (i) It follows by using the transformation ¢ = /6.

(i) The required confidence interval is [R, g]. The relation ¢" ![n —
(n— 1)c] = « follows from:

1
l—-a=P(c<T<1 =/ n(n— D" 21 - t)dt
=n—nc"!'—m—1)+m—1c"

nS? 2

1.18 Follows by the usual procedure and the fact that TX ~ X2 Lo~ X

independent, so that S¥ A Fum
S%/ot

-I Section 10.2

2.2 The required interval is [a 5*2’ S*2], where 0 < a < b with P(a < X <
D)=1—a,X~F, 1nm1.In partlcular a=Fimru1-2, b=Fp1m1e.

-I Section 10.4

4.2 (i) The required confidence interval is X,, + 2« f
(ll) Here XlOO +0. 196810().
(iii) Thelengthis?2z« f,WhlchConvergesmprobablhtytoOsmceS i) 0.
44 (i) P(Y; < xp) = P(atleastiof Xp,..., X, < xp) = Zkzl( )pkq" k
and also P(Y; < xp,) = P(Y; < x, < Y;))+ P; < xp), SO that
P(Y; <3, < ¥)) = Y ()pfa"™* = X, ()70 X0 () vfa .
(ii) and (iii) follow from part (i) and the Binomial tables.
(iv) It follows from the hint and the Binomial tables.

-I Section 11.1
-I Section 11.2

1.2 Hy; and Ha;, 7 =1, ..., 5 are all composite; Hys and Hyg are both simple.

2.2 (i) The required 7 is determined by solving for n (and C) the two equa-
tions: © = ®~1(1 — &) and YD — o-1(1 — 7(1)).
(i) n=9 (and C ~ 0.562).
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2.4 (i) The MP testrejects Hywhenx > C,, where C,, = o+ % O I(1—ay).
(ii) The required C,, and n are given by:

(w1 — 1)@l — ay)
P11 —ay) — @711 — 1)’

Cn = o+

2
n= { d [@'Ad—a)— @ '(1 - ﬂn)]} .
M1 — Mo

(iii) That a, =20 follows from 1 — G[¥X&M)] — o, and the fact that
wo < Cy; that 1, -—= 1 follows from 1 — @fl[@] = 7y, and the
fact that C,, < 1.

(iv) n = 33 and Ca3 ~ 0.546.

26 (1) CO) = 1, Q®) = —1 strictly increasing, T(x) = «, and h(x) =
110,00y ().
(ii) The UMP test rejects Hy when ) ., x; < C, where C is determined
by Pp,(Oi, Xi < C)—oe
(iii) Mz"lx(t) = @ gt)n (t < $), and My X)/e(t) = Myn x,(%) =
which is the m.g.f. of the 2, distribution.

- 9 Zf)y, a- gt)m/zy
(V) C = 9 X501 o 7(0) = P(X < 25), X ~ x5,
(v) The closest value we can get by means of the x-tables is n = 23.
2.8 (i) The MP test rejects Hy when ?Ex% > C,C ~0.842.
(i) = ~ 0.823.
(iii) By means of geometric considerations, we find 7 = 0.822.

Ji(x) A

1_
0842 - —— =

N\

(=]
(=]
Do
=
==
at
o_
at
o
w2
==
at
—
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2.10 (i) The MP test rejects Hy when x € {x > 0 integer; 1.36 x é‘—; > C},
where C is determined by Py, ({1.36 x 23 > C}) =«
(ii) For C = 2, if follows that o >~ 0.02.

3.2 (i) The UMP test is given by:
1 if Y 2 <C
@i, ., x) =y YL =C
0 if Z?:lxi > C,
where C and y are determined by:
Py X <O)+yPp,X=C)=0a, X~ Bn m).
(iii) Here C ~ 3.139, and H, is rejected when X < 3.

3.4 (i) With each student associate a B(1, p)r.v. X;,7 =1, ..., 400, so that
X = Y1% X; ~ B(400, p). Then the UMP test is glven by

L Y <
o(@1, ..., m00) =y if 230‘1 x; =
0 if Y0 4 >
where C and y are determined by:
Pyos(X < C)+ yPyos(X = C) = 0.05, X ~ B(400, 0.25).
(ii) Here C ~ 85.7543, and H is rejected when 24001 x; < 8b.

3.6 (i) The UMPtestis givenbyrelation (19) with C and y defined by relation
(20).
(ii)) Here C =5 and y ~ 0.519.
(iii) 7(0.375) ~ 0.22 and 7(0.500) =~ 0.505.
(iv) For60 > 05, 7(0) =P, ¢(X <n—C—-1)+yP, y(X=n—-0C).
(v) 7(0.625) >~ 0.787, and 7(0.875) ~ 0.998.
(vi) n = 62.

3.8 (i) Hy:A»=10,Hy: x < 10.
(ii) The UMP test is given by:

1 ifx<C
p@) =1y ifx=C, Po(X<C—-D+yPyX=0)
0 ifx>C =00l X~ P(0).

From the Poisson tables, C = 3 and y = 0.96, and since x = 4, H) is
not rejected.

3.10 (i) Hyisrejected when > ! x; < C,C = nug — 2,0 /M.
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(i) w(w) = (5.
(iii) C = 43,252.5, H, is rejected, and 7(1,700) = 0.841345.

3.12 Hjisrejected when Cy < Z?Zl z; < Cy, where C; and Cs are determined
by ©(0.4 4+ x) — (0.4 —x) = 0.05, x = 10_0- From the Normal tables, x =~
0.07, so that C=0.7, and Hjisrejected when —0.7 <2; + 25 + 25+ 24 <0.7.

3.14 Here Hy : 0 > 0.04, Hy : 0 < 0.04, and the UMP test rejects Hy when
Yo (@ — )? < C, C = 0§ x2_,- For the numerical data, C = 0.0127392
~ (.013, and since Z;il(xi —0)? = 0.04, the hypothesis Hj is not rejected.

42 (i) A = (0.25)‘(0.75)3‘t/(é)‘(1 — é)S‘t, t =0,1,2, 3, and Hj is rejected
when A < C where C is determined by Py 25(1 < C) = 0.02.

(i) Atlevel @ = 0.02, Hj is outright rejected when A = 0.0156625 (which
is equivalent to ¢ = 3) and is rejected with probability 0.02 —0.0156 =
0.0044 when A = 0.31640625 (which is equivalent to ¢ = 2).

4.4 (ii) With t(z) = ﬂé/\/ﬁ Yoz —2%z = (2,...,2), H is re-
Jjected when t(z) < —t,—1;2 or t(z) > ly—1;2.
(iii) Here fg9.0.025 = 1.9870, and therefore H is rejected when

13V102/,/ & %, (2 — £)? > 1.9870.

4.6 Here Hy : © = 2.5and Hy : u # 2.5, and Hj is rejected when w <
—Zy2 OF M > Zy/2. Since 2y 25 = 1.96 and @ = —0.8, Hyis
not rejected.

4.8 Here Hy : 1 = o, Hy : 1 # ne, and Hj is rejected when t(x,y) <
—bnpn-20/2 OF L(X, Y) > by n—2,4/2, Where
tx,y) = V@ — 3/ (S @i — 87 + Y (yy — 9Pl x =
@1, ..., ), Y=(Y1, - - ., Yn). SINce lg0.025 =2.0106 and (X, y) = —2.712,
the hypothesis Hj is rejected.

4.10 Hyisrejected when u(x, y) < Fy1,n-1,1-2 Or WX, y) > Fy_1,n-1,2, Where

u(x, Y)z ﬁ Zﬁl(x} - j)z/ﬁ ?zl(yj - y)z’ X = (1'1, ceey xWL)y y =
(yl, ey yn) Here F3’3;0.975 ~ 0065, F373;0_025 = 15439, and u(x, y) ~ 2.168.
Therefore Hj is not rejected.

4.12 The LR test is the same as that given in Exercise 4.8. For the given nu-
merical data, 30025 = 3.3060, {(x,y) >~ 2.014, and therefore H, is not
rejected.

4.14 They follow by integrating by parts.

4.16 With A(w) = e"/*u2e~"/2 u > 0, wehave &' (u) = LW = Zen/2yi~le=m/2x
(1 —u),sothat A'(w) > 0if (0 <)u < land A'(uw) < 0if u > 1. It follows
that A(u) is strictly increasing for < 1 and strictly decreasing for u > 1.
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Since A'(#) = 0 givesu = 1 and oi‘l—;z)n(u)luzl = —5 < 0, it follows that A(u)
is maximized for v = 1. That A(0) = 0 is immediate, and that A(x) — 0 as
u— oo follows by taking the limit of the ratio of derivatives of sufficiently
high order.

4.18 Maximization of (58) is equivalent to maximization of ¢ = g(u, 1) =
—"th]og t—%[Z;”:l(xi—,u)2+Z?:1(yj—,u,)2], where t = o2. From g—z =
3 N Ting A N N
0,% = 0 wezﬁndﬂw 2= ”Zi’iy,; = D @i— P+ Y (Y= ))-
Next, a;w 8‘1& = aalaﬂ, and evaluated of w = i, and T = %, yield,
respectively; — m*" , 0, and —* £ Setting C for the 2 x 2 matrix of the
second-order derivatives of g, we have, for Ay, A2 with A3 + 23 # 0:
1 m+n( , A3

A1, A2)C =——(22+22) <o,

( 1 2) ()\.2) 7 ( 1 + 2% <
so that C is negative definite, and hence i, and 7 are the MLE of 1 and
T, respectively.

4.20 From the assumptions made, it follows that:

X-7 "X — X\ " Y — T2
_  ~ N(0O. 1) E ~ 2 E J ~ y2
() ), < o ) Xm—1> < o ) Xn—1

i=1 =1

independent, so that their sumis ~x2 ., _,. This sum is also independent

of X— Y. It follows that X7Y+_ divided by [, (F=Xy2 4y (il

(m+mn-—2)is dlstrlbuted as tm+n_2 The cancellation of o leads to the
assertion made.
m+n m n

4.22 Set¢c = (m+n)"z /m2zn: andd = , so that A = A(u) = c(dw)™?/
(1 4+ dw)™+™/2 That A(0) = 0 is 1mmed1ate Next, . — 0 asu — oo is
also clear. Furthermore, d:\i(”) = m%?% x (m—ndu) = 0yields

U=, = %,callltuo Also, AJ—Q > 0 for u < wy, andﬂl—‘) < 0 for

u > Uy, so that A(w) increases for u < uy and decreases for u > up. It

follows that A(u) attains its maximum for u = 4. This maximum is 1.

4.24 (i) Since ¥0 = —2(1 —r)!~! <0, f(r) is decreasing in 7.

d w (T)
dr

-I Section 12.1

(iv) Since (I—VTZW > 0, w(r) is increasing in 7.

1.2 (i), (iii) —2log A ~ Z(Zﬁl x; log x; —335,490.304), where x; is the number
of births falling into the ¢th month. Finally, —2log A = 78.776 and x 121;0_01 =
24.725. The hypothesis H, is rejected.
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1.4 (iii) Here —2log ~ 27.952, and Xf;o.05 = 9.488. The hypothesis Hj is
rejected. Also, Xf;o.m = 13.277 and the hypothesis Hj is still rejected.

2.2 Here x2 ~ 72.455 > 24.725 = x},,90;, and Hj is rejected.

2.4 Here x3 ~ 28.161 > 9488 = xi,; and Hy is rejected. Also, x3 =~
28.161 > 13.277 = Xio.ov and Hj is still rejected.

2.6 (i) Here x2 =4 > 2.706 = x3,,, and Hy is rejected.
(ii) The P-value is approximately 0.047.
2.8 Here x2 = 1.2 < 5.991 = x3 45, and Hj is not rejected.

2.10 (i) pio = 0.251429, poy = 0.248571, psy = 0.248571,
Pao = 0.15967, P50 = 0.069009, Peo = 0.02275.

(i) x2 ~51.161 > 11.071 = xZ 45, and Hy is rejected.
2.12 Here x2 ~ 1.668 < 11.071 = x2, o5, and Hy is not rejected.

-I Section 13.3

-I Section 13.4

32 Y, m; = 9122, y; = 15228, 3", a2 = 273.8244, Y, ;y; = 4524354,
Also, SS, ~ 5.402, SS, ~ 101,339.419, and SS,, ~ 433.922.

3.4 Var(B,) ~ 0.57702, Var(B2) ~ 0.18502, and 62 ~ 2,144.701.

3.6 (i) It follows by differentiating and equating the derivatives to 0.
(i) —(x) As indicated.

4.2 From relations (24) and (25), we find ¢t >~ —0.737 and ¢ >~ 0.987. Since
l29.0.025 = 2.0452, none of the hypotheses is rejected.

4.4 (ii) Replacing the x;’s by the ¢;’s and taking into consideration that Z = 0,
we get from (5) and (8) the values specified for  and j.

(iii) Immediate by the fact that 7 = 0.

iv) B+ tn_gé% and § = {5z 75, where S = /S5p/(n—2), SSp =
582 2

S8y — Kaf’ SSy = Zz Yzz - (7% Zz Yl) » S8y = Zi t;Yi, SSy = S8§;.

_B=B 4 _ I
™) ="t =57

i) 9o+ 1,8 54 s/iyl, &
(Vi) Yo t"—z;% 7 + 5SS Yo tn—z;% + u + 55
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52 (i) §,=517.474.
(i) S ~59.834, , / =+ M 2~ 0.205, and £32,0.025 = 2.0369. The observed
confidence 1nterva1 1s [492 489, 542.459).
(i) @, = 448.937.
(iv) The observed confidence interval is [344.442, 553.432].

54 (i) 9, = 15.374.
(i) The observed confidence interval is [14.329, 16.419].
(i) @, = 15.374.
(iv) The observed confidence interval is [14.278, 16.470].
5.6 (1) B1~ —9.768, By ~ 2.941, 6% ~ 0. 004

(1) f110025 = 2.201, S >~ 0.071, 1/— + Z SS ~ 10.575, so that the observed
confindence intervals for 8; and B2 are: [—11.421, —8 115] and [2.490,
3.392], respectively. Since X110025 = 21.92 and X110975 = 3.816, the
observed confidence interval for o is [0.003, 0.015].

(iii) Both E'Y; and Y| are predicted by 1.32. The respective observed con-
fidence intervals are [1.254, 1.386] and [1.15, 1.49].

Chapter 14

-l Section 14.1

1.2 In (1), set u; = -+ = u; = u to obtain:

1J 1J 1
log L(y; p, 0) = — - log(2m) — - logo™ = 5 >~ 3" (yy — "
g

Set S(u) = Yo, X (yij — )%, and observe that £ S(u) = —2 Y, ¥, (v -

p) = 0gives p = 43,5y = y, and £5S(u) = 21 > 0 for all
values of u, so that it = ¢y minimizes S(u). Replacing i by /i in the above
expressions, and setting

A N 1J 1J 1 4
S=38p), logLy;p,o) =——-"10g@2n) - —logo® — -3,
2 2 202
we obtain o, = from L log L(y; i1, o) = 0. Also,
d2 IJ

2)2 IOgL(y, M, o )l 701210 = - < O,

d(o (02,2

so that aH 1 7 2 2 (Wi — y)? = SST is the MLE of 2 under Hj.
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1.4

-I Section 14.2
2.2

-l Section 14.3
3.2

3.4

Recallthatfori=1,...,Iand j =1, ..., J, therv’s ¥}; are independent
with EY;; = p; and Var (¥;j) = o2
() FromY, = 53,3, ¥;;, we have then EY, = 53,3, EY;; = % X
J % 33 i = w, and therefore E(Y. — n)? = Var(Y.) = Var( Y
02
YY) = g ldo® =4
(i) From Y; = 43, ¥;;, we have EY; = 13y = 4 xJu; = p, s0
that E(Y; — 1) = Var(¥) = Var(3 Y, Vi) = £ 3,02 = 5.
(i) E(Y; — pn)* = E[(Yi — ) + (i — ) = B — w)* + (i — )%
because E[(Y; —pi)(i—p )] = (i—p )EY; — i) = (ni—p )x0 = 0.

i

We have: iy = 11.25, iy = 17.00, i3 = 15.50, iy = 14.75, so that ¥ =
11.25¢; + 17.00¢2 + 15.60¢3 + 14.75¢4. Also, Var () ~ 1.552(24 ¢?), and

i=1"1

S% =10.4709, so that S,/ Var(i)) ~ 4.031,/ 3}_, ¢2. Therefore the required
observed confidence interval is:

4
11.25¢1 4 17.00¢s 4 15.50cs + 14.75¢4 + 4.031 Zcf

=1

By 3D and (32), La(y;u,B,0%) = (ﬁ)"’ exp[—S(u, B)], where
S(u, B) = ;X ;(yij — it — B;)*. For each fixed o', minimize S(u1, 3) with
respect to u and the B;’s subject to the restriction ) ; B;=0. Doing this
minimization by using Langrange multipliers, we find the required MLE’s;
namely, ix =y, Bja=y;—y,ji=1...,J.

(i) That n = X’ is immediate, and from this it follows that 7 lies in the

vector space generated by the columns (rows) of X',

(ii)) Here I+J+1<1J,0rdJ > %,provided[ > 2. Thus, for I > 2 and
J >+ 1)/ —1),it follows that min{l + J + 1, IJ} =1+ J + 1,
and hencerank X' < I 4+ J + 1.

(iii) Parts (a) and (b) are immediate. It then follows that rank X' < I +
J — 1. To see part (c¢), multiply the columns specified by the respective
scalars ay, as, ..., a;_1, by, ..., by and add them up to obtain

(1,02, ...,b, a1 +b1, a1 +ba,...,a1 +by,...,a1_1+ b1, a11
+b2, e @ + bJ)’
and this vector is zero if and only if b; = --- =b; =0 =a; = --- =
ay_1. The conclusion of independence follows.

So, n, although it has IJ coordinates, belongs in an (I + J — 1)-dimensional
space (I + J — 1 < IJ), and therefore the dimension of nis I + J — 1.
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confidence interval and, 231
examples, 292-294, 361-362
testing hypotheses relationship to,
360-362
theorem, 361

Contingency tables, likelihood ratio tests in
multinomial case and, 343, 345-348

Continuity correction, 215-217

Continuous case distribution, 86-95

chi-square, 89, 90

gamma, 86-87

median and, 102, 103

negative exponential, 88-89
normal, 89, 90-93

uniform (or rectangular), 94-95

Continuous sample spaces, 13

Convergence modes of random variables,
applications, 202-226

central limit theorem, 210-215
continuity correction, 215-217
in distribution or in probability, 202-208
further limit theorems, 222-226
weak law of large numbers, 208-210
Correlation coefficient, 132
Counting, basic concepts and results in,
59-67
exercises, 64-67
fundamental principle of counting, 59-60,
61-62
problem of counting examples, 59, 62—-64
Covariance, 126, 129-135
Cramér-Rao (C-R) inequality, 262-263, 265, 266
examples, 264
usage, 263
Cramér-Wold devise, 139
Critical or rejection region, 233
Critical values for chi-square distribution table,
465-466
Critical values for F-distribution table, 467-476
Critical values for student’s ¢-distribution table,
463-464
Cumulative binomial distribution table,
450-457
Cumulative Poisson distribution table, 458-459
Curve estimation, nonparametric, 442-449

D
Decision-theoretic approach to estimation, 229,
270-277
Bayes estimate, 271, 274
decision function, 272
examples, 273, 274-275
exercises, 275
loss function, 270
minimax, 270, 274, 275
risk function, 270
theorems, 271, 274
Decision-theoretic approach to testing
hypotheses, 234, 353-360
Bayes decision function, 359
examples, 356-359
loss function, 354
minimax, 354-355
nonrandomized decision function and,
353-354
risk function, 354
theorem, 355
Delta method, 225
DeMorgan’s laws, 15, 16
Dependent events, 51
r.v.’s, 151
Discrete case distributions, 79-86
binomial, 79-81
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geometric, 81-82, 83
hypergeometric, 85-86
median and, 102-103
Poisson, 83-85
Discrete sample spaces, 13
Disjoint, 14
Dispersion, 71
Distribution(s)
2-dimensional normal, 143, 147
bivariate normal, 143-146
characteristics table, 477-479
confidence intervals for quantiles of,
431-433
convergence, 202-222
function (d.f.), 34-35
graphs, 34-35, 203
joint, 110-117
k-variate normal, 146, 147
marginal and conditional, 117-126
multinomial, 140-142, 143
multivariate normal, 146-147
of random variable X properties, 34, 37
probability, 34, 69
reproductive property of certain
distributions, 159-167
Distribution of random variables, 33-41.
See also Distribution and Probability
density function
beta, 273
binomial, 79-81
Cauchy, 76, 325
chi-square, 89
continuous, 86-95
discrete, 79-86
double exponential, 247
exercises, 39-41
F, 179
function graphs, 34-35
gamma, 86-87
geometric, 81-82, 83
hypergeometric, 85-86
mode, 104-106
negative exponential, 88-89
normal, 89, 90-93
Poisson, 83-85
t, 177
uniform (or rectangular), 94-95
Weibull, 99

E
Effects
column, 412, 418
row, 412, 418
Error(s) sum of squares, 365, 402, 418
type I, 233
type II, 233

Event(s), 8
certain, 8
complement of, 13
difference of, 14
disjoint, 14, 26
happens, 8
impossible, 8
intersection of, 13, 14
monotone, 16-17
occurs, 8
related results and independent events,
51-59
union of, 13
Expectation of random variables, 68-77
definition, 69
examples, 70-74
exercises, 74-77
of selected discrete and continuous
distributions, 477, 478
Exponential type of families of probability
density functions, 307-308

F
F critical values for, 467-476
expectation, 181
graph, 180
p.d.f., 179
variance, 181
Factorization theorem, 151-152, 154
Failure rate, 99
Fisher information, 259
Fisher-Neyman factorization theorem, 256
Fitted regression line, 366, 370, 372, 377,
378
Fundamental concepts, 8-19
events, 8
exercises, 17-19
intersection of events, 13, 14
mutually or pairwise disjoint, 14
random experiment, 8
sample points, 8, 13
sample space, 8, 13
union of events, 13
Venn diagram, 8, 9, 13-15
Fundamental principle of counting theorem,
60, 61
corollary to, 61
proof of, 61-62
proof of corollary, 62
Further limit theorems, 222-226

G

Gamma distribution
expectation, 87, 477
graph, 86-87
m.g.f., 87,479
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p.d.f., 86, 477
variance, 87, 477
Gamma function, 86
recursive property, 87
Geometric distribution
expectation, 82, 83, 477
graphs, 82
m.g.f., 82, 83,479
p.d.f., 82, 83, 477
variance, 82, 83, 477
Goodness-of-fit test, 234, 349-353
exercises, 351-353
multinomial distribution and, 349
numerical examples, 350-351
Graduate Management Aptitude Test (GMAT),
7,364, 384

H

Hypergeometric distribution
expectation, 85, 477
p.d.f., 85,477
variance, 85, 477

I

Independence of random variables and some
applications, 150-167
criteria, 150-159
definition, 151
examples, 152-153, 162-163
exercises, 156-159, 164-167
factorization theorem, 151-152, 154
reproductive property, 159-167
Independent events and related results,
51-55
definitions, 51, 52-53, 55
examples, 52, 54-55
exercises, 55-59
theorem, 53
Interval estimation, 228
basics, 230-231
confidence interval, 231
lower confidence limit, 231
random, 230-231, 282
statistic(s), 230
upper confidence limit, 231, 282
Inversion formula, 73, 129

J
Joint moment generating function, 126-128,
146
Joint probability distribution functions,
110-117, 137
examples, 111-115
exercises, 115-117
k random variables and, 137-138

K

k random variables

generalizations, 137-139

sample mean and sample variance of, 159
k-variate normal distribution, 146, 147, 478
kernel-estimation approach, 239, 442, 443
Kolmogorov, 25

L
Lagrange multipliers, 409
Least squares (LS’s), 230, 277
estimate (LSE), 230, 363, 366-374
examples, 369-374
fitted regression line, 366, 370, 372
minimize sum of squares error, 365-366
pairs relationship, 364-365
principle of, 363, 365-366
regression line, 366
theorems, 366, 371, 373
Lehmann-Scheffé theorem, 265
Level of significance of test employed,
233, 234
Likelihood equation(s), 242, 245
Likelihood function, 229, 234, 241, 247, 254, 375,
398, 413
maximum, 325
Likelihood ratio (LR) tests, 234, 299, 324-342
applications, 327-337, 345-347
examples, 325-327
exercises, 337-342, 348-349
in multinomial case and contingency tables,
343-349
linear regression model and, 384
motivation, 235, 324
normal case applications, 327-337
numerical examples, 328, 330, 331, 335, 344,
348
one-way layout and, 398
theorem, 343-344
two-way layout and, 415
Linear regression model, simple, 236, 363-396
concluding remarks, 395-396
confidence intervals, 374
confidence intervals and hypotheses testing
problems, 383-389
errors, normally distributed, 374-383,
393-395
examples, 369-370, 376-379, 384-386
fitted regression line, 366, 370, 372, 377
general, 396, 421
least squares estimates of 1 and Bz,
366-374
least squares principle, 365-366
likelihood ratio tests and, 384
multiple, 396
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pairs relationship, 364-365
prediction problems, 389-393
regression line, 366
setting up, 364-366
theorems, 366, 371, 373, 375, 379, 383, 384,
390, 391

Linear transformations, 185-191
definition, 186
exercises, 190-191
orthogonal, 186
theorems, 187, 189

Lower confidence limit, 231, 282

M

Marginal and conditional probability density
functions, conditional expectation and
variance, 117-126

examples, 118-123

exercises, 123-126, 139, 149

k random variables and, 138
multinomial distribution and, 140

Marginal moment generating function, 128

Markov inequality, 77

Mathematical expectation. See Expectation of
random variables

Matrix

orthogonal, 186
transpose, 186

Maximum likelihood estimates (MLE’s), 229,

278
definition, 241, 242
Fisher-Neyman factorization theorem, 256
identification of, 242
invariance property, 254
linear regression model and, 374-383
motivation and examples, 240-253
one-way layout and parameters, 399
properties, 253-261
sufficient statistics, 257-258
theorems, 253, 254, 256, 258-259
two-way layout and parameters, 413-414

Maximum likelihood function, 324-326

Mean, mean value, See expectation

Measure of

dispersion, 71
location, 69, 71
Median and mode of random variables,
102-108

continuous case, 102, 103

definitions, 103, 104

discrete case, 102-103

examples, 102-106

exercises, 106-108
Method of moments, 229, 277

exercises, 278-279

Minimax
decision function, 354-357
estimate, 270, 274, 275, 278
Minimum chi-square method, 277
Mode of distribution, 104-106
Moment estimates, 277
Moment generating function (m.g.f.), 72-74, 93
inversion formula and, 73, 129
joint, 126-129, 138, 142, 146
marginal, 128, 130
of selected discrete and continuous
distributions, 479
Moments, 71
Monotone events, 16-17
Most powerful (MP) test, 234, 303
Motivating examples, 1-8
Multicomparison method of analysis of
variance, 407-412
Multinomial distribution
correlation coefficients, 143
examples, 140-143
expectations, 142, 478
goodness-of-fit test and, 349
likelihood ratio tests and, 343-349
marginal and conditional probability density
functions and, 140
m.g.f., 142, 479
p.d.f., 140, 478
theorem, 141
variances, 142-143, 478
Multiple random variables, transforming,
173-185
Multiplicative theorem, 44
Multivariate normal distribution, 146-147

N

Negative exponential distribution, 88
expectation, 88, 477
graph, 88
m.g.f., 88, 479
p.d.f., 88, 477
variance, 88, 477
Negatively correlated, 133
Neyman-Pearson fundamental lemma, 299,
302-307
application examples, 305-307
most powerful test and, 303, 305-306
proof of theorem, 303-304
uniformly most powerful test and, 306
Nonparametric curve estimation, 442-449
Nonparametric inference, topics in,
428-449
basics, 238-239
confidence intervals with given confidence
coefficient, 429-431
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confidence intervals for quantiles of
distribution function, 431-433
curve estimation, 442-449
definition, 227
kernel method, 239, 442
probability density function estimation,
442-444
rank sum tests, 435-438, 440-442
regression estimation, 444447
two-sample sign test, 433-435
weak law of large numbers and, 239
Wilcoxon-Mann-Whitney test, 438
Nonrandomized decision function, 3563
Nonrandomized test, 233, 303
Normal distribution, 89, 90-93, 95
central limit theorem, 90
expectation, 92, 477
graphs, 90, 91
importance of, 89, 90
likelihood ratio tests and, 327-337
m.g.f., 93, 479
p.d.f., 90, 477
standard, 91
table, 460-462
testing hypotheses about the mean, 317-319,
320-321
testing hypotheses about the variance,
319-320
variance, 92, 477
Nuisance parameters, confidence intervals in
presence of, 289-292
Numerical characteristics of random
variables, 68-108
expectation, variance, and moment
generating function, 68-77

(0]
One-way (classification) layout model analysis
of variance, 237, 397, 398-407
Order statistics, 193-201
definition, 193
examples, 196, 197-199
exercises, 199-201
theorems, 194, 196

P

Parameter space, 227, 228
Parametric statistical inference,
227
Partition, 45
Permutations, 61
Point estimation, 227, 240-280
basics, 228-230
binomial distribution and, 228
decision-theoretic method, 229, 270-277

least squares, 230, 277, 364-374
maximum likelihood estimate, 229,
240-246
maximum likelihood estimation motivation
and examples, 240-253
maximum likelihood estimation properties,
253-261
method of moments, 229, 277
other methods, 277-280
parameter(s), 228, 240
Poisson distribution and, 228
unbiasedness, 229
uniformly minimum variance unbiased, 229,
261-270
Point of equilibrium, 69
Poisson distribution, 83-85, 95, 215
application, 316-317
binomial distribution relationship to, 84-85
cumulative table for, 458-459
expectation, 84, 477
graph, 83
m.g.f., 84, 479
point estimation and, 228
p.d.f., 83,477
uses for, 84
variance, 84, 477
Principle of least squares. See Least squares
(LS’s)
Probability
axiomatic definition, 25-26
classical definition, 24-25
conditional, 41
inequalities, 77-79
justification of basic properties, 28-29
relative frequency definition, 25
Probability and basic results, concept of,
23-67
conditional probability and related results,
41-51
counting, basic concepts and results in,
59-67
definition, 24-26
examples in calculating probabilities, 26-31
independent events and related results,
51-59
random variable distribution, 33-41
theorems, 31, 44, 45, 46-47, 53, 60
Probability density function (p.d.f.), 37
definition, 35, 36
graph examples, 80, 82 ,83, 86-88, 90, 91, 94,
178, 180
nonparametric estimation of, 442-444
of selected discrete and continuous
distributions, 477-479
probability inequalities, 77
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Probability integral transform, 192-193
Prior probabilities, 45

Quantile(s), 103

R

Random experiment, 8
examples, 2-8
Random interval, 230-231, 282
Random sample, 155
Random variables (1.v.’s)
continuous, 36, 86-95
convergence modes of, 202-226
definition, 20
degrees of freedom (d.f.), 34
denoting a, 20
discrete, 36, 79-86
distribution, 3341
exercises, 21-22
expectation, variance, and moment
generating function, 68-77
independence of, 150-167
introduction of, 19-21
k, generalization to, 137-139
median and mode of, 102-108
numerical characteristics of, 68-108
special, 79-101
transformation of, 168-201
types of, 21
Randomized tests, 233, 303
Rank sum test, 435-438, 440-441
Rank test, 239, 429, 435-438, 440-442
Rao-Blackwell theorem, 265
Recursive relation for
binomial p.d.f., 95, 96
gamma function, 87
hypergeometric p.d.f., 98
Poisson p.d.f., 97
Regression analysis
basics, 235-236
linear regression model, 236,
363-396
simplest form, 235-236
Regression estimation, nonparametric,
444-447
Regression line, 366
Regression model
fixed design, 447
linear. See Linear regression model, simple
stochastic design, 447
Relative frequency definition of probability,
25
Reproductive property of certain distribution,
159-167

examples, 162-163

exercises, 164-167

theorems, 160-161, 164
Risk function, 270, 354

S

Sample mean, 159
Sample points, 8, 13
Sample range, 200
Sample space, 8
continuous, 13
discrete, 13
examples with countably infinite points,
10-11
examples with finitely many sample points,
9-10
examples with nondegenerate finite or
infinite intervals in real line, 11
random experiment and, 19, 20
Sample variance, 159
Sign test, 239, 433-435
Single random variables, transforming, 168-173
Standard deviation (s.d.), 71-72, 77
Statistic, 229
sufficient, 256
Statistical analysis. See Analysis of variance
Statistical hypothesis, 232
alternative, 232
null, 232
Statistical inference overview, 227-239
aim, 227
analysis of variance basics, 236-238
interval estimation basics, 228, 230-231
nonparametric inference basics, 227,
238-239
parametric, 227
point estimation basics, 227, 228-230
regression analysis basics, 235-236
testing hypotheses basics, 228, 231-235
Stirling formula, 185

T

t distribution, 177, 178
expectation, 172
p.d.f, 177
variance, 172

Tchebichev inequality, 77, 208

Test function, 232

Testing hypotheses, 228, 299-342 343-362
acceptance region, 233, 361
basics, 231-235
binomial case application, 315-316
concepts, general, 300-302
confidence regions relationship to, 360-362
critical or rejection region, 233
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decision-theoretic approach, 234, 353-360

equality of means, 399-404

exponential type families of probability
density functions, 307-308

for parameters in single normal population,
327-332

for parameters in two normal populations,
332-337

formulating, 300-302

goodness-of-fit test, 234, 349-353

level of significance, 233, 234

likelihood ratio tests, 234, 235, 299, 324-342

linear regression model and problems in,
383-389, 389-392

most powerful test, 234, 303, 305, 306

Neyman-Pearson fundamental lemma, 299,
302-307

nonrandomized test, 233, 303

normal case application, 317-321

p-value (probability value), 235

Poisson case application, 316-317

power, 234, 304, 309, 311, 312, 318, 319, 321,
328, 340

randomized tests, 233, 303

statistical hypotheses, 232

two-way layout, 414-420

type I error, 233

type II error, 233-234

uniformly most powerful tests, 234, 299, 301,
306

uniformly most powerful tests for composite
hypotheses, 308-312, 315-321

Theorems, 31-32, 104, 105, 131, 134, 135

Bayes formula, 46-48, 271, 359
Cauchy-Schwarz inequality, 131
central limit, 90, 208, 210-215
confidence interval for contrasts, 408
LSE’s (MLE’s), 383
predictor, 390, 391
quantiles, 432
confidence regions and testing hypotheses,
361
continuity, 206
convergence in distribution, 203, 206
convergence in probability, 204, 206
convergence of MLE, 258, 259
correlation coefficient, 134
Cramér-Rao inequality, 263
decision-theoretic approach to estimation,
271, 274
decision-theoretic approach to testing
hypotheses, 355
decomposition of total variability, 373-374
distribution of LSE’s (MLE’s), 375
distribution of sums of squares, 379, 393-395

factorization, 151-152, 154

Fisher-Neymann factorization, 256

fundamental principle of counting, 60,
61-62

further limit, 222-226

independence of sample mean and sample
variance in a normal distribution,
163, 189

independent events, 53

invariance property of MLE, 253, 254

LSE’s, 366

likelihood ratio tests, 343-344

linear regression model, 366, 370, 373, 375,
379, 383, 384, 390, 391

linear transformations, 187, 189

maximum likelihood estimates, 253, 254,
258-259

minimax decision function, 355-356

minimax estimate, 274

mode, 104, 105

multicomparison method in analysis of
variance, 407

multinomial distribution, 141

multiplicative, 44

Neyman-Pearson fundamental lemma,
302-303

nonparametric curve estimation, 443-444

nonparametric inference, 432

nonparametric regression estimation, 445,
446

one-way layout model, 399, 401

order statistics, 194, 196

probability inequalities, 77, 78

probability integral transform, 192

rank sum test, 437

Rao-Blackwell and Lehmann-Scheffé, 265

reproductive property of distributions,
160-161, 164

sign test, 434

Slutsky, 223

testing hypotheses in linear regression
model, 384-385

total probability, 45-46

transforming multiple random variables, 174,
182-183

transforming single random variable, 169,
170, 171

two-sample sign test, 434

two-way layout, 414, 418

uniformly most powerful test for composite
hypotheses, 308-309, 311

variance of LSE’s, 371

variance of sums of r.v.’s, 135, 139

WLLN, 208

Wilcoxon-Mann-Whitney test, 438
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Total probability theorem, 45-46
Transformation of random variables,

completeness, 264
Cramér-Rao inequality, 262—-264

168-201

examples, 168, 170-171, 173, 174-181,
192-193, 196-199

exercises, 171-173, 183-185, 190-191, 193,
199-201

linear, 185-191

order statistics, 193-201

orthogonal, 186

probability integral transform, 192-193

single, 168-173

two or more, 173-185

Triangular probability density function,

176

Two-sample sign test, 433-435

Two-way (classification) layout model, 238,

412-420

examples, 412-413, 419, 420

exercises, 425-427

lemmas and proof, 413-414, 415-418,
420-425

maximum likelihood estimates parameters,
413-414

table, 418

testing hypotheses, 414-420

theorems, 414, 418

with one observation per cell, 412427

definition, 261, 262
desirability of, 262
examples, 261-262, 264, 265-266
Rao-Blackwell and Lehmann-Scheffé
theorems, 265
Uniformly most powerful (UMP) tests, 234, 299,
301
exercises, 313-314
for composite hypotheses, 308-312
Neyman-Pearson fundamental lemma and,
306
power for one-sided hypotheses, 310
power for two-sided hypotheses, 312
Upper confidence limit, 231

\"
Variance analysis basics, 236-238
Variance analysis models. See Analysis of
variance
Variance of random variables, 71-72
of selected discrete and continuous
distributions, 477, 478
Venn diagram, 9, 13-15

W
Weak law of large numbers (WLLN), 208-210,

U
Unbiasedness, 229
Uniform (or rectangular) distribution, 94-95,
477
expectation, 94, 477
m.g.f., 94, 479
p.d.f.,, 94, 477
variance, 94, 477
Uniformly minimum variance unbiased
(UMVU) estimates, 229, 261-270, 278

224,225,277
applications, 209-213
confidence intervals and, 295
example, 212-213
interpretation and most common use, 209
nonparametric inference and, 239
theorem, 208

Weibull distribution, 99
Wilcoxon-Mann-Whitney test, 429, 438

examples, 439-440
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Table of Selected Discrete and Continuous Distributions and Some of their Characteristics

PROBABILITY DENSITY FUNCTIONS IN ONE VARIABLE

Distribution Probability Density Function Mean Variance
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PROBABILITY DENSITY FUNCTIONS IN MANY VARIABLES

Distribution Probability Density Function Means Variances
n!
Multinomial Sflx, ..., )= ————X npi, ..., NPk np1qi, - - -, WPKQk-
xplea! - ay!
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Distribution

Moment Generating Function

Binomial, B(n, p)
(Bernoulli, B(1, p)

Geometric

Poisson, P(\)

Hypergeometric

Gamma

Negative Exponential
Chi-Square

Normal, N(p, 02)
(Standard Normal, N(0, 1)
Uniform, U(«a, 3)

Multinomial

Bivariate Normal

k-Variate Normal, N(u, X)
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